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X-Code: MDS Array Codes with Optimal Encoding parity columns, the update complexity is alwasgectly larger thar2
_ _ (the obvious lower bound). Hence, we asked the following question:
Lihao Xu and Jehoshua Brucenior Member, IEEE Is the update complexity of achievable for general array codes? A

positive answer to the foregoing question was given a decade ago

) [9]. The code in [9] was described by ifsarity-check matrixand
Abstract—We present a new class of MDS array codes of size x n . . .
(n a prime number) called X-code. The X-codes are ofninimum column represented recently in a clearer form,. also by a parity-check matrix,
distances, namely, they can correct either onecolumn erroror two column ~ IN [4]. Here we construct a new family of array codes, called X-
erasures.The key novelty in X-code is that it has a simple geometrical codes, which has a simptgeometrical structureand has an update
construction which achieves encoding/update optimal complexity, i.e., a complexity of exactly 2.

change of any single information bit affectsexactly twoparity bits. The Both the X-codes and the codes in [4] and [9] combine information
key idea in our constructions is that all parity symbols are placed inrows . L . . .
rather than columns. and parity symbols within columns in order to achieve optimal update
complexity. The redundancy of X-code is obtained by adding two
parity rows rather than two parity columns, which results in the nice
property that update of one information symbol affects awiy parity
symbols, i.e., theupdate complexitys always2. In addition, the
number of operations for computing parity symbols at every column
is the same, namely, the computational load is evenly distributed
Array codes have important applications in communication arginong all the columns, thus the bottleneck effects of repeatitd
storage systems [5], [6], and have been studied extensively [1]-[8perations are naturally overcome.
[7]. A common property of these codes is that the encoding andThe main contribution of this correspondence is constructing X-
decoding procedures use only simple XOR and cyclic shift operéede, a new class of MDS array codes of distafgewith the
tions, thus are more efficient than Reed-Solomon codes in termspadperties of optimal update complexity and balanced computations.
computation complexity [5]. In this correspondence, we present The simple geometrical structure of X-code makes its decoding very
code a new class of array codes of sizex n over any Abelian efficient, for bothtwo erasuresand one error.
groupG(¢q) with an addition operatior, whereq is the size of the  This correspondence is organized as follows. In Section II, the
group. Wheny = 2™, the addition operation is just the usual bit-wisencoding scheme of X-code is described, and a proof of its MDS
XOR operation. Similar to the codes in [1] and [3], the error modgjroperty is presented. In Section Ill, we provide an efficient decoding
of X-code is that errors or erasures are columns of the array, i.e.ai§orithm for correcting two erasures, as well as an efficient algorithm
one symbol of a column is an error or erasure, then the whole coluriah correcting one error. Section IV concludes the correspondence and
is considered to be an error or erasure. As usual, the dimensionpgésents some future research directions.
the code is defined @ = log .. N, where N is the number of its
codewords. Then the code can also be viewed gnak) code over Il
G(¢™). Its distance is also defined ow@(¢" ), i.e., over the columns In X-code. inf . bol laced i f s
of the array. X-code is a maximum distance separable (MDS) co e : code, In ormation symbols are placed in an array ot size
of distanced = 3, i.e., k = n — 2, which meets the Singleton bound n—2) x n. Like othgr array podes [11-{3], [7], parity symbols are
8: d = n—k+ 1. constructed from the information symbols along sevpealty-check

B@?S or diagonalsof someslopeswith the addition operatior-. But

One important parameter of array codes is the average num . . )
of parity bits affected by a change of a single information bit iI11nstead of being put in separate columns, the parity symbols of the X-

the codes, called thepdate complexityn this correspondence. This code are placed itwo additionalrows So the coded array is of size

parameter is particularly crucial when the codes are used in storé‘gé n, With the firstn — 2 rows containing information symbols, and

applications that need frequent updates of information. The co?: 55 lﬁg"&;{%"f;?&:g'gﬁ pa:arlllt );:yn;?.ct)lsé Nn(:gglesth"g eilcfgrﬁg:@;
in [3] use two dependentparity columns to make the distance o ! . y W parity Sy » 1.8 | '

the codes to be3. But the dependency between the two palrit)§ymbols and parity symbols, are mixed in each column. Errors or

. . . . asures can happen in any column. If an error or an erasure occurs
columns makes update of one information symbol affecting wrtualE{ bp y
e

Index Terms—Array codes, balanced computation, MDS codes, optimal
updates, update complexity.

