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NOMENCLATURE 
(x, y, z) = coordinates of measured point 
(xc, yc, zc) = coordinates of the predicted contact point 
(xc’, yc’, zc’) = coordinates of the predicted contact point 
r = distance from the origin to the measured point in xy plane 
rb = probe tip radius 
R = radius of curvature of the test surface 
k = conic constant of the test surface 
θ = slope of the test surface 
ϕ = azimuthal angle in the xy-plane 
(Tx, Ty, Tz) = translation in x-, y-, z-axes 
(Rx, Ry, Rz) = rotation about x-, y-, z-axes 
(dx, dy, dz) = differences between measured data and target 
data in x-, y-, z-axes 

 
1. Introduction  
    A Coordinate Measuring Machine (CMM) is a measurement 
instrument widely used in various manufacturing processes including 
the fabrication of turbine blade, car model development and surface 
milling [1]. It has also been employed in the aerospace and automotive 
industries, especially for measuring curved surfaces such as aspheric 
or free-form surfaces [2,3].  
    CMM can be classified into two main categories, contacting 

CMM and non-contacting CMM. Of the two, contacting CMM is more 
highly favored than non-contacting CMM because it provides higher 
accuracy. Furthermore, non-contacting CMM has some disadvantages 
when it measures diffusing surfaces such as ground mirrors or surfaces 
with limited viewpoints due to optical occlusions [4].   
    Nevertheless, when using contacting CMM, to maintain its 
original accuracy, probe radius compensation needs to be performed 
[1-2,5-18]. This is because the CMM can only read the coordinates of 
the center of the probe tip called indicated measured points, not those 
of the actual contact point [2,16-17].  
    When a computer-aided design (CAD) model of the testing 
surface is provided, the normal vectors along the surface can be easily 
calculated so that the testing surface can be accurately measured by 
approaching the probe toward its normal vectors. In this case, users can 
determine the coordinates of the measurement point by simply 
considering the radius of the probe tip, since the contact point is a 
tangent of the surface. There are a lot of correction methods based on 
the CAD model [13-15].  
    However, when the testing surface is unknown so the CAD model 
is not given in advance, the user cannot obtain the normal vectors of 
the surface. To overcome this problem, other methods such as 
compensation using a force sensor [11-12] have been studied, but for 
these hardware-focused approaches, expensive sensors which have 
many degrees of freedom are needed. Alternatively, software-focused 
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compensation approaches have been developed such as using the 
information on the reciprocal position of the adjacent indicated 
measured points [6-10]. In this case, a normal vector for a specific 
indicated point can be calculated and radius compensations are 
performed to each indicated measured point. However, those 
compensations are incomplete since the direction of the modeled 
correction vector deviates from the corrected one [17]. Furthermore, 
the pre-travel errors [18] caused by slipping of the touch probe tip is 
not considered in those methods. 
    In this paper, we propose a novel transformation algorithm to 
accurately measure aspheric surfaces by compensating both the error 
from the radius of the probe tip and the pre-travel errors. Its 
performance was demonstrated by measuring an on-axis aspheric lens 
and an off-axis aspheric mirror using the algorithm and comparing the 
results with data measured by a UA3P-5 profilometer, which has 
nanometer accuracy. It is expected that the novel transformation 
algorithm can improve measurement accuracy by compensating probe 
tip radius and pre-travel error of the probe tip from slipping on a test 
surface when unknown test targets are measured. 

 
2. Methods 

Fig. 1 Touch probe in the ideal case 
 
    As shown in Fig. 1, the coordinates of the contact point (xc, yc, zc) 
which CMM users are interested in are different from the coordinates 
of the indicated measured point (x, y, z). They have a relationship as 
shown below [19]:  
 

 𝑥𝑥 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟,    𝑦𝑦 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟,   𝑟𝑟 =  �𝑥𝑥2 + 𝑦𝑦2 (1) 
 
    where ϕ represents the azimuthal angle in the x-y plane. The angle 
θ is assumed to be the derivative of the curve equation. 
 

 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑑𝑑𝑑𝑑(𝑟𝑟) 𝑑𝑑𝑑𝑑⁄ = 𝑟𝑟2 (𝑅𝑅 − (𝑘𝑘 + 1)𝑓𝑓(𝑟𝑟))⁄  (2) 
 
    where 𝑓𝑓(𝑟𝑟) =  𝑟𝑟2 (𝑅𝑅 + �𝑅𝑅2 − (𝑘𝑘 + 1)𝑟𝑟2)⁄  . f(r) represents the 
aspheric equation of the testing surface, and R and k represent the 
radius of curvature and the conic constant of the surface, respectively. 
Therefore, the displacement Δr between the indicated measured point 
and the contact point in r direction, and the displacement Δz between 
the indicated measured point and the contact point in the z-direction are 
calculated below. 

