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The maximal operator
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define

For f e L}

loc?
Classical theory

—sup|Q|/|f )dy = sup 4 [1(y)] oy

Q>x Q>x

Can replace cubes by centered cubes or by
(centered) balls



Motivation
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Classical theory Calderdn-Zygmund philosophy:

To control a singular integral operator,

control the maximal operator



[P estimates
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Classical theory i< p < ool

Mf(x)P dx < C(p,n) [ |f(x)Pdx
RN

RN

mp=1:any A >0,

{x e R": Mf(x) > \}| < @/Rn |f(x)| dx



Calderon-Zygmund decomposition
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Given f € LP(R"), 1 < p < oo, and A > 0, there exist
disjoint dyadic cubes {Q}} such that

Classical theory
A <][ If(y)] dy < 2"
Q]?\
and [f(x)| < Xa.e.onR"\ |J; Q.

Further,

Ey={xeR": Mf(x) >} | J3Q}
J



Proof of LP estimates
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Step 1: weak (1, 1) via CZ-decomp:

assical theor 3n 3n
e |EA|§§j13q%|g—AEj/mmdyg—A/andy.
J J i

Step 2: (p, p) inequalities follow by Marcinkiewicz
interpolation

Mf(x)" dx = p / N1y dA,
0

Rn




A simple example
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(x) = 2 —5<x<0
PXI=13 0<x<s.

Intuition on
LP(')(Q)

p=3




A simple example (continued)
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Let £(x) = x| x50y (X): f € LPV((~5,5))

Intuition on
LPO)(Q)

For0 < x <5,

Mi > | " 1fy)] dy = 3Jx| 1 & LPO((~5.5))



First question
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Do we need p(-) continuous? How much regularity?

Intuition on
LP(')(Q)

p=2+¢




Behavior at infinity

Variable LP(") Let p(X) =3 + Sin(7TX)

Spaces
Define f(x) = [x|7'/* ZX[1/4+2k,3/4+2k] e LPY(R)
k

Intuition on

@) Mi(x) ~ c|x|"'/3 ¢ LPO(R)

ANV




Second question
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Intuition on
LP(')(Q)

Do we need p(-) continuous at infinity? How much
regularity?




Two more questions
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Spaces Can p(-) = oo on parts of the domain?

Can p(-) get arbitrarily close to 1?

Intuition on
LP(')(Q)




Local log-Holder continuity
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Co 1
) p(y)‘ S Thg(x y) XYz

A Sufficient
Condition

If p; < o0, p(-) € LHy iff 1/p(-) € LHp.
1/p(-) € LHy iff 1/p/(+) € LHy



Log-Holder continuity at infinity
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Given p(-), we say 1/p(-) € LH,, if there exists p..
such that

L_L’<L
p(x) ps| ~ log(e+|x|)’

A Sufficient
Condition

If p; < o0, p(-) € LH iff 1/p(+) € LH.

Hereafter, let LH = LHy N LH..



LP() estimates for the maximal
operator

Variable LP(")
Spaces

David V.

Cruz-Uribe, SFO Theorem

Let p(-) € P(R™) be such that1/p(-) € LH. Then for
all x > 0,

A Sufficient
Condition

A xemrosarlloe) < Cllfllpe)
If in addition p_ > 1, then

||Mf||p(‘) < C||f||p(~)‘



Qutline of proof: p, < o

Variable LP(")
Spaces

m Assume f non-negative, bounded and compact
support, [|f|lp) = 1

A Sufficient m Split fintof>1and0<f<1
Condition

m Apply Calderdén-Zygmund decomposition
m Use LH, where f large; LH,, where f small

m Use classical result: M bounded on LP-/LP~



First step: f small
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Spaces Let fi = fx(x:r(x)>1}. Suffices to prove

Mf; (x)P™) dx < C.

Rn

A Suffcient Apply Calder6n-Zygmund decomposition:

Condition

p(x)
MA(x)P0 dx < €Y / f(y)dy) — dx
R? kj E\/3Q

where {Qf} are CZ cubes at height A* and
Ef c 3Qf pairwise disjoint.



Intuition: Holder’s inequality
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A Sufficient
Condition

<C M(ﬂP(‘)/P—)(X)p_ dx

RN

<C | H(x)PXdx < C.

