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THE TENSOR CODE 

G- M a e n c h e n and S. Sack 

L a w r e n c e R a d i a t i o n L a b o r a t o r y , U n i v e r s i t y of C a l i f o r n i a 

L i v e r m o r e , C a l i f o r n i a 

A p r i l 9, 1963 

A B S T R A C T 

A n u m e r i c a l t e c h n i q u e for the c a l c u l a t i o n of u n d e r g r o u n d e x p l o s i o n 

p h e n o m e n a and o t h e r t i m e d e p e n d e n t p r o b l e m s involv ing the m o t i o n of e l a s t i c , 

p l a s t i c , f r a c t u r e d , and fluid m a t e r i a l s is d e s c r i b e d . T h e m e t h o d a l l o w s 

t r e a t m e n t of t r a n s i e n t p h e n o m e n a in two s p a c e d i m e n s i o n s ( c a r t e s i a n o r a x i a l 

s y m m e t r y ) , and i s p a r t i c u l a r l y a p p r o p r i a t e for p r o b l e m s involv ing c o m p r e s -

s ib l e flow, l a r g e d i s p l a c e m e n t s , and f r ee t r a n s i t i o n s of m a t e r i a l b e t w e e n 

the e l a s t i c , c r a c k e d , p l a s t i c , a n d fluid s t a t e s . The e q u a t i o n s of m o t i o n a r e 

a s t r a i g h t f o r w a r d g e n e r a l i z a t i o n (to inc lude a s t r e s s t e n s o r ) of c o n v e n t i o n a l 

L a g r a n g i a n t e c h n i q u e s for c o m p r e s s i b l e flow and shock h y d r o d y n a m i c s 

p r o b l e m s . T h e m e t h o d s of def in ing the s t r e s s s y s t e m wh ich have b e e n u s e d 

o r a r e r e a d i l y a v a i l a b l e c a n i nc lude the fo l lowing: 

1. G e n e r a l n o n l i n e a r v i s c o e l a s t i c i t y wi th t r e a t m e n t of f r a c t u r e s . 

2. P l a s t i c flow a s def ined by a v a r i e t y of y i e l d c o n d i t i o n s inc lud ing 

T r e s c a , von M i s e s and C o u l o m b y i e l d s u r f a c e s , w o r k h a r d e n i n g , 

t e m p e r a t u r e d e p e n d e n c e and s t r a i n - r a t e e f fec t s . 

3. C o m p r e s s i b l e f luid flow wi th o r wi thou t s h o c k s . 

4. F r e e t r a n s i t i o n s b e t w e e n a l l m a t e r i a l s t a t e s . 

They a r e l i m i t e d only by the u s e r ' s i m a g i n a t i o n and e x p e r i m e n t a l knowledge 

of the p r o p e r t i e s of r e a l m a t e r i a l s . 

- i i i -
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THE TENSOR CODE 

G. Maenchen and S. Sack 

Lawrence Radiation Labora to ry , Universi ty of California 

L i v e r m o r e , California 

April 9, 1963 

I. INTRODUCTION 

To predic t underground explosion phenomena without m e r e l y scaling 

past explosions, a method of calculating the motion of e l a s t i c , p las t ic , and 

fluid m a t e r i a l s is requi red . Such a calculat ion involves the solution of a set 

of coupled par t i a l differential equations der ived from the conservat ion laws 

for i n a s s , momentum, and energy together with a reasonable mathemat ica l 

model of the response of the m a t e r i a l s concerned. Analytic solutions for 

nontr ivial ca ses a r e difficult and frequently imposs ib le to obtain. At the 

Lawrence Radiation Labora to ry (L ivermore) , two "codes" have been devel-

oped which in tegra te these equations numer ica l ly on digital compute r s . The 

calculat ions have been simplified by requi r ing a degree of symmet ry in the 

p rob lem. The older code,^ UNEC, desc r ibes spher ica l ly s y m m e t r i c motion; 

i. e. , it is one-dimensional in that the re is only one (radial) pe rmi t t ed 

direct ion of motion. This r epor t will desc r ibe a two-dimensional code, 

TENSOR, which was developed to study cyl indrical ly s y m m e t r i c p rob lems 

(e. g. , c r a t e r s ) where two spatial va r i ab les a r e requ i red . 

The TENSOR equations desc r ibe the motion of m a t e r i a l under the 

influence of a s t r e s s t ensor (in cont ras t to the usual s ca l a r p r e s s u r e in 

hydrodynamic calculat ions) . In TENSOR, the differential equations of motion 

a r e rep laced by a set of finite difference equations: the continuous spatial 

^ In the immedia te vicinity of a violent explosion the p rob lem may be 
simplified by ignoring e las t ic and plas t ic effects. Calculat ions of explosions 
in such a fluid medium have been descr ibed by H. L. Brode and R. L. Bjork 
in RAND Repor t RM-2600 (I960). 

J . H. Nuckolls , Lawrence Radiat ion Labora to ry (L ivermore) Repor t 
UCRL-5675, P a r t I, pp. 120-134. 
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d i s t r i b u t i o n of s t r e s s , v e l o c i t y , e t c . , a r e a p p r o x i m a t e d by a se t of v a l u e s 

def ined a t d i s c r e t e p o s i t i o n s (zones ) in the m a t e r i a l . S ince a L a g r a n g i a n 

f o r m is u s e d , t h e s e z o n e s d e s c r i b e spec i f i c p i e c e s of t h e m o v i n g m a t e r i a l 

and m o v e wi th it. An e x a m p l e of s u c h a m e s h of z o n e s i s shown in F i g . 1. 

T h e c o n t i n u o u s t i m e v a r i a t i o n of the s t r e s s , v e l o c i t y , e t c . , i s s i m i l a r l y 

a p p r o x i m a t e d by v a l u e s def ined at d i s c r e t e i n t e r v a l s in t i m e . 

T h e c a l c u l a t i o n i n t e g r a t e s the e q u a t i o n of m o t i o n in a s e r i e s of s m a l l 

t i m e s t e p s . At s o m e t i m e t , t he s t r e s s f ie ld is known f r o m the d i s t r i b u t i o n 

of v a l u e s of s t r e s s in e a c h zone and the p o s i t i o n s of t h e s e z o n e s . T h e 

m o m e n t u m c o n s e r v a t i o n e q u a t i o n i s u s e d to c a l c u l a t e t h e a c c e l e r a t i o n of e a c h 

m e s h po in t . T h i s a c c e l e r a t i o n , a c t i n g for a s m a l l t i m e s t e p A t , a l t e r s the 

p r e v i o u s v e l o c i t i e s , and t h e new v e l o c i t y and p o s i t i o n of e a c h m e s h po in t i s 

found at t + A t . A g e n e r a l i z e d H o o k e ' s l aw o r s o m e o t h e r e q u a t i o n of s t a t e 

is u s e d to c a l c u l a t e the s t r e s s a t t + At . At t h i s po in t , t he d i s t i n c t i o n b e t w e e n 

e l a s t i c , f r a c t u r e d , p l a s t i c , and fluid m a t e r i a l s is m a d e by i m p o s i n g c e r t a i n 

r e s t r i c t i o n s on the s t r e s s t e n s o r . Hav ing c a l c u l a t e d t h e new s t r e s s in e a c h 

z o n e , we m a y now r e p e a t the e n t i r e p r o c e s s . A t y p i c a l c r a t e r i n g p r o b l e m 

invo lves a m e s h of a p p r o x i m a t e l y 1000 z o n e s and a p p r o x i m a t e l y 1000 t i m e 

s t e p s , and r e q u i r e s about 4 h o u r s on the IBM 7090. At t h i s po in t , t he s u r f a c e 

m o t i o n is s u c h t h a t zone d i s t o r t i o n b e c o m e s s e r i o u s enough to r e d u c e t h e 

t i m e s t e p At to an u n p r o f i t a b l e l e v e l . 

No a t t e m p t h a s b e e n m a d e to d e r i v e t h e e q u a t i o n s in a r i g o r o u s f a sh ion . 

In s o m e i n s t a n c e s (e. g. , t he f o r m and u s e of t h e a r t i f i c i a l v i s c o s i t y ) , t he 

c h o i c e w a s b a s e d on a m i x t u r e of i n tu i t i on and e x p e r i e n c e wi th o t h e r c o d e s 

and w a s t h e n j u s t i f i e d e m p i r i c a l l y . H o w e v e r , the L a g r a n g i a n f o r m u l a t i o n of 

the m o m e n t u m and e n e r g y e q u a t i o n s (in d i f f e r e n c e f o r m ) t o g e t h e r w i th s u c h 

f e a t u r e s a s t h e w e i g h t i n g f a c t o r s h a s b e e n u s e d s u c c e s s f u l l y on m a n y o t h e r 

c o d e s and f o r m s a v e r y c o n v e n i e n t and f l ex ib le f r a m e w o r k . Wi th in t h i s f r a m e -

w o r k m a n y p o s s i b l e " c o n s t i t u t i v e " e q u a t i o n s m a y be u s e d . In T E N S O R t h e s e 

c o m p r i s e t h e s t r e s s c a l c u l a t i o n t o g e t h e r wi th the v a r i o u s a d j u s t m e n t s for 

p l a s t i c flow and c r a c k f o r m a t i o n . T h e g e n e r a l f ramew^ork would p e r m i t t he 

i n c l u s i o n of m a n y o t h e r e f fec ts s u c h a s h e a t c o n d u c t i o n , s h o c k - i n d u c e d 

c h e m i c a l r e a c t i o n s inc lud ing d e t o n a t i o n w a v e s , and so on. 