 
 ∆𝑧𝑧 =  −𝑟𝑟𝑏𝑏 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 , ∆𝑟𝑟 =  𝑟𝑟𝑏𝑏 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 (3) 

 
    As a result, the coordinates of the contact point (xc, yc, zc) are 
calculated below. 
 

 𝑟𝑟′ =  𝑟𝑟 + ∆𝑟𝑟, 𝑥𝑥𝑐𝑐 = 𝑟𝑟′𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 
𝑦𝑦𝑐𝑐 = 𝑟𝑟′𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 𝑧𝑧𝑐𝑐 = 𝑧𝑧 + ∆𝑧𝑧 (4) 

 
    However, the relationship is valid only in the ideal case. In 
practice, the contact point is not equal to the actual contact point since 
the probe stylus can be deformed and slipped while it is vertically 
moving down and contacting to the inclined surface. Consequently, the 
probe tip contacts the unwanted point (actual contact point), and there 
is a difference between the predicted contact point and the actual 
contact point (pre-travel errors). Fig. 2 shows the difference. 
 

Fig. 2 The contact point error in practice 
 
    What concerns users are the predicted contact points, which are 
well-fitted with the target surface. Therefore, the coordinates of the 
actual contact point need to be compensated to the predicted contact 
point in order to fit the target surface well.  
    The pre-travel errors are treated as translations and rotations of the 
surface about the coordinate x, y, and z. The translations and the 
rotations of the surface can be expressed as a rigid-body motion 
including translation and rotation. In this case, the difference between 
the predicted contact point and the actual contact point can be counted 
as a displacement due to the rigid-body motion. The theoretical 
displacement 𝑑𝑑𝑥𝑥�𝑖𝑖, 𝑑𝑑𝑦𝑦�𝑖𝑖, 𝑑𝑑𝑧̃𝑧𝑖𝑖 can be defined as below [20]: 
 

 
𝑑𝑑𝑥𝑥�𝑖𝑖 = 𝑇𝑇𝑥𝑥 + 𝑧𝑧𝑖𝑖𝑅𝑅𝑦𝑦 − 𝑦𝑦𝑖𝑖𝑅𝑅𝑧𝑧 
𝑑𝑑𝑦𝑦�𝑖𝑖 = 𝑇𝑇𝑦𝑦 − 𝑧𝑧𝑖𝑖𝑅𝑅𝑥𝑥 + 𝑥𝑥𝑖𝑖𝑅𝑅𝑧𝑧 
𝑑𝑑𝑧̃𝑧𝑖𝑖 = 𝑇𝑇𝑧𝑧 + 𝑦𝑦𝑖𝑖𝑅𝑅𝑥𝑥 − 𝑥𝑥𝑖𝑖𝑅𝑅𝑦𝑦 

(5) 

 
    where xi, yi, zi represent the coordinate of the ith predicted contact 
point. Tx, Ty, Tz and Rx, Ry, Rz represent three translations and three 
rotations, respectively. Since we already know the coordinates of the 
actual contact point (the measured data) and the actual displacements 
dx, dy, dz (the differences between the measured data and the target 
data), we can obtain the coordinates of the predicted contact point by 
using a least-squares fit. Specifying ground mirrors as our target, the 
differences (i.e. the surface error of them) are about several μm to 
several tens of μm RMS. Therefore, the differences between the 
predicted contact points and the target data are negligible compared 
with the 3 mm diameter of the probe tip. The error E is defined as the 
difference between the actual displacement and the theoretical 
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displacement which can occur by a linear combination of the 
translations and the rotations. 
 

 𝐸𝐸 =  �𝑤𝑤𝑖𝑖[(𝑑𝑑𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑥𝑥�𝑖𝑖)2 + (𝑑𝑑𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑦𝑦�𝑖𝑖)2 + (𝑑𝑑𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑧̃𝑧𝑖𝑖)2]
𝑖𝑖

 (6) 

 
    Here, dxi, dyi, dzi represent the ith actual displacements. To obtain 
the minimum E, we took partial derivatives of E with respect to Tx, Ty, 
Tz, and Rx, Ry, Rz and set the result to zero. 
 