. INTRODUCTION

. X-CoDE DESCRIPTION

all the parity symbols. So the update complexity of the codes in [ a symbol in a column, then this column is considered to be an

. - . ror or erasure column. By the structure of the code, if two columns
increases linearly with the number of columns of the array codes, y ’

just similar to Reed-Solomon codes. To overcome this drawbadk® €rasures, the number of remaining symbols(is — 2), which

the EVENODDcodes [1] and their generalizations [2] were designela eq_ual to the number of original information symbols, making it
based onindependenfparity columns resulting in a more effi(:ientIDOSSIbIe to recover the two colunerasures

information update. The update complexity BVENODD codes )

approacheg as the number of the columns of the codes increasés. Encoding Procedure

But it was proven in [2] that for any linear array codes with only Let C; ; be the symbol at theth row and jth column, the

parity symbols of X-code are constructed according to the following
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wherei = 0,1, ---,n — 1, and (z), = rmodn. Geometrically =~ We can describe the above four sets of entries in the array as
speaking, the two parity rows are just the checksums along diagonalows. Let
of slopesl and —1, respectively. , . .

From the construction of X-code, it is easy to see that the two parity Ao ={2m + Dk —1):m =01, -+, (n —3)/2}
rows are obtained independently, more specifically, each informatiBRd
symbol affects exactlyne parity symbol in each parity row. All Ai={{n—-21+1)k—-1),:1=0,1,---, (n—3)/2}
parity symbols only depend on information symbols, baton each
other. So updating one information symbol results in updating onﬁf‘d let
two parity symbols. Thus X-code has the optimal encoding (or update) By ={2mk—1p:m=1,2,---, (n—1)/2}
property, i.e., it achieves the lower bounaf the update complexity
for any codes of distancg.

It is also easy to see that X-code is a cyclic code in terms of By ={(n =21k =1)n:l=1,2,--, (n-1)/2}.
columns, i.e., cyclically shifting columns of a codeword of X-cod@qtice that all the sets do not include- 1, sincen is prime. This can

results in another codeword of X-code. _ also be seen from the construction of X-code, since the 1)th row
In addition, notice that each column has two parity symbols, eachify,st an imaginary alis row and it does not need to be considered.

which is the checksum of —2 information symbols, thus the number o . iiustration of the above sets for = 5 andk = 2 is as follows:

of computations (group additions) for parity symbols at each column

is 2(n — 3). This balanced computation property of X-code is very

useful in applications that require evenly distributed computations.

and

A.o Bl

B. The MDS Property Ay B,
In this section, we state and prove DS propertyof X-code. 1 B
A1 9]

Theorem 1—MDS PropertyX-code has column distance &,
i.e., it is MDS,if and only ifn is a prime number. A By
Proof: Let us start with theufficientcondition, namely, to prove

that for any prime number, X-code is MDS.

First observe that X-code is a linear code, thus proving that the
code has distance ¢f is equivalent toproving that the code has Sincen is prime, for anyl < k < n — 1, ged (n, k) = 1,
minimum column weightmin of 3, i.e., a valid codeword of X-code || Ay|| = ||4:1|| = (» — 1)/2, and if there were such: and! that
has at least three nonzero columns. (A column is called a nonzero

column if at least one symbol in the column is nonzero.) We will (2m+ 1)k = 1=n~=(2l+1)k-lmodn @)
prove it by contradiction. ie.,

From the construction of X-code, checksum is obtained along
diagonals of slopd or slope—1, it is impossible to have onlgne 2(m + 1+ 1)k =0modn 3

nonzero column, thua‘n}“‘ > 1. ) ) butl <m+i+1<n-2, gcd(m+I1+1, n) =1, ged (2k, n) = 1,