F i n a l l y , two b a s i c l i m i t a t i o n s of the code m u s t be m e n t i o n e d . S t ab i l i t y 

c o n s i d e r a t i o n s r e q u i r e t h a t t h e t i m e s t e p At u s e d in t h e c a l c u l a t i o n be l e s s 
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t han the r a t i o (zone s i z e ) / ( s o u n d s p e e d ) . P r a c t i c a l c o n s i d e r a t i o n s t h u s l i m i t 

t he code to t r a n s i e n t p h e n o m e n a w h e r e the t i m e s c a l e i s l i m i t e d to a few 

sound r e v e r b e r a t i o n t i m e s a c r o s s the m a t e r i a l be ing c o n s i d e r e d . A s e c o n d 

l i m i t a t i o n is tha t the L a g r a n g i a n m e s h , wh i l e f l ex ib l e , can not be d i s t o r t e d 

wi thout l i m i t . T h u s the m e s h can not follow m a t e r i a l in t u r b u l e n t flow 

(a l though m o d e r a t e d i s t o r t i o n s can be h a n d l e d by " r e z o n i n g " p r o c e d u r e s ) . 

IL DEFINITIONS AND NOTATION 

T h e f a m i l i a r f o r m s of equa t ion of m o t i o n , de f in i t i ons of s t r a i n r a t e , 

e t c . , a r e n o r m a l l y e x p r e s s e d in t e r m s of E u l e r i a n c o o r d i n a t e s . T h e d i f f e r -

ence e q u a t i o n s u s e d in TENSOR a r e w r i t t e n in t e r m s of L a g r a n g i a n c o o r d i -

n a t e s . T h e E u l e r i a n d e r i v a t i v e s , t h e r e f o r e , m u s t be e x p r e s s e d in L a g r a n g i a n 

f o r m . 

L a g r a n g i a n c o o r d i n a t e s : k, i 

E u l e r i a n c o o r d i n a t e s : R (k, i , t) = ( r a d i a l position) ' '" of t h e m e s h po in t 
g iven by k, i a t t i m e t 

Z (k, i , t) = a x i a l p o s i t i o n . 

F o r any func t ion F , -we m a y -write: 

9F _ 3F 9R 9F 9Z 

ak dR ak az ak 

aF_ ap aR ap az 
dji dR di az di 

f r o m -which we o b t a i n the L a g r a n g i a n e x p r e s s i o n for the E u l e r i a n d e r i v a t i v e s : 

^ = 1 [ ^ 9z ap az 
aR J U k di di ak 

J [> az J I ak ai • di ak 

•where 

., _ aR az aR az _ , . . ,̂ ^ . 
J - -^rT- -^f - -Kj- -Qi— = j a c o b i a n of t h e t r a n s f o r m a t i o n . 

In the c o d e , t he L a g r a n g i a n v a r i a b l e s k and i t a k e on d i s c r e t e v a l u e s 

( 0 , 1 , 2 , . . . ) . T h e y wi l l be u s e d a s s u b s c r i p t s to i n d i c a t e the m e s h po in t 

T h e code h a s p r o v i s i o n for t w o - d i m e n s i o n a l c a r t e s i a n c a l c u l a t i o n in 
w h i c h c a s e R b e c o m e s a c a r t e s i a n c o o r d i n a t e . 
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at which some var iable (e. g. , R) is defined. A d i sc re t e t ime var iab le , n, 

will be used as a supersc r ip t : 

n - l / 2 

Thus, 

t^ = t^-^ + At^ 

n R(k, i , t ) = R, = radia l posit ion of mesh point given by k and 
' at t ime t^. 

In o rde r to make the difference equations l ess cumber some , the 

following abbrevia ted notation will be used whenever poss ible : 

subscr ip t 1 = k, i ' 

2 = k - l , i 

3 = k - l , i - l 

4 = k, i - 1 

e t c . ( s ee s k e t c h ) . A l s o , 

s u b s c r i p t A = k - l / 2 , i - l / 2 R 

B = k + l / 2 , i - l / 2 

C = k + l / 2 , i + l / 2 

D = k - l / 2 , i + l / 2 . i + 1 

The fol lowing v a r i a b l e s a r e def ined at m e s h p o i n t s : 

R , = R, . = r a d i a l c o o r d i n a t e 
1 k, i 

Z , = a x i a l c o o r d i n a t e 

u 
n - l / 2 _ ^ _ 

R = r a d i a l v e l o c i t y c o m p o n e n t 

v 
n - l / 2 _ 

Z = a x i a l v e l o c i t y c o m p o n e n t 
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l i . , -v, = r a d i a l and a x i a l a c c e l e r a t i o n c o m p o n e n t s 

AR , AZ^ = d i s p l a c e m e n t c o i n p o n e n t s . 

The r e m a i n i n g v a r i a b l e s a r e def ined in the m e s h z o n e s , 

J A = Ji 1 /T /, 1 /o = J a c o b i a n = zone a r e a A k - 1 / 2 , i - 1/2 

V = zone v o l u m e (per r a d i a n ) 

V. = in i t i a l (t = 0) zone v o l u m e 
J\ 

V ^A ^A 

M . = zone m a s s 

p . = d e n s i t y 

E . = i n t e r n a l e n e r g y / u n i t o r i g i n a l v o l u m e 

P . = p r e s s u r e 

( T . ) « = c o m p o n e n t s of d e v i a t o r i c s t r e s s t e n s o r (i = R, Z , R Z ) 

1 /z 
Q. = s c a l a r f o r m of a r t i f i c i a l v i s c o s i t y 

1 /? 
(Q.) . = c o m p o n e n t s of d e v i a t o r i c a r t i f i c i a l v i s c o s i t y (i = R, Z, RZ) 

1 J\ 

^^0^ A ' ^^V^A ~ a d d i t i o n a l d a m p i n g t e r m s 

I . = l a b e l for m a t e r i a l in zone A 

cj). = f r a c t u r e o r i e n t a t i o n ang le 

(E.) . = f r a c t i o n a l c r a c k wid th (i = 1, 2, 3). 

The t i m e s u p e r s c r i p t wi l l f r e q u e n t l y be o m i t t e d . 
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III. MOMENTUM EQUATION 

In a sys tem with cyl indrical symmet ry (i. e. , one where all der ivat ives 

with r e spec t to the azimuthal coordinate Q vanish)'' ', the s t r e s s tensor can 

have only four independent nonzero e lements : 

T) = 
rRR ° R̂Z 

V^RZ O ' ' ^ZZ 

Here TJ^J^ is the (tensile) force acting in the R di rec t ion on a unit element 

of a r e a or iented normal to the R direct ion. The shear s t r e s s , '^•p^Z' ^^ ^̂ ® 

force in the R direct ion acting on an element normal to the Z ax is . (By 

symmet ry , T-^^L = "^ZR- ) 

To facil i tate the calculat ion of p las t ica l ly deformed m a t e r i a l , the s t r e s s 

is exp res sed as the sum of an i so t ropic and deviator ic part, '* because p las t ic 

yielding l imi ts only the effective shear s t r e s s but not the average p r e s s u r e . 

-where 

3 ^ RR 09 Z Z ' 

T = T + P 

R RR 

T = T + P 
Z ZZ 

T = T + p = _ f T + T ) 

6 ee ^ R ^ z ' 

This notation, though cus tomary in p las t ic flow calcula t ions , is inconsistent 

in sign. P is posi t ive for c o m p r e s s e d m a t e r i a l while '^^^ and "T^ a r e posit ive 

for tension. 

In the case of c a r t e s i an calculat ion, 6 is the th i rd ( symmetr ic ) coordinate . 

3 
I. S. Sokolnikoff, Mathemat ica l Theory of Elas t ic i ty (McGraw-Hill Book 

Company, New York, 1 946). 

4 R . Hill , Mathemat ica l Theory of P las t i c i ty (Oxford Univers i ty -Cla rendon 
P r e s s , London, 1950). 
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1 

p 

I 

p 

9(P - -^R) 

aR 

a(p - T^) 

az 

In t e r m s of t h e s e v a r i a b l e s , the m o m e n t u m equa t i on i s , 

. . ^ , 1 ^^RZ , ^^R ^ " Z , ^ 
" - - - + ? -dZ- ^ PR + ^ R 

•̂  P - a R - + " P R - + ^ Z 

T h e f inal t e r m in e a c h e x p r e s s i o n r e p r e s e n t s a body f o r c e and i s u s e d to 

inc lude g r a v i t y e f fec t s ( n o r m a l l y the m e s h is o r i e n t e d so G^ - g o r - g , 

Gj^ = 0). To p r e v e n t o s c i l l a t i o n , it w a s n e c e s s a r y to i n t r o d u c e s o m e d a m p i n g 

a n a l o g o u s to the a r t i f i c i a l v i s c o s i t y f i r s t p r o p o s e d for n u m e r i c a l c a l c u l a t i o n s 

of shock h y d r o d y a m i c s by Von N e u m a n n and R i c h t m y e r . ^ In t h e p r e s e n t 

c a s e , t h i s v i s c o s i t y is g e n e r a l i z e d to a t e n s o r and s e p a r a t e d into an i s o t r o p i c 

and a d e v i a t o r i c p a r t . T h u s , P i s r e p l a c e d by P + Q, TJ , by T ^ + Q ^ , e t c . 

T h e a c c e l e r a t i o n a t t he L a g r a n g i a n m e s h po in t k, i m u s t now be e x -

p r e s s e d in t e r m s of t h e s t r e s s in t h e s u r r o u n d i n g four z o n e s . T h e m o d i f i c a -

t i o n s r e q u i r e d a t the e d g e s of the L a g r a n g e m e s h wi l l be d i s c u s s e d s e p a r a t e l y 

We no te t ha t t he a c c e l e r a t i o n e q u a t i o n s c o n t a i n bo th d e r i v a t i v e t e r m s (which 

a r e r e a l l y def ined a t zone b o u n d a r i e s ) and n o n d e r i v a t i v e t e r m s -which a r e 

def ined in the z o n e s . 