 

𝜕𝜕𝜕𝜕 𝜕𝜕𝑇𝑇𝑥𝑥⁄ = 0 → ∑ 𝑤𝑤𝑖𝑖�𝑇𝑇𝑥𝑥 + 𝑧𝑧𝑖𝑖𝑅𝑅𝑦𝑦 − 𝑦𝑦𝑖𝑖𝑅𝑅𝑧𝑧� = ∑ 𝑤𝑤𝑖𝑖𝑑𝑑𝑥𝑥𝑖𝑖𝑖𝑖𝑖𝑖   
𝜕𝜕𝜕𝜕 𝜕𝜕𝑇𝑇𝑦𝑦⁄ = 0 → ∑ 𝑤𝑤𝑖𝑖�𝑇𝑇𝑦𝑦 − 𝑧𝑧𝑖𝑖𝑅𝑅𝑥𝑥 + 𝑥𝑥𝑖𝑖𝑅𝑅𝑧𝑧� = ∑ 𝑤𝑤𝑖𝑖𝑑𝑑𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖  
𝜕𝜕𝜕𝜕 𝜕𝜕𝑇𝑇𝑧𝑧⁄ = 0 → ∑ 𝑤𝑤𝑖𝑖�𝑇𝑇𝑧𝑧 + 𝑦𝑦𝑖𝑖𝑅𝑅𝑥𝑥 − 𝑥𝑥𝑖𝑖𝑅𝑅𝑦𝑦� = ∑ 𝑤𝑤𝑖𝑖𝑑𝑑𝑧𝑧𝑖𝑖𝑖𝑖𝑖𝑖  
 

(7) 

 

 

𝜕𝜕𝜕𝜕 𝜕𝜕𝑅𝑅𝑥𝑥⁄ = 0 → ∑ 𝑤𝑤𝑖𝑖(𝑧𝑧𝑖𝑖𝑑𝑑𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑖𝑖𝑑𝑑𝑧𝑧𝑖𝑖𝑖𝑖 )  
= ∑ 𝑤𝑤𝑖𝑖(𝑧𝑧𝑖𝑖𝑇𝑇𝑦𝑦 + 𝑦𝑦𝑖𝑖𝑇𝑇𝑧𝑧 − (𝑦𝑦𝑖𝑖2 + 𝑧𝑧𝑖𝑖2)𝑅𝑅𝑥𝑥 + 𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖𝑅𝑅𝑦𝑦 + 𝑥𝑥𝑖𝑖𝑧𝑧𝑖𝑖𝑅𝑅𝑧𝑧𝑖𝑖 )  
𝜕𝜕𝜕𝜕 𝜕𝜕𝑅𝑅𝑦𝑦⁄ = 0 → ∑ 𝑤𝑤𝑖𝑖(𝑥𝑥𝑖𝑖𝑑𝑑𝑧𝑧𝑖𝑖 − 𝑧𝑧𝑖𝑖𝑑𝑑𝑥𝑥𝑖𝑖𝑖𝑖 )  
= ∑ 𝑤𝑤𝑖𝑖(−𝑧𝑧𝑖𝑖𝑇𝑇𝑥𝑥 + 𝑥𝑥𝑖𝑖𝑇𝑇𝑧𝑧 + 𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖𝑅𝑅𝑥𝑥 − (𝑧𝑧𝑖𝑖2 + 𝑥𝑥𝑖𝑖2)𝑅𝑅𝑦𝑦 + 𝑦𝑦𝑖𝑖𝑧𝑧𝑖𝑖𝑅𝑅𝑧𝑧𝑖𝑖 )  
𝜕𝜕𝜕𝜕 𝜕𝜕𝑅𝑅𝑧𝑧⁄ = 0 → ∑ 𝑤𝑤𝑖𝑖(𝑦𝑦𝑖𝑖𝑑𝑑𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑑𝑑𝑦𝑦𝑖𝑖𝑖𝑖 )  
= ∑ 𝑤𝑤𝑖𝑖(𝑦𝑦𝑖𝑖𝑇𝑇𝑥𝑥 − 𝑥𝑥𝑖𝑖𝑇𝑇𝑦𝑦 + 𝑥𝑥𝑖𝑖𝑧𝑧𝑖𝑖𝑅𝑅𝑥𝑥+𝑦𝑦𝑖𝑖𝑧𝑧𝑖𝑖𝑅𝑅𝑧𝑧𝑖𝑖 − (𝑧𝑧𝑖𝑖2 + 𝑥𝑥𝑖𝑖2)𝑅𝑅𝑦𝑦)  

(8) 

  
    By summing the left terms and the right terms respectively, the 
above equations were developed further. For simplicity, we set the 
weighting factor wi to be one. 