NOw supposarmin = 2, then without loss of generality, becausey, it is'impossible to have such a painofand?, i.e., |40 NA; || = 0.
of the column cyclic property of X-code, we can assume the nonz&(Riice thatn — 1 = (2[(n =1)/2] + 1)k — 1 mod n, we have
columns are théth andkth columns wherd < k < n — 1. Denote

theith symbol of thedth andkth columns bye; andb;, respectively. AoUA ={0,1,---, n—2}.
Observe that one diagonal of slopeor —1 only traverses: — 1
columns, then among the diagonals of sldp¢he diagonal crossing
an—1— doesnot cross any symbol of théth column, and the BoUB; ={0,1,---, n—2}.

diagonal crossing; 1 doesnot cross any symbol of théth column, i . ,
SO0dn_i_x = 0 andb,_, = 0. Because of the same property of the>0 all the first» — 1 symbols in thedth and thekth columns aré’s,
diagonals of slope-1, we can also get_1 = 0 andb,_;_y = 0 obviously the last symbols in tHéth and thekth columns should be

©F buoy = 0 if k = 1). also0’'s. Thuswmin > 3, but it is easy to see there is a codeword
of column weight3, sowmin = 3. This concludes the proof for the
sufficient condition.
On the other hand, from (3), if were not a prime number, then it
could be factored into two factors; andn.. Thus we got a solution
Ak—1 = a3k—1 = Asp—1 = *** = A(n_2)k—1 = 0 (k, I, m) for (2) or (3), wherek = ny andm +1+ 1 = n., and
2 < k < n — 1. This means there is a codeword of weightor the
distance of the code is no greater tianwhich contradicts with the
bak—1 =bak—1 =beg—1 ="+ =biu—1)r-1 =0 fact that the code is of distanée Son being a prime number is also
a necessary condition to the MDS property of X-code. O

Similarly,

Starting froma,—1 = 0, we getbs,—1 = 0, since they are in same
the diagonal of slopé; then we getus,—; = 0, since it is on the
same diagonal of slope with b2;_1,---, and so on, we have

and

all indices above arenod n.
Similarly, starting froma,_,_, = 0, we have Remarks:

1) For the sufficient condition, we can always find a diagonal of

Un—1—k =On—1-3k =" = Gni—(n-2); =0 one slope which traverses only one of the two columns. Thus
and the traversed symbol must Ifle Starting from this0-symbol,
bu—t—2k =bn—icak = =byi—(netyp =0 use the diagonal of the other slope crossing this symbol, we can

determine that the crossed symbol by the diagonal in the other
again, all indices above at@od n. column must be alsf. So this saw-like recursive procedure
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can proceed until it hits a parity symbol at one of the twd, thus the following equations hold:

columns, since a parity symbol can only lie in one diagonal. {(n “l)—a2=j—imodn

We call this saw-like recursion decoding chainSince there (n—1)=(n—2)=j — ymodn.

are four parity symbols at the two columns, there are at most

four decoding chains. (A simple calculation can show that the@incel < j —i < n —1and0 < j — 1 < n — 2, the solutions

are two decoding chains whén= 1 and four decoding chains for = andy are

otherwi_se.) The procedure of getting the decoding _chaips will {l (=1 === —1)—(j— 1)

stop with all the symbols at the two columns @s if n is

prime. Since this procedure is deterministic once the positions

of the two columns are given, it also provides an efficien0 from the parity symbol'»—z,;—1 we can immediately get the

erasure_decoding a|g0rithm_ Symb0| 0(77_1)_(]’_,‘)‘,1 in the <th column. Slmllarly, the Symb0|
2) In the code construction above, we use diagonals of sloges—i—1.; in the jth column can be solved directly from the parity

1 and —1. This choice of slopes is not unique. In factSymbol Cy_» (;i—1),,.

codes constructed by the pair of slopes —s), wheres = Symmetrically with the diagonals of slope-1, the symbol

1,---, (n —1)/2, are MDS if and only ifn is prime. The C(—i-1,i in theith column can be solved from the parity symbol

proof is similar to the case where the slope paifis —1). Ca-1,(j+1),, and the symbol'i,_1)_(;—s, ; in the jth column can

It seems that other slope pairs do not provide advantages o@€rsolved from the parity symbdl 1, i4:1.