C o n s i d e r f i r s t t he n o n d e r i v a t i v e t e rn i s . " " We m a y def ine a n a v e r a g e 

r a d i u s in a zone a s R ^ = ^A^^/'^A ®° ' / p R = V J / M V = J / M . T h u s , the 

c o n t r i b u t i o n of the n o n d e r i v a t i v e f o r m s to t h e a c c e l e r a t i o n in e a c h zone i s 

(^)i - wr (^^R + ^ Q R + ^z + Qz^i 
1 

(^)i = yr <^Rz + Q R Z ^ I i = A, B , C, D 
1 

T h e d e r i v a t i v e t e r m s a r e e v a l u a t e d s e p a r a t e l y at e a c h of the b o u n d a r i e s 

b e t w e e n the a d j a c e n t z o n e s . C o n s i d e r the b o u n d a r y b e t w e e n z o n e s C and D. 

H e r e -we c a n h a v e only k d e r i v a t i v e s of s t r e s s so the r a d i a l a c c e l e r a t i o n due 

5 
J . Von N e u m a n n and R. D. R i c h t m y e r , J . App l . P h y s . 2J,, 232 (1950). 

T h e s e t e r m s c o r r e s p o n d to a c c e l e r a t i o n due to hoop s t r e s s . T h e y a r e 
z e r o in the c a r t e s i a n c a s e . 
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to g r a d i e n t s a c r o s s t h i s i n t e r f a c e (k, i to k, i + 1) i s 

I ( p j ) 8 j ak 
P + Q 

R 
1? 

'R . di 

aR^ 
Q " ^ + i k JRZ + Q R Z W]^^' b o u n d a r y . 

At t h i s po in t one m u s t c h o o s e a m o n g v a r i o u s p o s s i b l e m e t h o d s of d i f f e r e n c i n g . 

S ince the s t r e s s e s a r e def ined wi th in the z o n e s , we u s e t h e s i m p l e s t c h o i c e : 

_!_ ( s t r e s s ) ^^^ + 1/2 ^ ^ ^ ^ ^ ^ " " ) k + l / 2 , i + l / 2 - ^ ^ ^ ^ ^ ^ ^ ^ k - l / 2 , i + l / 2 

-which -we a b b r e v i a t e to (stress)Q_T-j- T h e s i m p l e s t c h o i c e for t h e c o o r d i n a t e 

d i f f e r e n c e , {dz/di), . , , / - , - Z, , , , - Z, , , w a s u s e d at f i r s t . Whi le t h i s 
' k , i + l / 2 k , i + l k , i 

w a s s a t i s f a c t o r y for a m e s h of r e c t a n g u l a r z o n e s , it l ed to e r r o r s in a m e s h 

hav ing t r a p e z o i d a l z o n e s , b e c a u s e l / j | ( a z / a j f j i s e s s e n t i a l l y e q u i v a l e n t to 

1 / A R , the e f fec t ive d i s t a n c e b e t w e e n zone c e n t e r s . 

T h u s , t h i s s i m p l e c o o r d i n a t e d i f f e r e n c e l ed 

to a r b i t r a r i l y s m a l l a c c e l e r a t i o n s when the 

c o m m o n b o u n d a r y b e t w e e n z o n e s beca .me 

v a n i s h i n g l y s m a l l . C o n s e q u e n t l y , an 

a v e r a g e c o o r d i n a t e d i f f e r e n c e i s no-w u s e d in 

the code : 

k + 1 

r 8 

k - 1 

i + l 

(X =: R o r Z) 

^ 8 1 " •; a F k , i + l / 2 " 4 • ^^^8 " ^ 1 ^ ^ ^ 7 ^ 6 - ^ ^ X. 

/ax \ 1 

^61 ^'^WJk+l/2,i " i_^(^6 - ^ l) + ^7 " ^8 + ^5 • ^ 

A s i m p l e a v e r a g e i s u s e d for t h e d e n s i t y t i m e s a r e a t e r m : 

<PJ)81 = 2 (v -"JC^ (v ^ D 

In t e r m s of t h e s e a v e r a g e d i f f e r e n c e s , we o b t a i n 

1 

""81 ' ( p J )8 i 
(P + Q - r ^ - Q ^ ) ^ _ ^ Zg^ + ir^^ + ^ R Z ^ C - D ^ 8 L + ^ '^^^ 
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1 

u 

V 

1 (PJ)8i L 

^ 1 " 

61 " (PJ)6i -

-1 

(^ + Q - ' 'Z - Q z ) c - D ^81 ^ (^RZ + Q R Z ^ C - D ^ 8 I ] + ^ ^ ^ ^ ^ 

(P + Q - T^ - Q j , ) c . B ^ 6 1 + (^RZ + Q R Z ^ C - B ^ 6 I ] + ^ t e r m 

61 (PJ)^! L' (P + Q - ^Z - Qz^C-B ^61 + <^RZ + Q R Z ) C - B ^6 .] + q t e r m . 

T h e final "q t e r m " p r o v i d e s a d d i t i o n a l d a m p i n g and wi l l be d e s c r i b e d l a t e r . 

S i m i l a r e x p r e s s i o n s could be w r i t t e n for the 12 and 14 s i d e s . T h e s e , h o w -

e v e r , n e e d not be c a l c u l a t e d exp l i c i t l y s i n c e t h e y m a y b e s a v e d f r o m the 

c a l c u l a t i o n at p r e v i o u s m e s h p o i n t s (i. e. , u , . w a s c a l c u l a t e d p r e v i o u s l y a s 

xio, w h e n the code w a s at k, i - 1; s i m i l a r l y u , ^ w a s done a s U / , a t point 

k - l,i). 

T h e s e a c c e l e r a t i o n t e r m s m u s t now be c o m b i n e d to give the a c c e l e r a -

t ion at po in t k, i . A w e i g h t e d a v e r a g e is u s e d wh ich g ives the g r e a t e s t we igh t 

to s m a l l e r z o n e s ( b e c a u s e t h e c e n t e r s a r e n e a r e r t h e poin t k , i ) . T h u s , in a 

c a s e l ike t h e one in the s k e t c h , g r e a t e r we igh t is g iven 

to UQ , and l e s s we igh t to u,_^. We define 

we igh t f a c t o r s : 

W 
_ ( R 3 ^ ) ( R 8 ^ + R ^ ^ ) + ( Z 8 I ) ( Z 8 I + Z 8 ^ ) 

(^81 + ^ 1 4 ^ + ^^81 + ^ 8 4 ^ 
1 

w 
( ^ 6 l ) ( ^ 6 l + ^ 1 2 ) + ( Z 6 l ) ( 2 6 l - ^ ^ 1 2 ) 

61 
( R , , + R . , ) 2 + (Z 

-61 12 ' ' 6 1 - ^ ^ 1 2 ) ' 

-where R / , e t c . , a r e the a v e r a g e c o o r d i n a t e d i f f e r e n c e s def ined p r e v i o u s l y . 

We now u s e W„ a s the we igh t of u^^ and (1 - W8i ) a s the w e i g h t of U8 j • 

T h e s a i n e w e i g h t i n g f a c t o r s wi l l be u s e d for the n o n d e r i v a t i v e t e r m s so t h a t 

W8 2 W ^ j i s t he we igh t of zone A, (1 - W 8 i ) ( W 5 2) i s t he we igh t of zone D, 

e t c . C o m b i n i n g a l l t e r m s , we f ina l ly ob t a in the a c c e l e r a t i o n of po in t k , i : 

< r W 6 l ^ 8 l ( ^ A ^ B + ^ C - V + ^ 8 1 (^14 ^81 + ^B u ^ ) 

61 ^^12 - ^61 + S - ^C^ + ^81 + ^61 + ^C + ^ R 
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and the s a m e f o r m for v-^ ^. In t h e s e e q u a t i o n s , a l l the q u a n t i t i e s ( s t r e s s , 

c o o r d i n a t e s , v o l u m e s , e t c . ) w e r e a t t i m e c y c l e n (a l though t h e Q t e r m s w e r e 

at n - 1/2). H e n c e the u w e r e a t c y c l e n. F i n a l l y , the v e l o c i t i e s and c o -

o r d i n a t e s a r e a d v a n c e d : 

n + 1 / 2 _ n - 1 / 2 , . .vn .n 
^ , i k , i 

s a m e for v 

D " - + 1 _ D n , . n + 1 / 2 n + 1 / 2 
R, , = R, + (At) u : s a m e for Z. 

k,i k ' ' 

IV. BOUNDARY CONDITIONS 

T h e e q u a t i o n s of m o t i o n d e s c r i b e d in the p r e v i o u s s e c t i o n app ly to a 

poin t in the i n t e r i o r of the L a g r a n g i a n m e s h . At the e d g e s of the m e s h , s o m e 

of t h e s e t e r m s ( p j , u , e t c . ) m u s t be m o d i f i e d . At e a c h of t h e four b o u n d a r i e s 

( k = 0 ' k ^ ^ m a x ' ^ = 0 ' ^ i ), -we m a y h a v e one of two p o s s i b l e b o u n d a r y 
m a x 

c o n d i t i o n s . T h e s e a r e a r i g i d ( smoo th ) wa l l and a f r e e s u r f a c e . 

At a r i g i d w a l l , t he m a t e r i a l m a y s l i de a l o n g the s u r f a c e of t h e w a l l but 

m a y not m o v e n o r m a l to t h e s u r f a c e . One u s e for the r i g i d w a l l b o u n d a r y 

cond i t i on i s at t he a x i s of s y m m e t r y (R = 0) in a c y l i n d r i c a l l y s y m m e t r i c 

p r o b l e m . T h e effect of t h e s m o o t h wa l l 

is e q u i v a l e n t to t h a t of a r e f l e c t e d 

p h a n t o m zone b e y o n d t h e w a l l w h e r e the 

d i s p l a c e m e n t of m a t e r i a l in the p h a n t o m 

zone i s j u s t t h e m i r r o r i m a g e of t h a t in 

the r e a l zone . If we c o n s i d e r a se t of 

a x e s i, j p a r a l l e l and n o r m a l to the w a l l , 

t he " n o r m a l " s t r e s s c o m p o n e n t s T.. 
^ 11 

and T-- r e f l e c t s y m m e t r i c a l l y and the 

s h e a r c o m p o n e n t T-- r e f l e c t s a n t i -

s y m m e t r i c a l l y . We n e e d the d i f f e r e n c e 

''"ii ~ '''ii ~ ^"^ij ^° find t h e only g r a d i e n t 

t e r m a t t h e w a l L 

R 4 

i = 0 

•*- Z 
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T.j = (s in p cos P) ( ^2 - •^^) + (s in^ p - c o s ^ p) T ^ ^ . 