 

∑

⎝

⎜
⎜
⎛

𝑑𝑑𝑥𝑥𝑖𝑖
𝑑𝑑𝑦𝑦𝑖𝑖
𝑑𝑑𝑧𝑧𝑖𝑖

𝑧𝑧𝑖𝑖𝑑𝑑𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑖𝑖𝑑𝑑𝑧𝑧𝑖𝑖
𝑥𝑥𝑖𝑖𝑑𝑑𝑧𝑧𝑖𝑖 − 𝑧𝑧𝑖𝑖𝑑𝑑𝑥𝑥𝑖𝑖
𝑦𝑦𝑖𝑖𝑑𝑑𝑧𝑧𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑑𝑑𝑦𝑦𝑖𝑖⎠

⎟
⎟
⎞

 = 

 

∑

⎝

⎜⎜
⎜
⎛

𝑁𝑁 0 0
0 𝑁𝑁 0
0 0 𝑁𝑁

0 𝑧𝑧𝑖𝑖 −𝑦𝑦𝑖𝑖
−𝑧𝑧𝑖𝑖 0 𝑥𝑥𝑖𝑖
𝑦𝑦𝑖𝑖 −𝑥𝑥𝑖𝑖 0

0 𝑧𝑧𝑖𝑖 𝑦𝑦𝑖𝑖
−𝑧𝑧𝑖𝑖 0 𝑥𝑥𝑖𝑖
𝑦𝑦𝑖𝑖 −𝑥𝑥𝑖𝑖 0

−(𝑦𝑦𝑖𝑖2 + 𝑧𝑧𝑖𝑖2) 𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖 𝑥𝑥𝑖𝑖𝑧𝑧𝑖𝑖
𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖 −(𝑧𝑧𝑖𝑖2 + 𝑥𝑥𝑖𝑖2) 𝑦𝑦𝑖𝑖𝑧𝑧𝑖𝑖
𝑥𝑥𝑖𝑖𝑧𝑧𝑖𝑖 𝑦𝑦𝑖𝑖𝑧𝑧𝑖𝑖 −(𝑥𝑥𝑖𝑖2 + 𝑦𝑦𝑖𝑖2)⎠

⎟⎟
⎟
⎞

. 

( 9 ) 

 
    N represents the total number of points. As a result, we can obtain 
the three translations Tx, Ty, Tz, and three rotations Rx, Ry, Rz and 
compensate the coordinates of the actual contact points. 
 
3. Experimental results 
 
3.1 On-axis target 
    To prove the feasibility of the transformation algorithm for on-
axis aspheric targets, we evaluated a target lens, which is an aspheric 
lens having a radius of curvature (ROC) R of 51.12 mm and a conic 
constant k of -0.575. The clear aperture (CA) of the lens is 90 mm and 
the material of the lens is N-BK7. Table 1 shows the information of the 
target lens in detail. 
 
* Aspheric coefficients 

 R k A4 A6 A8 A10 
S1 51.12 -0.575 -4.837 

e-11 
-8.576 
e-12 

-2.014 
e-15 

-4.598 
e-19 

S2 Infinite - - - - - 
 

* Aspheric equation 
 

𝑍𝑍 = 𝑌𝑌2 𝑅𝑅(1 + �1 − (1 + 𝑘𝑘)𝑌𝑌2/𝑅𝑅2⁄ + 𝐴𝐴4𝑌𝑌4 + 𝐴𝐴6𝑌𝑌6 + 𝐴𝐴8𝑌𝑌8 + 𝐴𝐴10𝑌𝑌10 
 
Table 1 The information of a target aspheric lens (on-axis).  
 
    Then, we measured the target lens by employing UA3P-5 
(Panasonic) in Korea Basic Science Institute (KBSI), which has ±50 
nm measurement accuracy [21]. Here, we did not measure the target 
lens by using interferometers since it needs specially designed optical 
components such as computer-generated hologram (CGH) to measure 
aspheric lenses. The ROC of the target surface was recorded to be 
51.142 mm. We call this the reference data. An image of the target 
lens measured with the UA3P-5 is provided in Fig. 3. 
 

Fig. 3 An image of the target aspheric lens measured using UA3P-5 
 
    Afterward, we measured the target lens with a gantry type CMM 
(Dukin Co., Ltd.), which probe head is PH10M in Renishaw. The 
calibration results of the CMM provided by the manufacturer is shown 
in Table 2, which procedure was based on ISO10360-2.  
 