(1, _1)7 so in this Correspondence we will focus on X-codes A formal algorithm for CorreCting the two erasuréih andjth

y=0U—-Ln=Jj-L

geherated by the slop@, —1). (0 <7< j < n-—1) columns of X-code can be described as follows.
Algorithm 1—Correcting Two Erasurestse each of the four par-
ity symbols
Ill. EFFICIENT DECODING ALGORITHMS
Cn—2,j—1, Coz (i—1),s O, (1), ANAC 1) —(j—i),

In this section, we present decoding algorithms for correcting two
erasures or one error of X-code. As the encoding algorithm of tlas the starting point of a decoding chain, in each decoding chain use
code, decoding algorithms do not require any finite field operatiorthe saw-like recursion to recover unknown symbols until the a parity
Instead, the only operations needed are just cyclic shifts and additiosyanbol at one of the two erasure columns is hit, then start a new
which can be implemented very efficiently with software and/adecoding chain, as discussed in Section II. O
hardware. It is clear how to correct one erasure, since the erasure ca.Ph
be easily recovered along one of the diagonals. So we will proce_?ﬁl
with correcting two erasures.

e correctness of the algorithm can be deduced from the proof of
eorem 1 and Remark 1 in Section Il. Since solving one unknown
symbol needgn — 3) additions, the above algorithm us&s(n — 3)
additions to decode two erasure columns, just the same as that of the
A. Correcting Two Erasures encoding algorithm.

First notice that in a_n array of size x n, if two columns are B. Correcting One Error
erasures, then the basic unknown symbols of the two columns are ) » ]
the information symbols. So the number of unknown symbols is T Correct one error,.the key is to locate the error position. This
2(n — 2). On the other hand, in the remaining array, there af@n be done by computing tveyndromevectors from the two parity
2(n — 2) parity symbols which include all the(n — 2) unknown OWS. Since the error is a column error, it is natural to compute the

symbols. Hence correcting the two erasures is only a problem gyndromes with respect ttmlumn.stha.n torows as in the encoding
solving 2(n — 2) unknowns from the2(n — 2) linear equations. procedure. _Once the error location is found, the_value of the error
Since X-code is of distanca, it can correct two erasures; thus thet@n be easily computed along the diagonals of either slope.
2(n—2) linear equations must be linearly independent, i.e., the linearSUPPOS€R = [ri,jlo<i, j<n—1 is the error-corrupted array, then
equations are solvable. Now notice that a parity symbol marbe ~ CONStruct two arrays
affected by more than one information symbol in a same column, U = [u: jlo<i, j<n—1
each equation has at most two unknown symbols, with some haviggy
only one unknown symbol. This drastically reduces the complexity _
of solving the equations. V= [vijlogij<n—

Suppose the erasure columns are itheandjth (0 < i < j < from R, where for0 < j < n -1
n — 1) columns. Since each diagonal traverses anky 1 columns,

I wij =vij=rij  0<i<n—3 4
if a diagonal crosses a column at the last row, no symbols of that o .

column are included in this diagonal. This determines the position Un=2,j =Tn=2,js Un=2,7 = Tn—1.j ®)
of the parity symbol including only one symbol of the two erasure Up—1,j =Vn—1,; =0 (6)

c_olumns, thus this symbo! can be immediatel_y recovered from thg 7 andV are constructed by copying the— 1 information rows
simple checksum along this diagonal. From this symbol, we can ggi{q parity rows accordingly frorR, then adding an imagina§:row

a decoding chain as discussed in Remark 1 in Section Il. Togethgrihe last row. Froni” and V', compute twosyndromevectorsSo
with the other one (iff — i = 1) or three (ifj — ¢ > 1) decoding gnd $, as follows:

chains, all unknown symbols can be recovered. et

Now let us calculate the starting parity symbols of the decoding Soli] = Z Uisk & )
chains. First consider the diagonals of slopeSuppose therth =0
symbol of theith column is the only unknown symbol in a diagonal, n—1
then this diagonal hits thgth column at the(rn. — 1)th row, and Si[i] = Z Viek k (8)
hits the first parity row at thejth column, i.e., the three points k=0
(z,4), (n—1, j), and(n — 2, y) are on the same diagonal of slopeall subindices above amod n.
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It is easy to see that the two syndrome vectors are respectivalyd
the column checksums along the diagonals of slbgnd —1, and VED = (VAL -, Ve = 1), VIO
they should be all-zero vectors if there is no error in the aiRayf
there is one error in the arrdy, then the two syndromes are just theand also
cyclic-shifted version of the error vector with respect to the position OIS L CDNC
of the error column, thus its location can be determined simply by
cyclic equivalence test which tests if two vectors are equal after cyclic
shift of one vector. The following example shows how a single error
column is reflected in two syndromes for an X-code of size

=9 = (V—(i—l))(—l).
If one error occurs at théh column, and its value is

; = . e=(e[0]. e[1], -+, e[n — 2], e[n — 1)
Example 1—Syndrome Computation fos & 5 X-Code: Suppose
the third column is an error column, then the two syndrome VectiSen the two syndromes ((4)—(8)) are
(So and .Sy, respectively) and their corresponding error arrays are

as follows: So =((e[0], -+, e[n = 3], e[n = 2], 0)")? ©)
So Sy =((e0], -+, e[n — 3], e[n — 1], ) (10)

0 0 0 ep 0 es thus
oloflole ol o 67 = (e[0], -+ e[n = 3], e[n — 2], 0)" (11)
S = (e[0], -+, e[n — 3], e[n — 1], 0)~. (12)

0 0 0 €2 0 o

Since X-code can correct one error, which means the location of
01010 | e |0 e1 a single column error can always be found unambiguously, such a
unique: can be found that the two shifted syndrome vectors may
2 only differ in the second last component and their last components
are both0’s ((11) and (12)). Once the error locatiéris found, the
error value is directly obtained from (11) and (12). O

0 0 0 €o 0 €2 The above algorithm needs (n —2) additions to compute the two
syndrome vectors, and on averageyclic equivalence test operations
to get the error location.

IV. CONCLUSIONS

0 0 0 €4 0 o We have presented X-code, a new classnok n MDS array

codes of distanc&. The significant difference of these codes from
all other known array codes is that the parity (redundant) symbols
) . are placed in two independent rows rather than columns. Encoding

So the two syndromes are actually just the original error columgyg decoding of the codes may be accomplished using only additions
vector (cyclic-)shifted in two different directions for the same numb%(ORys)_ We have proven that being a prime number is necessary
of positions. When they are shifted back, then they only differ ighy syfficient for X-code to be MDS. X-code achieves the lower
at most one position, the number of the positions shifted gives thgnd of the update complexity for all prime numbersit also has

location of the error column. balanced computation at each column, which might be very helpful in

The above example almost gives the decoding algorithm for ofitorage systems and distributed computing systems. Finally, decoding

error correction. A formal algorithm for correcting one error can b@lgorithms for correcting erasures and error are given. _
described as follows: One future research problem is to find new MDS codes with

optimal update complexity 1) for length of all positive integers rather
Algorithm ll—Correcting One Error: Compute  two  syndrome than only prime numbers, and 2) for distance more tBarOur
vectors 5o and S from the possibly-error-corrupted arra®  preliminary research shows that in general X-code cannot be easily
according to the (4)—(8). If the two syndromes are both all-zegtended to have larger distance by simply using more parity rows
Vectors, then there is no error in the arl’ﬁ’y OtheI’Wise, if there and takn‘]g more slopes’ except for feW |enqﬁh£xtended diagonall
exists such arni that afterS, cyclically down-shifti positions and je_ a set of symbols not necessary on a straight line of some slope,