The s a m e r e l a t i o n h o l d s for the d a m p i n g t e n s o r (Q). 

The p o r t i o n of the a c c e l e r a t i o n at the w a l l due to the n o r m a l g r a d i e n t of 

s h e a r s t r e s s i s e v a l u a t e d a s foUo-ws. L e t 

2V 
M J 

s in p c o s p {T^ + Q ^ _ T^ - Q^) + ( cos^ p - s in^ p) ( T ^ ^ + Q^^U 

w h e r e a l l zone q u a n t i t i e s , (M, V, J, T e t c ) r e f e r to the " r e a l z o n e , " and 

P i s the ang le b e t w e e n the r i g i d -wall and the a x i s . We find 

at i = 0, u . . = - R . , F and 
61 61 

V/ , - -Z. , F where the "real zone" is zone C, 
61 61 

at k = 0, u = R F and 
o 1 o 1 

-VQ = Z F w h e r e " r e a l z o n e " i s zone C, 
o 1 o 1 

and s i m i l a r f o r m s a t ^ =: -^max ^ ^ ^ 1̂  ~ l^max" T h e s e a c c e l e r a t i o n c o m p o n e n t s 

m u s t t h e n be c o m b i n e d wi th i n t e r n a l a c c e l e r a t i o n t e r m s and t h e r e s u l t i n g 

a c c e l e r a t i o n v e c t o r p r o j e c t e d onto the r i g i d w a l l . At i = 0, for e x a m p l e , 

U81, UQ and lij-. a r e c a l c u l a t e d a s for any i n t e r i o r m e s h po in t wh i l e u / , and 

the s a v e d q u a n t i t y n-^^ ^-^e found by the r i g i d w a l l f o r m g iven a b o v e . S ince 

t h e r e is no c o n t r i b u t i o n f r o m u , ^ (which i s b e y o n d t h e w a l l ) , t he a c c e l e r a t i o n 

s u m is c a l c u l a t e d wi th Wpi se t to z e r o . Only t h e c o m p o n e n t of a c c e l e r a t i o n 

p a r a l l e l to the wa l l i s r e t a i n e d . T h u s , 

Av = (u s in p + -v c o s p) At 

n + l / 2 _ n - l / 2 ^ , ; - - . . _ 
u = u + (Av) s m p 

n + l / 2 _ n - l / 2 ^ , - ^ . ^ 
V = V + (Av) c o s p. 

At a f r e e s u r f a c e , t h e c a l c u l a t i o n p r o c e e d s a s if t h e r e w e r e a m a s s l e s s 

p h a n t o m zone beyond t h e b o u n d a r y . A t i m e d e p e n d e n t p r e s s u r e m a y be 

i n s e r t e d into t h i s p h a n t o m zone if d e s i r e d . All o t h e r s t r e s s t e r m s a r e z e r o 

so t h a t t h e p h a n t o m zone d o e s not c o n t r i b u t e to t h e n o n d e r i v a t i v e a c c e l e r a t i o n 

t e r m s (e. g. , u . ). T h e a c c e l e r a t i o n i s c a l c u l a t e d a s for an i n t e r i o r m e s h 

po in t e x c e p t t ha t one of the we igh t f a c t o r s i s m o d i f i e d . At i = 0, for e x a m p l e , 

W81 i s s e t to z e r o s i n c e t h e r e can be no a c c e l e r a t i o n due to g r a d i e n t s a c r o s s 

t h e i n t e r f a c e bet-ween t-wo p h a n t o m z o n e s . 
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V. V O L U M E AND STRAIN R A T E 

In the p r e v i o u s s e c t i o n s the m o t i o n of the m a t e r i a l u n d e r the inf luence 

of the e x i s t i n g s t r e s s f ie ld w a s c a l c u l a t e d . We m u s t now find how t h i s m o t i o n , 

in t u r n , a l t e r s the s t r e s s . S ince we w i s h to p e r m i t p l a s t i c d e f o r m a t i o n , the 

s t r e s s - s t r a i n r e l a t i o n wi l l be u s e d in i n c r e m e n t a l f o r m . T h i s i s b e c a u s e one 

canno t def ine a m e a n i n g f u l a b s o l u t e s t r a i n (in t e r m s of c o o r d i n a t e s at t = 0) 

in a n n a t e r i a l -which h a s a t s o m e p r e v i o u s t i m e b e h a v e d i n e l a s t i c a l l y . 

T h e v o l u m e (per radian) ' ' ' of a zone a t k - l / 2 , i - l / 2 i s 

^--=6 i<^l + ^2 R 3 ) 

(Rj - R^) (R, - R^) 

(Z Z 2 ) ( Z ^ - Z3) 

+ (Rj + R 3 + R4) 
(R^ - R3) (R^ - R^) 

\Z . - Z ) (Z ^ - z ,) 

T h i s i s c a l c u l a t e d e x p l i c i t l y only at t h e b e g i n n i n g of a p r o b l e m (us ing R and 

Z a t t = 0). T h e r e a f t e r s -we c a l c u l a t e the c h a n g e in v o l u m e (and c h a n g e in 

s t r a i n ) f r o m c y c l e n to c y c l e n + 1 in t e r m s of t i m e - c e n t e r e d c o o r d i n a t e s 

at n + l / 2 : 

_ ^n+1/2 _ ^ n 1 n + 1 / 2 . . ^ .n+1 /2 
R = R -R + - U (At) ' s a m e for Z. 

L e t (X^23) = ( ^ 1 + ^ 2 "̂  ̂ 3 ^ ' 

x 
Y 

123 
= 

( X j - X^)(X^ - X 3 ) 

( Y j - Y ^ ) ( Y ^ - Y 3 ) 

k - L 
i~l 

T h e s e e x p r e s s i o n s a r e t r i v i a l l y m o d i f i e d in t h e c a r t e s i a n c a s e . 



UCRL-7316 -14-

and s imi la r forms for the 134 t r iangle . (X, Y = R, Z, u, or v. ) 

Then 

I 
V = (RJ23) 

R 
Z 

123 
+ (R134) 

R 
Z 

134 

and the change of volume from cycle n to cycle n + 1 is 

V̂->/̂  = ^C^,,u 
123' 

R 
Z 

123 
+ (U134) 

R 
Z 

134 
+ (^123) 

+ (^123) 

If 6V^ = v ^ - V° 

R 
V 

123 
+ (R134) + 

and compres s ion = {r\) 

then 6V 

n+1 

n+1 

R 
V 

134 

5V^ + AV 

n+1 

(At"'/^f 
4 

n+1/2 

(^123) 

u 
Z 

123 

u 
V 

123 

+ (R134) 

+ (u^34) 

u 
Z 

134 

u 
V 

134 

(6V) 

V n+1 

In the codcj each zone c a r r i e s a label which indicates what m a t e r i a l 

the zone contains and, consequently, how the s t r e s s is to be calculated. The 

s imples t case is that of a hydrodynamic fluid. In this c a s e , all calculat ions 

of s t ra in r a t e s a r e omitted. The deviator ic s t r e s s e lements T. a r e zero and 
1 

the p r e s s u r e is calculated by a s imple analytic fit 

P = A(TI) + B(^) E. 

In all other c a se s (e las t ic , p l a s t i c , f rac tured mate r ia l ) the calculat ion f i rs t 

de te rmines what change in s t r e s s would be produced in perfect ly e las t ic 

m a t e r i a l by the deformation which occu r r ed during the previous At cycle. 

The resul t ing s t r e s s may then be modified to account for va r ious kinds of 

inelast ic behaviour (plastic flow or f rac ture ) . 

The following t e r m s will be needed for calculat ing s t ra in r a t e s : 

2J 
n+1/2 1 ^ 

z 
i l23 

+ 
R 
Z 

134 

u, + u^ + u_ + u . 
_u _ 1 2 3 4 
R ~ Rj + R^ + R3 + R4 

au 
aR 

_i_ 
2J 

n ^ 
Z 

1I123 
+ 

u 
Z 

134 

au 
az 2J (u: n^)(R^ - R3) - (uj - ^^){R2 - R4) L 
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av 
az 2 J 

" 

L . 

R 
V 

123 
+ 

R 
V 

134 

" 
av 
aR 

1 
2J 

(v, - v , ) ( Z , - Z ) - (v- V4){Zj Z3) 

We define the s t r a i n r a t e s : 

' R R 

' R Z 

au 
a R ' ®zz ~ 
1 /au av 

av 

az ' ^ee ' 

1 , and 0 -

u 
' R 

ê ^ 
R R + ^09 + ^ Z Z 

w h e r e G i s the d i l a t a t ion r a t e . If t he s t r a i n r a t e s a r e e x p r e s s e d in d e v i a t o r i c 

f o r m : 

®R ®RR 

Z Z 

8 

3 3 \ 0 

au_ 
aR 

Is 
3 aR 

av 
az 

au 
• aR 

u 
R 

u 
R 

^Q - ^QQ-^^- - ( e R + e ^ ) 

t h e n H o o k e ' s l aw b e c o m e s : 

P ^ -ke 

T. = 2p. e . (i = R, Z , R Z ) 

w h e r e k and |JL a r e the bulk and r i g i d i t y m o d u l i . 

In the m a c h i n e c a l c u l a t i o n , t h e s e e q u a t i o n s for P and r^ a r e s l i gh t ly 

m o d i f i e d . T h e r e l a t i o n s h i p b e t w e e n p r e s s u r e and c o m p r e s s i o n i s g e n e r a l i z e 

to P = P (r| - 1) -which m a y be a l i n e a r funct ion c o r r e s p o n d i n g to c o n s t a n t 

bu lk m o d u l u s o r , if n e c e s s a r y , m a y r e p r e s e n t a v a r i a b l e c o m p r e s s i b i l i t y . 