RN



A lemma to make this work
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TFAE:
A Sufficient | ,0() € LHy;

Condition

m given any cube Q and x € Q,

|Q|p(X)—p+(O) <C and |Q|p—(0)—p(X) <C.



Second step: f large
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Let f, = fx(xo0<r<1}- Again suffices to prove

Miy(x)PX) dx < C.

A Sufficient R?
Condition

Intuition: if function F “lives” far from origin, then

F(x)P®dx ~ [ F(x)P~ dx

R7 RP
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Cruz-Uribe, SFO () € LH,, and0 < F(X) <1, then

A Sufficient F(X)p(X) dX S C F(X)poo dX + C R(X)poo dX

Condition R7 R7 Y

and

/ F(x)P<>dx < C | F(x)P¥dx+C [ R(x)"= dx
Rn

Rn Rn

where R(x) = (e + |x|)~".



The final step
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A Sufficient <C Mfz(x)poo dx + C Fi'(X)p‘>c> ax

Condition RN RN

<C | h(x)pP~dx+C

Rn
<C | Bx)PWdx+C | RxP~dx+C
RP R"

<C.



p_ > 1 necessary
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s If p_ =1, then there exists a sequence of balls By
David V. and exponents s, \, 1 such that
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|Exl _ [{x € Bk : 1 < p(x) < sk}
| B | B

>1/2.

Let xx be center of Bi. Define

(Almost)
Necessary

Conditions

fe(x) = [x — Xl " F xE, ().
Choose s so that f, € LPO) but

Mfi(x) > c(n)(k + 1)f(x).



LHy and LH,, pointwise sharp
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Take any ¢(-) : [0, 00) — [0, 1], increasing, smooth
#(x) =0 and

lim ¢(x)log(x) = —o0.

x—07t

(Almos) Define

Necessary
Conditions 2 —|— ¢(X) X Z 0
X) =
p(x) {2 x <0

Then p(-) ¢ LHy and M not bounded on LPO)(R).

Similar construction holds for LH,..



LHy and LH,, not necessary
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p(x)

1 Ji+log(lx])~"2 |x| <e®
5/6 x| > e°.

(Almost)
Necessary

Conditions Then M bounded on Lp(')(R) but P() ¢ LHo.

Similar example holds at infinity.



Continuity not necessary
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Define

2 + asin(wloglog(1/|x x| < e €
o(x) = (rloglog(1/}xD)) x| < e~

2 x| > e
(Almost)

Necessary
Conditions

Then M bounded on LPO)(R) but p(-) not continuous
at 0.

Similar example holds at infinity.



Condition at infinity
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/ exp(—k'L—L>dx<oo.
(D(X)#D ) pP(X)  Ps

If p(-) € No and 1/p(-) € LHy, M bounded on LP(),

Weaker Sufficient
Conditions

Use N, condition to prove Lemma at Infinity above.



Local condition
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Y p(-) € Ko if sup 1Q M IxalleeIxallp) < oo
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If p(-) € Ko N N, M is bounded on LP(),

Use Kj condition to prove the Hélder inequality
argument above.

Ko necessary and sufficient on bounded domains

Weaker Sufficient

Conditions (On |y) |

LPC) version of Muckenhoupt A, condition;
proof uses theory of weights.



Averaging operators on cubes
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Define
Y =1{0 ={Q} : Q pairwise disjoint cubes}.

Given Q € Y define the averaging operator

Aof(x) =S ]{? ()| dyxalx).

Sufficient QeQ

Condition



Equivalent conditions
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Given p(-) such that1 < p_ < p, < oo, TFAE:
m M bounded on LP()

m Ao uniformly bounded for all Q € Y
m M bounded on LP (")

m Forsome s > 1, M(|-|%)"/¢ bounded on LP(")

A Necessary &
Sufficient

Condition | Iirp (1 = I’)||M(| g |r)1/r“p(.) =0.
r—1—



Duality of M
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Find a direct proof of the equivalence of
m M bounded on LP()

m M bounded on LP'()

Special case: Prove this for classical Lebesgue
spaces.

Open Questions



Tail condition
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Does there exist a “geometric” tail condition to
replace LH,, that is necessary and sufficient?

Define

Q

Tl = 1o x — xal"

~ M(xa)(x)

sgp 1QI" I Tallpe) | Tallp ey < oo

Open Questions
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