Range (mm) Measurement uncertainty (μm) (95% 
confidence level, k=2) 

0 0.0 
60 1.0 
140 1.0 
280 1.5 
420 2.1 
560 2.8 

(a) 

Range (mm) Measurement uncertainty (μm) (95% 
confidence level, k=2) 

0 0.0 
60 0.9 
140 1.3 
280 1.7 
420 2.4 
560 3.1 

(b) 

Range (mm) Measurement uncertainty (μm) (95% 
confidence level, k=2) 

0 0.0 
60 1.0 
140 1.7 
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280 1.2 
420 1.7 
560 2.2 

(c) 
Table 2 Measurement uncertainties of the CMM: (a) in x-axis (b) in y 
-axis (c) in z-axis 
 
After we measured the target lens with the CMM, we obtained the 
image of the target surface by applying the radius compensation (Fig. 
4-(a)) and the transformation algorithm (Fig. 4-(b)). As a result, the 
recorded ROCs of the target surface applying those two algorithms 
were the same as 51.130 mm. However, the repeatability was 
somewhat different. The repeatability of the result applying the radius 
compensation was 3.6 μm while that of the result applying the 
transformation algorithms was 2.6 μm. The PV value difference in Fig. 
4-(a), -(b) shows that the repeatability could affect the results. The 
difference between the reference ROC and the ROC of the results 
applying those two cases was about 13 μm.  
 

Fig. 4 Images of the target lens measured with CMM: (a) data applying 
the radius compensation only (b) data applying the transformation 
algorithm  
     
 
3.2. Off-axis target 
 

Fig. 5 The target surface (off-axis parabolic mirror, a = 48 mm) 
 
    In addition, we evaluated an off-axis target mirror to verify its 
performance for off-axis targets. The picture of the target parabolic 
mirror is shown in Fig. 5. The nominal ROC and the conic constant of 
the target mirror are 203.2 mm and -1, respectively. The CA of the 
target mirror is 90 mm and the material of the mirror is aluminum, 
which surface is coated with protected aluminum. 
    Then, we measured the target mirror by employing the UA3P-5 
as well. The ROC of the target surface was recorded to be 203.2003 
mm. An image of the target surface is depicted in Fig. 6. 

Fig. 6 Images of the target surface measured using UA3P-5: (a) raster 
scanned along x-axis, (b) raster scanned alogn y-axis 

 
    Afterward, we measured the target surface with the previously 
mentioned CMM and then obtained the two images by applying the 
two cases. The radius-compensated result and the result applying the 
transformation algorithm are shown in Fig. 7. In this case, the ROC of 
the radius-compensated result was 203.570 mm while the ROC of the 
result applying our algorithm was 203.194 mm. The gaps of the ROC 
between the reference and those two cases are about 370 μm and 6 μm, 
respectively. The result shows that the transformation algorithm is 
well-functioned in the case of the surface with slippery slopes. The 
repeatabilities of both cases were 3 μm and 1.9 μm, respectively. 
 

Fig. 7 Images of the target mirror measured with CMM: (a) data 
applying the radius compensation only (b) data applying the 
transformation algorithm 
 
Considering the performance of the CMM, the additional error may 
have originated from the uncertainty of the conic constant and the error 
of the actual surface from target surface. Moreover, the fixed weighting 
factor (wi = 1) could cause the error. 
 
4. Conclusions 
 
    A transformation algorithm which can calculate predicted contact 
points by compensating the radius of the probe tip and deviation from 
pre-travel error was presented. The algorithm was applied to the raw 
data of an on-axis lens and an off-axis mirror measured with CMM. 
The results were compared with reference data from UA3P-5. In the 
case of an on-axis lens, the radius-compensated result and the result 
from the transformation algorithm have the same ROC, but the 
repeatability of the latter is somewhat better than that of the former.  
    The merit of the transformation algorithm was more obvious in 
the case of testing surfaces with steep slopes. In the case of an off-axis 
mirror, the differences between the reference ROC and the ROCs of 
the two cases were recorded to be 370 μm and 6 μm, respectively. 
Furthermore, the repeatability had the same tendency as in the case of 
the on-axis lens.       
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    From the above results, we concluded that by applying this 
transformation algorithm, when testing surfaces such as aspheric or 
free-form surfaces are unknown, they can be measured more accurately 
with the help the transformation algorithm by compensating the probe 
tip radius and by minimizing the error from slipping. 
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