T h e e x p r e s s i o n for T^ i s m o d i f i e d to i nc lude a s m a l l c o r r e c t i o n t e r m 

for body r o t a t i o n . If, d u r i n g t h e p a s t c y c l e , t h e zone h a s r o t a t e d t h r o u g h a 

s m a l l ang le 

au av\ _ n AR 
Ac)) = At c u r l u = At 

az aR R n 

\ , n 

iM 
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then the stress has rotated with the material. To obtain the stress compo-

nents in the fixed RZ coordinate system, one must find the RZ components of 

this slightly rotated stress tensor. Performing the rotation (through - A ^) 

we find 

n 2 ^ , n . 2 . , -, TI . A J . A X 

cos Acb + T sm A c(> + 2T smAcjJcosAcj) "RR 

"̂ zz 

-^RZ 

-"ee 

^ 

-

= 

= 

'^RR 

"RR 

(-^zz 

n 

'ee-

-y -y 

sin A<)3 + T„„ cos A4>- 2T sinA4>cosA4i 
ZJ ZJ RZ 

- Tpp) sinAcj)cosA4>+T^ |cos Ac})- sin A^\ 

This causes the following changes in the deviatoric s t ress elements (here 

ROT , 
T = correc 

/ corrected n\ 
tion = j T " "̂  / 

. ROT / n n \ . 2 . , , , ^ n • ^ , A , 
A "^R ~ ['^7 ~ '^n ] -̂"-̂  A<)) + 2 T sm A cj) cos A (j? 

A^OT^ ROT 
Z R 

^ ^ ^ ' ^ " R Z "" i'^Z " "R"") si^^'f' cos A<j) - Z T ^ ^ sin^ A (j). 

For small At it is assumed that this rotation is independent of the distortion 

which caused strain changes during At. Thus the net change in stress is 

taken to be just the sum of distortion plus rotation changes: 

T-+^ := T.- + 2H.(At)"+^/2 e."+^/2 + A^OT^_ . __ 
1 1 ^ ^ ' 1 1 

This, together with the calculated pressure , defines the s t ress at t if 

the deformation was perfectly elastic. If, however, the shear or tensile 

strength of the material has been exceeded, this s tress must modified 

accordingly. The tests and s tress modifications which are used in the code 

to describe such inelastic behaviour are discussed in the next two sections. 
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VI. P L A S T I C YIELD 

P l a s t i c y i e l d i n g a r i s e s f r o m the inab i l i t y of r e a l m a t e r i a l s to s u p p o r t 

a r b i t r a r i l y l a r g e s h e a r s t r e s s . In the code such i n e l a s t i c b e h a v i o u r m a y be 

t a k e n in to a c c o u n t by t e s t i n g and su i t ab ly modi fy ing the s t r e s s d u r i n g e a c h 

t i m e c y c l e . Whi le s e v e r a l p r o p o s e d y i e l d c r i t e r i a m a y be found in the 

l i t e r a t u r e , t he d i f f e r e n c e s b e t w e e n t h e m a r e u s u a l l y m u c h s m a l l e r t h a n the 

u n c e r t a i n t i e s of the a p p l i c a b l e m a t e r i a l c o n s t a n t s . A s i m p l e and c o n v e n i e n t 

c h o i c e i s a g e n e r a l i z e d f o r m of the von M i s e s y i e l d c r i t e r i o n , 

f = J., - K^. 

H e r e J-, i s an i n v a r i a n t of the d e v i a t o r i c s t r e s s 

2 ^ ^ 2 ^ 2 
^2 = ^R + ^ R ^ Z + ^Z + ^ R Z 

and K c o r r e s p o n d s to the s h e a r s t r e n g t h w h i c h m a y be m a d e a func t ion of 

p r e s s u r e and a l s o of -work done in p r e v i o u s p l a s t i c d e f o r m a t i o n (work h a r d e n -

ing) . If f < 0, t h e m a t e r i a l b e h a v e s e l a s t i c a l i y , but if f > 0, the s h e a r 

s t r e n g t h h a s b e e n e x c e e d e d and the s t r e s s m u s t be a d j u s t e d to b r i n g f to 

z e r o . 

f ~ 0 c o r r e s p o n d s to a s u r f a c e 

def in ing the y i e l d l i m i t in s t r e s s s p a c e . 

T h e a d j u s t m e n t u s e d (flow ru l e ) m o v e s 

the s t r e s s s t a t e b a c k to the s u r f a c e 

a long t h e n o r m a l , i . e . , if d u r i n g t h e 

p a s t c y c l e the s t r e s s c h a n g e d f r o m 

T^ ( r e p r e s e n t e d by po in t A in the 

ske tch ) to the (unad jus ted) s t r e s s T a t po in t B t h e n t h e a d j u s t e d s t r e s s a t 
n+ 1 

T i s a t Co In t e r m s of t h e u n a d j u s t e d T and J 2 t h i s g i v e s 

f > 0 

a d j u s t e d _ /K 
i -^-- R, Z, R Z . 

T h e " p l a s t i c s t r a i n " i s t h e d i f f e r e n c e b e t w e e n t h e t o t a l s t r a i n w h i c h p r o d u c e d 

the e x c e s s i v e s t r e s s a t po in t B and the s t r a i n wh ich wou ld j u s t t a k e the s t r e s s 

to t h e f inal a d j u s t e d v a l u e of C„ T h e w o r k done in t h i s p l a s t i c d e f o r m a t i o n 

i s t h e l i m i t i n g s t r e s s t i m e s the p l a s t i c s t r a i n . T h i s i s i n c r e m e n t e d f r o m 

c y c l e to c y c l e by 
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p l a s t p l a s t |j. 
K^ 

h 

Since s h e a r f a i l u r e m a y a l t e r the p r o p e r t i e s of the m a t e r i a l , the code h a s 

p r o v i s i o n s for r e - l a b e l i n g the m a t e r i a l in a zone when it y i e l d s for the f i r s t 

t i m e . T h u s , one m a y c o n s t r u c t a c r u d e m o d e l of a b r i t t l e but i n i t i a l l y s t r o n g 

m a t e r i a l by giving it f a i r l y l a r g e c o n s t a n t K but r e q u i r i n g tha t it be r e -

l a b e l e d -when f i r s t y i e l d o c c u r s . The r e s u l t i n g new m a t e r i a l m i g h t t h e n have 

the p r o p e r t i e s of s h a t t e r e d r o c k (for e x a m p l e a s h e a r s t r e n g t h s i m p l y 

p r o p o r t i o n a l to p r e s s u r e and no t e n s i l e s t r e n g t h ) . 

Obv ious g e n e r a l i z a t i o n s of the y i e l d c o n d i t i o n s a r e a v a i l a b l e . K m a y be 

m a d e a funct ion of the p r e s s u r e (a g e n e r a l i z e d von M i s e s - C o u l o m b y i e l d 

cond i t ion) , of Epĵ g^g^ (one f o r m of w o r k h a r d e n i n g ) , of the i n t e r n a l e n e r g y E 

(heat e f fec t s ) , o r of the s t r a i n r a t e . The y i e l d c o n d i t i o n s m a y app ly to t h e 

" e l a s t i c " s t r e s s e s o r v i s c o u s s t r e s s e s o r bo th . A T r e s c a cond i t i on "^ghear 

< K can be t r e a t e d by the s a m e k ind of m u l t i p l i c a t i o n of the d e v i a t o r i c s t r e s s e s 

to m a k e the a d j u s t e d s t r e s s s y s t e m l ie on a y i e l d s u r f a c e . It shou ld be n o t e d 

tha t t he t r e a t m e n t of y i e l d a l l o w s f r ee m o t i o n of t h e s t r e s s s t a t e t a n g e n t to 

the y i e l d s u r f a c e , i. e. , t he p r i n c i p a l a x e s of s t r e s s and s t r a i n c a n change 

f r e e l y wi th t i m e . 

VII. F R A C T U R E 

When the t e n s i l e s t r e s s a c r o s s s o m e e l e m e n t of m a t e r i a l e x c e e d s t h e 

m a t e r i a l ' s t e n s i l e s t r e n g t h , a c r a c k f o r m s n o r m a l to t h e d i r e c t i o n of t h i s 

s t r e s s . T h i s d i r e c t i o n i s no t , in g e n e r a l , p a r a l l e l to e i t h e r of the R Z c o -

o r d i n a t e a x e s u s e d in the c o d e . One can sho-w t h a t for any l o c a l s t r e s s 

s y s t e m t h e r e e x i s t s a c o o r d i n a t e s y s t e m such t h a t the s t r e s s t e n s o r , -when 

t r a n s f o r m e d to t h i s s y s t e m , is d i a g o n a l . T h e e l e m e n t s of t h i s t r a n s f o r m e d 

t e n s o r c o r r e s p o n d to t h e g r e a t e s t (and l e a s t ) n o r m a l s t r e s s e x p e r i e n c e d by 

the m a t e r i a l . It i s t h i s g r e a t e s t s t r e s s wh ich wi l l c a u s e the f i r s t c r a c k to 

f o r m and the o r i e n t a t i o n of the t r a n s f o r m e d c o o r d i n a t e s y s t e m c o r r e s p o n d s 

to the d i r e c t i o n of the c r a c k . In the code t h e b e h a v i o u r of c r a c k e d m a t e r i a l 

is s i m u l a t e d by a d j u s t i n g the s t r e s s in the zone so t h a t t h e r e i s no n o r m a l 

s t r e s s a c r o s s the c r a c k . T h u s , -while a L a g r a n g e zone r e p r e s e n t i n g f r a c t u r e d 

m a t e r i a l does no t a c t u a l l y s e p a r a t e into s e v e r a l p i e c e s , t h e s t r e s s in the 
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zone is adjusted to the value appropriate to such cracked material. The code 

also calculates the strain c'nange a,ssociated with this adjustment. This strain 

change is proportional to the -width of the crack. In this way one can keep 

track of the crack width and, until the crack closes again at some later time, 

continue to adjust the stresses to maintain the component normal to the crack 

at zero. 