51 cyclically up-shift: positions their first» — 2 components are may be helpful in extending X-code to have both more general lengths
equal and the last components of both are zeros, theithtelumn  anq distances. Further research is still ongoing.

of the arrayR is an error column. If no such exists, then there is
more than one error column in the arr&y | REFERENCES
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on the weight hierarchies of extremal nonchain codes of dimension
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hierarchies of binary extremal nonchain codes of dimensgion

Weight Hierarchies of Extremal
Non-Chain Binary Codes of Dimension4 II. NOTATIONS AND PROBLEM FORMULATION

Throughout this correspondence, unless otherwise statedl| be
an|[n, 4] code, that is, a binary linear code of lengttand dimension
4. For convenience we give all definitions below for four-dimensional

Abstract—The weight hierarchy of a linear [, k: q] codeC' over GF (q) codes, ra_ther than codes of general dimension, since we concentrate
is the sequence(dy,ds,- - -, d;,) where d, is the smallest support of an ON four-dimensional codes.
r-dimensional subcode of”. An [n, k; ¢] code is extremal nonchain if, for For any subcode of C, we define thesupportof D to be the
{ahnyt TDand ;E WdhereI} <r <dS_ < ]é there ar% no SUIbSPaCs@ a(r}g E SL(JlCh set of positions where not all the codewordsIdfare zero, and we

al , dim = 7, dim = s,Wg = dy, and wg = ds. P . : f
The poscsible weight hierarchies of suchﬁéina)lry codes of di?‘nenlioh are deno?e it byx(D). Further, we def!ne theupport weighof D to be
determined. the size ofy(D), and we denote it byvs(D).

For1 < » < 4, the rth minimum support weighior generalized

Hamming weight) ofC' is defined by

Wende Chen and Torleiv Klgveenior Member, IEEE

Index Terms—Binary code, chain condition, difference sequence, sup-
port weight, weight hierarchy.

d,(C) = min {ws(D)|D is an[n,r] subcode olC'}.

I. INTRODUCTION The sequencéd, d-, ds, d4) is theweight hierarchyof C.

The weight hierarchy of linear codes has been studied by a numbe¥Ve note that if we add a zero-position to an 4] codeC' we get
of researchers. For a code of dimensibnit is a sequence of an[r + 1,4] code
parametersd;, ds, - - -, dx). In particular,d, is the minimum distance O = 1{(c|0)[c € C).
of the code. The parameters were first introduced in [10]. In [16] it
was shown that these parameters are important in the analysis offae codesC' and C’ have the same weight hierarchy. Therefore,
application of linear codes to the wiretap channel of type Il. Latewithout loss of generality, we can restrict ourselves to codes without
the weight hierarchy has been shown to be important in the analyséso-positions, that is, we will assume that= d,. Our problems
of the trellis complexity of linear codes, see, e.g., [8], [12], and [15kan then be reformulated in terms of projective geometry and we do
and analysis of linear codes for error detection on the local binomihis next.
channel, see [14]. The possible weight hierarchies of binary linearThe difference sequencéDS) (io,i1,i2,i3) of a [d4,4] code is
codes of dimension up td were determined in [13]. The chaindefined by
condition was introduced in [17]. Codes satisfying this condition . . .
have been studied in, e.g., [1], [8], [9], [12], [15], and [17]. For ‘0 =da—ds. i1 =ds—dy, x=dy—di. iz =du
small lengths and dimensions, the codes with largest values of of ti§s gifference sequence can easily be computed from the weight
minimum support weights satisfies the chain conditions and this H?erarchy andvice versa
possibly a general phenomenon. This is the main reason for studying e ; he a generator matrix faf. For anyz € GF(2)*,m(z), the
codes satisfying the chain condition. Also, the analysis of the weighy; e of 2 will denote the number of occurrences ofas a column
hierarchies of product codes is simpler if both codes satisfy the chging n [11] it was shown that there is a one—one correspondence
condition, see [9] and [17]. The possible weight hierarchies of binaggyeen the subspaces 6f of dimensionr and the subspaces of
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