The transformation of the stress 

tensor from the code's 9RZ system to 

a rotated system of coordinates 1, 2, 

3 (axis 1 parallel to 0 axis) is given by 

= -(P + T^ + T) 

2 

\ 

{ R 

11 R 
^ • - ^ ^ 

-*- z 

T 
22 

P + T c o s <)) + T s i n cj) - 2 T s i n 4" c o s cf) 
R Z RZ. 

^ 3 3 = " P + ^ R ^ " ^ ^+^z 
cos ct> + Z'^ sin 4> cos cb 

2 2 
T23 = (Tp_ - T^) sin cf) cos 4> + T^^ (cos cf) - sin cj)) 

where t|> "is the angle between the 3 and Z axes and T̂ ^ are the elements of 

the complete (not deviatoric) stress tensor. When (^ is chosen to give T',3 

= 0 we obtain 

"^II = - ^ ^ ^ " R + " Z ^ 

T T = - P + — 
22 ' 33 2 

R + " Z ^̂  "Zf ^ (-Rz!^ R 

T . , , == 0 , >^^ •- tan"-^ 
2 3 ^ 2 

2T 
R Z 

T - T 

. Z ^R, 

These ("principal") stresses are the greatest and least stresses experienced 

by the material and this particular set of coordinates is called the principal 

coordinate system. In the code's treatment of fracture, the principal stresse 

(in unbroken material) are compared with the material's tensile strength. If 

one of them exceeds the tensile strength, one must adjust the values of P, 

T , T and '^•ay iî  such a way that the adjusted values represent the proper 

stress in the fractured material. The choice of this adjustment is based on 

the following set of assumptions: 
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a. The p r i n c i p a l s t r e s s e s can be r e l a t e d to a se t of p r i n c i p a l s t r a i n s 

E^^ by L a m e c o n s t a n t s 

T . . - \B + 2|JLE.. w h e r e 6 = 2 , , + E , , + E_^ . 
11 ' ^ 1 1 1 1 2 2 33 

T h u s , the s t r e s s - s t r a i n r e l a t i o n i s a s s u m e d to be l i n e a r in the 

r a n g e e n c o u n t e r e d by f r a c t u r e d m a t e r i a l . 

b . We i g n o r e the p o s s i b i l i t y of g a s - f i l l e d f r a c t u r e s and , t h e r e f o r e , 

r e q u i r e t ha t the s t r e s s n o r m a l to the c r a c k s u r f a c e be z e r o . 

c. When a f r a c t u r e sudden ly o p e n s (or an old c r a c k g r o w s o r s h r i n k s ) , 

the r e s u l t i n g m o t i o n of m a t e r i a l i s a s s u m e d to be n o r m a l to the 

c r a c k s u r f a c e . If, for e x a m p l e , the p r i n c i p a l s t r e s s T 3 3 e x c e e d e d 

the t e n s i l e s t r e n g t h , t h e p r i n c i p a l s t r a i n Eoo wi l l be a d j u s t e d to 

EoT + A E o o and the o t h e r p r i n c i p a l s t r a i n s wi l l not be a l t e r e d . T h e 

a d j u s t e d p r i n c i p a l s t r e s s e s wi l l t h e n be : 

T ' j = T ^ ^ + X A E 3 3 

T 

T 

w 

1 _ 

22 

1 

33 "" 

h e r e 

T 
22 

0 

A E . 

+ XAE33 

_ - ^ 3 3 
33 X. + 2|jL • 

d. It i s a s s u m e d tha t a c r a c k r o t a t e s wi th the m a t e r i a l ( amoun t of body 

r o t a t i o n p e r cyc l e = A cj)) and tha t t h e c r e a t i o n of a c r a c k o r i t s 

g r o w t h does not r o t a t e the p r i n c i p a l c o o r d i n a t e s . One m a y now 

t r a n s f o r m the a d j u s t e d s t r e s s t e n s o r (T .. , T ^ , T _) b a c k to the RZ 

c o o r d i n a t e s y s t e m by r o t a t i o n t h r o u g h - cj). S ince T ' i s z e r o : 

P ' = - ^ (T'^ + T^ + TI^) 

T' = P ' + TL c o s ^ <\>+ TL s in^ <f) 

T'^=P' + T^ s in^ "̂ "̂  '^3 ^ ° ^ ^ '^ 

"^RZ "̂  ^'^3 • "^2^ ^^^ ^ ^ ° ^ ^-
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T h e a m o u n t of a d j u s t m e n t (AE33) is a m e a s u r e of the change of c r a c k 

wid th d u r i n g t h i s c y c l e . The code c a r r i e s a s e t of v a r i a b l e s (E i , E ^ , E3) 

wh ich c o r r e s p o n d to the s u m of p a s t a d j u s t m e n t s . T h u s , on e a c h s u b s e q u e n t 

cyc l e it c a n r e c o g n i z e the p r e s e n c e of an old t y p e - 3 c r a c k by E 3 7= 0. If it 

f inds t ha t E ^ < 0 t h e n Too m u s t be a d j u s t e d to z e r o and t h e new v a l u e of 

E 3 i s EQ-*-" + A E o o . If, h o w e v e r , the new E 3 i s p o s i t i v e , t h e c r a c k h a s 

c l o s e d , and the a d j u s t m e n t i s m a d e wi th A E 3 3 = - E ? ( this wi l l not b r i n g 

T 0 3 c o m p l e t e l y to z e r o ) . 

It i s , of c o u r s e , p o s s i b l e t h a t two m u t u a l l y p e r p e n d i c u l a r c r a c k s e x i s t 

s i m u l t a n e o u s l y in t h e s a m e e l e m e n t of m a t e r i a l . T h e r e f o r e , fo l lowing the 

a d j u s t m e n t s d e s c r i b e d a b o v e , t h e r e m a i n i n g a d j u s t e d p r i n c i p a l s t r e s s e s 

m u s t be c o m p a r e d wi th the t e n s i l e s t r e n g t h . If a s e c o n d c r a c k h a s f o r m e d 

t h e p r o c e s s of s t r e s s a d j u s t m e n t i s e s s e n t i a l l y the s a m e a s b e f o r e . If, for 

e x a m p l e , bo th E , and E T a r e n e g a t i v e , one m u s t ad ju s t T i , and T^-^ to 

z e r o by 

T ; ^ = O, T ' 3 = O. 

T ' 3 = T 3 3 + M A E j ^ + A E 2 2 ) 

w h e r e 

\ T - ( \ + 2 ^ ) T \ T ^ , - (\ + 2JJL)T 
ATT = ^^ ^ ^ ATT - ^ -̂  £ j£ 

11 2p. ( 2 \ + 2^1) ' ^ - ^ 2 2 2 ^ ( 2 \ + 2fjL) 

and t h e n t r a n s f o r m b a c k to R Z c o o r d i n a t e s a s b e f o r e . Af te r t h i s a d j u s t m e n t , 

t he r e m a i n i n g n o n z e r o p r i n c i p a l s t r e s s i s t e s t e d for f r a c t u r e . If a t h i r d 

c r a c k h a s f o r m e d , a l l t he e l e m e n t of the s t r e s s t e n s o r m u s t v a n i s h ( p h y s i -

c a l l y t h i s c o r r e s p o n d s to s o m e t h i n g l ike u n c o m p r e s s e d g r a v e l ) . When t h i s 

o c c u r s , a l l s t r e s s t e r m s (P , TJ^) and c r a c k w i d th s (E^) a r e s e t to z e r o and 

the m a t e r i a l l a b e l of t h e zone i s c h a n g e d . On s u b s e q u e n t c y c l e s , t he m a t e r i a l 

is t r e a t e d l ike " s a n d " ( z e r o t e n s i l e s t r e n g t h , s h e a r s t r e n g t h p r o p o r t i o n a l to 

p r e s s u r e ) . 

One p o t e n t i a l e r r o r in t h i s m o d e l of f r a c t u r e a r i s e s f r o m the c o d e ' s 

i nab i l i t y to t a k e a c c o u n t of a n i s o t r o p y c a u s e d by t h e p r e s e n c e of f o r m e r l y 

open c r a c k s . When a c r a c k c l o s e s , t h e t e n s i l e s t r e n g t h i s a s s u m e d to be 

u n c h a n g e d (i. e . , a c l o s e d c r a c k i s a s s u m e d to have " h e a l e d " ) . In u n d e r -

g r o u n d e x p l o s i o n c a l c u l a t i o n s , t h i s p r o b l e m is not s e r i o u s , b e c a u s e r o c k s . 



UCRL-7316 -22 -

on the very large scale involved, have a lmost no tens i le s t rength (i. e. , we 

a s sume that the re a r e many, random, p re -ex i s t ing closed c racks ) . It is 

poss ib le , however, to r e - l abe l a zone when it f i rs t c r acks and subsequently 

t r ea t it as a z e r o - s t r e n g t h m a t e r i a l , as in the t r ea tmen t of b r i t t l e shear 

fai lure descr ibed in the previous section. 

A point concerning the normal p r e s s u r e calculat ion should be mentioned. 

When p r e s s u r e is calculated as a function of compress ion , it is the c o m p r e s -

sion of the m a t e r i a l that m a t t e r s . This is the compress ion of the Lagrangian 

zone c o r r e c t e d for the size of any open f rac tu res that may exist in the zone. 

There fo re , the p r e s s u r e is calculated as 

P = P(TI - 1) . . .. 
' effective 

where 

(̂  - Ineffective = (̂  " ^lone " ^ 1 " ^ 2 " ^ 3 " 

VIII. DAMPING 

An ar t i f ic ia l v iscos i ty is used to damp out spur ious osc i l la t ions . It is 

analogous to the ar t i f ic ia l v iscos i ty f i rs t introduced by Von Neumann and 

R ich tmyer to pe rmi t numer ica l calculat ion of shock hydrodynamics by 

replacing the discontinuous p r e s s u r e jump a c r o s s a shock by a rapid but 

continuous change. In hydrodynamics , the damping t e r m has the form 

q = Ap(Au)^ 

where Au is the velocity difference a c r o s s the zone and A is a d imensionless 

constant 2L l / 2 . This form, while sa t i s fac tory for s trong shocks in y- law 

fluids, provides insuffiqient damping for sonic s ignals in e las t ic solids 

(unless the constant A is ass igned a very l a rge value). Effective damping in 

the sonic range is obtained by using t e r m s l inear in velocity differences 

instead of the quadrat ic form show^n above. 

The quadrat ic q spreads the p r e s s u r e and velocity discontinuity at a 

shock front over a l imited number of zones (typically th ree ) , and this number 

r ema ins constant as the wave is t r ansmi t t ed through the mesh . The use of 

l inear damping t e r m s unfortunately causes an init ially sharp signal to sp read 

w^ithout l imit . This effect would probably cause difficulties in calculat ions 
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involv ing the p a s s a g e of a v e r y s h a r p wave f ron t t h r o u g h a v e r y l a r g e 

n u m b e r of z o n e s . In m o s t p a s t c a l c u l a t i o n s , h o w e v e r , t h i s h a s not p r e s e n t e d 

a s e r i o u s p r o b l e m . T h e s igna l di f fused qu i te s lowly and t h e s t r e s s wave 

r e t a i n e d i t s s h a p e r e a s o n a b l y w e l l . 

L i k e the s t r e s s t e n s o r ^ the d a m p i n g t e r m s a r e e x p r e s s e d a s the s u m of 

a s c a l a r t e r m , Q;, and a d e v i a t o r i c t e n s o r wi th e l e m e n t s Q p . Qy, Q D 7 • 

S e v e r a l f o r m s for Q a r e a v a i l a b l e in the c a l c u l a t i o n , a l t h o u g h they would not 

a l l be u s e d s i m u l t a n e o u s l y . T h e s c a l a r t e r m is c a l c u l a t e d a s 

0 = 0 ^ + 0 2 + 03 

w^here 

O , = C , p ( A U ) ^ 

03 = C3CpAx4-|J^. 

H e r e O , i s t he u s u a l ( q u a d r a t i c ) Von N e u m a n n Os 

0-, i s a l i n e a r f o r m of O , wh ich i s only e f fec t ive a t low v e l o c i t i e s , 

O-5 i s a v o l u m e v i s c o s i t y wh ich t o g e t h e r w i th the d e v i a t o r i c 

t e r m s O. c o r r e s p o n d s to t h e s t r e s s t e n s o r in v i s c o u s flow. 

C . 3 C , C_ a r e d i m e n s i o n l e s s c o n s t a n t s (^ l / 2 ) , 

C and p a r e sound s p e e d and d e n s i t y , 

AX i s the s h o r t e s t d i s t a n c e a c r o s s the z o n e , 

V i s the zone v o l u m e 

and A U , the a v e r a g e v e l o c i t y d i f f e r e n c e a c r o s s t h e z o n e , i s c a l c u l a t e d only 

w h e n the zone i s c o l l a p s i n g but i s se t to z e r o w h e n the zone i s expand ing . 

T h e d e v i a t o r i c t e n s o r t e r m s a r e 

O. = C ^ C p A X e . (i = R, Z , RZ) 

w h e r e t h e e- a r e the t h r e e d e v i a t o r i c s t r a i n r a t e s d e s c r i b e d p r e v i o u s l y . 
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T h e a r t i f i c i a l v i s c o s i t y t e n s o r e f fec t ive ly d a m p s only t h o s e ve loc i t y 

o s c i l l a t i o n s wh ich would p r o d u c e v a r i -

a t i o n s in the s t r e s s . In s o m e c a l c u l a -

t i o n s , h o w e v e r , a v e l o c i t y p a t t e r n l ike 

the one show^n in the s k e t c h w a s e n -

c o u n t e r e d . (The v e l o c i t i e s shown a r e 

the v a r i a t i o n s f r o m the s m o o t h v e l o c i t y 

f ie ld t h a t w a s e x p e c t e d . ) T h i s p a t t e r n 

•was f i r s t n o t i c e d in a c a l c u l a t i o n 

w h e r e a s p h e r i c a l e l a s t i c wave w a s p r o p a g a t e d t h r o u g h a r e c t a n g u l a r m e s h . 

The s a m e p a t t e r n , but wi th s m a l l e r a m p l i t u d e , w a s found when the m a t e r i a l 

w a s t r e a t e d a s a fluid. T h i s v e l o c i t y n o i s e c h a r a c t e r i s t i c a l l y h a s equa l 

v e l o c i t i e s at o p p o s i t e c o r n e r s of the z o n e s (ui = U3 and u^ = u^) and i s not 

d a m p e d by t h e s t r a i n - r a t e d e p e n d e n t O d e s c r i b e d above.* It i s , h o w e v e r , 

r e a d i l y d a m p e d by a O t e rm , dependen t on the r e l a t i v e r a t e of r o t a t i o n of 

o p p o s i t e s i d e s of a zone . 

T h e r a t e of r o t a t i o n of a zone s ide (e. g. , 1, 4) i s g iven by 

w. 

(uj - u ^ ) ( Z j Z4) - (Vj V4)(Ri - R4) 

14 

L e t 

( R i R^)2 + ( Z j - Z^)2 

O 
aw 

^ - C 3 C p A X - g ^ = ( C 3 C p A X ) ( . j ^ - c . 2 3 ) 

0 ^ = - ( C 3 C p A X ) -^ = ( C 5 C p A X ) ( c o ^ 3 - co^^) 

t he s i g n s b e i n g c h o s e n so tha t O a c t s a s 

a p o s i t i v e p r e s s u r e when v i e w e d f r o m 

poin t 3 and a s a t e n s i o n w h e n view^ed 

f r o m the o p p o s i t e c o r n e r of the z o n e . T h e r e s u l t i n g a c c e l e r a t i o n s ( d e s c r i b e d 

a s "q t e r m s " on p a g e s ' 9 and 10). 

/ . V q 1 

( Q i ^ C - B ^ 6 1 

The s t r a i n r a t e s c a l c u l a t e d in e a c h zone m a y be def ined e n t i r e l y in t e r m s 
of the r a t e s of c h a n g e of t h e dot and c r o s s p r o d u c t s of t h e v e c t o r s c o n n e c t i n g 
d i a g o n a l l y o p p o s i t e c o r n e r s of a z o n e . T h e v e l o c i t y n o i s e u n d e r d i s c u s s i o n 
c o r r e s p o n d s to t h e r e l a t i v e t r a n s l a t i o n of t h e s e d i a g o n a l v e c t o r s and , t h e r e -
f o r e , p r o d u c e s no s t r a i n r a t e . 
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(V) ^ 

(u) 

- 1 

61 ( P J ) 6 1 

q _ - 1 

(v) 

1 ( p j ) 

1 

81 

81 ( p j ) g j 

H^C-B ^61 

( V c - D ^81 

( V C - D S I 

w^hen view^ed f r o m the o t h e r end of the zone e d g e , the s i g n s a r e r e v e r s e d so 

tha t 

(u) 
- 1 

12 ( p J ) i 2 < Q i n D - A ^ 1 2 , e t c . 

IX. E N E R G Y EOUATION AND S T A B I L I T Y C O N T R O L 

T h e change in the i n t e r n a l e n e r g y of e a c h zone is c a l c u l a t e d d u r i n g e a c 

c y c l e . F o r e l a s t i c - p l a s t i c m a t e r i a l s , w^here t h e s t r e s s i s not a funct ion of 

i n t e r n a l e n e r g y , t h i s c a l c u l a t i o n is not r e a l l y n e c e s s a r y . The c o n s e r v a t i o n 

of the t o t a l e n e r g y in the e n t i r e p r o b l e m d o e s , h o w e v e r , f u r n i s h a v a l u a b l e 

i n d i c a t i o n t h a t t he code i s o p e r a t i n g p r o p e r l y . 

In e l a s t i c - p l a s t i c m a t e r i a l , the i n t e r n a l e n e r g y (per un i t o r i g i n a l 

v o l u m e ) i s i n c r e m e n t e d f r o m c y c l e to cyc l e by 

E - + 1 = E - + (2^R + ^ z ) A e ^ + (T^ + Z^^)Le.^ + Zr^^Le^^ - P ^ V 

w h e r e the t i m e - c e n t e r e d s t r e s s t e r m s inc lude the d a m p i n g t e n s o r : 

P = I / 2 ( P " + P " + ' ) + Q " + ' / ^ 

R -ri^^r^^--
T h e Aej^, A e ^ , A e n ^ ^-^^ the change in s t r a i n d u r i n g the p a s t c y c l e , and AV 

is the change of zone v o l u m e . The w o r k done by the Qj^ and QT t e r m s 

( d e s c r i b e d in the p r e v i o u s sec t ion ) h a s b e e n i g n o r e d . 

In f luid m a t e r i a l s , the d e v i a t o r i c t e n s o r t e r m s a r e z e r o and the 

p r e s s u r e i s c a l c u l a t e d by a s i m p l e p o l y n o m i a l f o r m 

P = A(TI) + B ( T I ) E 
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w h e r e 

A(TI) = a^ + a^ (ri - 1) + a^ dn - 1) + a 3 (T) 

B(ti) = bg + b j (TI - 1) + b ^ (.1 - 1)^ 

and the zone c o m p r e s s i o n 

! ) • 

n+1 _ , 
Tl - 1 

6V 
n+1 

V n+1 

T h e i n t e r n a l e n e r g y E "̂*" ̂  = E ^ - P A V ^ " ' ' l / ^ / V i s e x p r e s s e d in t e r m s of 
p r 

, n + l / 2 
a s 

n+1 
1 + l h ) ^ 

2 ^ 0 

,„.( , , P % ^ ) ^ 

T o e n s u r e s t a b i l i t y in the f ini te d i f f e r e n c e e q u a t i o n s , t h e t i m e s t e p At 

m u s t be l i m i t e d . In a fluid, w i th no d a m p i n g t e r m s , one c a n show t h a t a 

p e r t u r b a t i o n wi l l n e i t h e r g r o w n o r s h r i n k if At < A L / C w h e r e A L i s the 

zone w^idth and C i s the sound s p e e d (i. e . , At m u s t be l e s s t han t h e t i m e 

r e q u i r e d for a sound s igna l to c r o s s t h e zone) . T h e p r e s e n c e of d a m p i n g 

t e r m s r e s u l t s in a s l i gh t ly m o r e s t r i n g e n t s t a b i l i t y cond i t ion . We have not 

a n a l y z e d the s t a b i l i t y cond i t ion in the p r e s e n t c a s e of t e n s o r f o r c e s , and s u c h 

c o m p l i c a t i o n s a s f r a c t u r e and p l a s t i c flow. S a t i s f a c t o r y s t a b i l i t y h a s b e e n 

o b t a i n e d by l i m i t i n g At to about half of the a b o v e v a l u e . 

In an e l a s t i c - p l a s t i c m a t e r i a l , the d i l a t a t i o n a l sound s p e e d i s u s e d : 

C 
1 

(\ + 2fJL). 

In a zone con ta in ing a h y d r o d y n a m i c fluid: 

^ 2 1 
0 

S M U L i l + E 
a (^ - 1) 

9B(TI - 1) P B ( T I - 1) 

d {^^ - 1) 2 

F o r e a c h zone a m a x i m u m p e r m i s s i b l e t i m e s t e p 

A L 
At = K 0 C 

(K, - 1/2) 
0 

i s c a l c u l a t e d and the s m a l l e s t of t h e s e is t h e n u s e d a s At for t h e e n t i r e m e s h 

d u r i n g the follow^ing c y c l e . 
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X. E X A M P L E S 

In t h i s s e c t i o n two e x a m p l e s of c a l c u l a t i o n s a r e p r e s e n t e d to i l l u s t r a t e 

the u s e s and l i m i t a t i o n s of t h e c o d e . They a r e o n e - d i m e n s i o n a l and s e r v e d 

a s t e s t p r o b l e m s by p e r m i t t i n g c o m p a r i s o n wi th a n a l y t i c s o l u t i o n s . 

A. S p h e r i c a l E l a s t i c Wave 

As the f i r s t e x a m p l e , we c o n s i d e r the p r o b l e m of the s t r e s s w a v e 

g e n e r a t e d in an inf ini te e l a s t i c m e d i u m by an e x p o n e n t i a l l y d e c a y i n g p r e s s u r e 

in a s p h e r i c a l cav i ty . The a n a l y t i c so lu t ion for t h i s p r o b l e m h a s b e e n g iven 

by B l a k e . S e v e r a l TENSOR c a l c u l a t i o n s w e r e done wi th v a r i o u s zone s i z e s , 

d a m p i n g c o n s t a n t s , e t c . , and w e r e t h e n c o m p a r e d -with the B lake so lu t ion . 

T h e zone m e s h for one of t h e s e p r o b l e m s is sho-wn in F i g . 1. T h e 

s p h e r i c a l g e o m e t r y h a s b e e n a p p r o x i m a t e d by a po lygon of r e v o l u t i o n . The 

" a n g u l a r w id th" of the z o n e s (3 d e g r e e s in t h i s c a s e ) h a s a l m o s t no effect 

on the r e s u l t i n g m o t i o n . A c o m p a r i s o n p r o b l e m u s i n g 1 0 - d e g r e e z o n e s gave 

v e l o c i t i e s , s t r e s s , e t c . , wh ich d i f fe red by l e s s t h a n one p e r c e n t f r o m t h o s e 

in the 3 - d e g r e e p r o b l e m . 

R ig id w a l l b o u n d a r y c o n d i t i o n s w e r e u s e d a t i = 0 and i-^^^-^ - 3 and a 

p r e s s u r e h i s t o r y of t h e f o r m 

P = e k i l o b a r s (t in m s e c ) 

w a s a p p l i e d a t t he i n n e r , K - 0, s i i r f a c e . T h e o u t e r b o u n d a r y (Kj-ĵ ĝ ĵ  = 40) 

w a s a f r e e s u r f a c e . T h i s , of c o u r s e , l inni ted the t i m e d u r i n g w h i c h the 

p r o b l e m could foUow^ t h e inf in i te m e d i u m so lu t ion . T h e e l a s t i c c o n s t a n t s a r e 

l i s t e d in F i g . 1. D a m p i n g c o n s t a n t s C , = 0 .1333 and C . = 0.1 w e r e u s e d . 

(Th i s i s e q u i v a l e n t to a d a m p i n g v a l u e of 0.2 for d i l a t a t i o n a l waves . ) T h e effect 

of zone s i z e i s shown in a s e c o n d p r o b l e m , A - 1 , u s i n g the s a m e c o n s t a n t s 

but t w i c e the n u m b e r of r a d i a l z o n e s (K__,-^ = 80) . 

T h e r e s u l t i n g v e l o c i t i e s and d i s p l a c e m e n t s a r e shown in F i g s . 2 and 3, 

t o g e t h e r wi th the v a l u e s e x p e c t e d f r o m the B lake so lu t ion . A g r e e m e n t wi th 

the a n a l y t i c so lu t ion i s g e n e r a l l y qu i t e s a t i s f a c t o r y . T h e only r e a l d i s c r e p a n c y 

i s s e e n in the i n i t i a l o v e r s h o o t and o s c i l l a t i o n of the i n n e r s u r f a c e (K = 0) in 

F i g . 2 and in the diffuse w^ave f ron t a t 20 m e t e r s in F i g . 3. T h e i n i t i a l 

F . G. B l a k e , J r . , J . A c o u s t . Soc . A m . 24, 211 (1952). 
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•0 .4 

Tensor problem A (50-cm zones) 

Tensor problem A-1 (25-cm zones) 

• Analytic solution 

3 msec 

GLL-635-11T5 

Fig. 2. Inner surface velocity u and displacement AR. 
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T e n s o r p r o b l e m A ( 5 0 - c m zones ) 

T e n s o r p r o b l e m A"! ( 2 5 - c m zones ) 

# Ana ly t i c so lu t ion 

-0.1 L. GLL-635-1176 

F i g . 3. R a d i a l d i s t r i b u t i o n s of ve loc i t y and d i s p l a c e m e n t at t = 2 m s e c . 
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overshoot can, of course , be damped by use of l a r g e r Q constants , but this 

r e su l t s in correspondingly g rea t e r diffusion of the wave front at l a te r t i m e s . 

Only a mild improvement in the quality of the r e su l t s is obtained in the finely 

zoned problem, A - 1 . This is somewhat r ea s su r ing , because in two-

dimensional calculat ions , considerat ions of computer t ime general ly requ i re 

that ra ther coa r se zoning be used. It shows, however, that while the general 

motion is calculated quite well, the code will not reproduce velocity and 

s t r e s s peaks which a r e only a few zones wide. The failure to r ep re sen t short 

(in t e r m s of zone size) wave lengths accura te ly is cha rac te r i s t i c of difference 

schemes of this type and holds even for sonic dis turbances in one-

dimensional fluid flow p rob lems . 

B. P l a s t i c Spherical Shell 

To compare the code 's t r ea tmen t of p las t ic i ty with an analytic solution, 

it was n e c e s s a r y to consider a sys tem in stat ic equi l ibr ium. While the code 

is intended to study t rans ien t dynamic effects, no exact analytic solution 

involving dynamic plas t ic deformation appeared to be avai lable. There fore , 

the tes t calculation w^as done on the much s impler stat ic case of a thick 

spher ica l shell loaded by an internal p r e s s u r e sufficient to s t r e s s the inner 
•7 

pa r t s to the yield point. The geometry is shown in the sketch and zoning 
s imi la r to p rob lem A was used. With 

P = 0 
a shear s t rength of 0.5 kb, the m a t e r i a l ^^ 20m 

between the inner surface and 14.49 rn 

should be s t r e s s e d to the yield point 

while the outer pa r t of the shell ^^ • R ~ 10m 
P = 1 kb 

r emains e las t ic . 

In o rde r to avoid iner t ia l effects, which would cause the code calcula-

tion to overshoot the equil ibrium posit ion ( i r r evers ib ly ) , a " re laxat ion" 

method was used. At frequent in terva ls (one or two msec ) , all veloci t ies 

were set to ze ro . Thus , in a s e r i e s of brief mot ions , the shell should 

gradually approach an equil ibr ium configuration. 

The s t r e s s and displacement dis t r ibut ions in the shell at t = 20 msec 

a r e shown in Fig. 4. Since the calculated d isp lacements exceed the 

7 
R. Hill, op. cit. 
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F i g . 4. TENSOR p r o b l e m B. 
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equil ibr ium values , it is apparent that the veloci t ies should have been set to 

zero m o r e frequently. The calculated s t r e s s e s a r e , however, quite close 

to the expected equi l ibr ium values and would, p resumably , converge on them 

if the re laxat ion p r o c e s s were c a r r i e d fur ther . It was not c a r r i e d further 

because the r a t e of approach to equi l ibr ium becomes ex t remely slow (the 

s t r e s s e s changed by only a few percent during the las t 5 msec ) . 

/ n o 



This report was prepared as an account of Government 

sponsored work. Neither the United States, nor the Com­

mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 

implied, with respect to the accuracy, completenes 

or usefulness of the information contained in this 

report, or that the use of any information, appa­

ratus, method, or process disclosed in this report 

may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of 

or for damages resulting from the use of any infor 

mation, apparatus, method, or process disclosed in 

this report. 

As used in the above, "person acting on behalf of the 

Commission" includes any employee or contractor of the Com­

mission, or employee of such contractor, to the extent that 

such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides acce 

to, any information pursuant to his employment or contract 

with the Commission, or his employment with such contractor 




