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ABSTRACT

A numerical technique for the calculation of underground explosion
phenomena and other time dependent problems involving the motion of elastic,
plastic, fractured, and fluid materials is described. The method allows
treatment of transient phenomena in two space dimensions (cartesian or axial
symmetry), and is particularly appropriate for problems involving compres-
sible flow, large displacements, and free transitions of material between
the elastic, cracked, plastic,and fluid states. The equations of motion are
a straightforward generalization (to include a stress tensor) of conventional
Lagrangian techniques for compressible flow and shock hydrodynamics
problems. The methods of defining the stress system which have been used
or are readily available can include the following:

1. General nonlinear viscoelasticity with treatment of fractures.

2. Plastic flow as defined by a variety of yield conditions including
Tresca, von Mises and Coulomb yield surfaces, work hardening,
temperature dependence and strain-rate effects.

3. Compressible fluid flow with or without shocks.

4. Free transitions between all material states.

They are limited only by the user's imagination and experimental knowledge

of the properties of real materials.

-iii-
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I. INTRODUCTION

To predict underground explosion phenomena without merely scaling
past explosions, a method of calculating the motion of elastic, plastic, and
fluid materials is required. Such a calculation involves the solution of a set
of coupled partial differential equations derived from the conservation laws
for mass, momentum, and energy together with a reasonable mathematical
model of the response of the materials concerned. ! Analytic solutions for
nontrivial cases are difficult and frequently impossible to obtain. At the
Lawrence Radiation Laboratory (Livermore), two ''codes'' have been devel-
oped which integrate these equations numerically on digital computers. The
calculations have been simplified by requiring a degree of symmetry in the
problem. The older code,4 UNEC, describes spherically symmetric motion;
i.e., it is one-dimensional in that there is only one (radial) permitted
direction of motion. This report will describe a two-dimensional code,
TENSOR, which was developed to study cylindrically symmetric problems
(e. g., craters) where two spatial variables are required.

The TENSOR equations describe the motion of material under the
influence of a stress tensor (in contrast to the usual scalar pressure in
hydrodynamic calculations). In TENSOR, the differential equations of motion

are replaced by a set of finite difference equations: the continuous spatial

! In the immediate vicinity of a violent explosion the problem may be

simplified by ignoring elastic and plastic effects. Calculations of explosions
in such a fluid medium have been described by H. L. Brode and R. L. Bjork
in RAND Report RM-2600 (1960).

ZJ‘ H. Nuckolls, Lawrence Radiation Laboratory (Livermore) Report
UCRL-5675, Part I, pp. 120-134.
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distribution of stress, velocity, etc., are approximated by a set of values
defined at discrete positions (zones) in the material. Since a Lagrangian
form is used, these zones describe specific pieces of the moving material
and move with it. An example of such a mesh of zones is shown in Fig. 1.
The continuous time variation of the stress, velocity, etc., is similarly
approximated by values defined at discrete intervals in time.

The calculation integrates the equation of motion in a series of small
time steps. At some time t, the stress field is known from the distribution
of values of stress in each zone and the positions of these zones. The
momentum conservation equation is used to calculate the acceleration of each
mesh point. This acceleration, acting for a small time step At, alters the
previous velocities, and the new velocity and position of each mesh point is
found at t + At. A generalized Hooke's law or some other equation of state
is used to calculate the stress at t + At. At this point, the distinction between
elastic, fractured, plastic, and fluid materials is made by imposing certain
restrictions on the stress tensor. Having calculated the new stress in each
zone, we may now repeat the entire process. A typical cratering problem
involves a mesh of approximately 1000 zones and approximately 1000 time
steps, and requires about 4 hours on the IBM 7090. At this point, the surface
motion is such that zone distortion becomes serious enough to reduce the
time step At to an unprofitable level.

No attempt has been made to derive the equations in a rigorous fashion.
In some instances (e.g., the form and use of the artificial viscosity), the
choice was based on a mixture of intuition and experience with other codes
and was then justified empirically. However, the Lagrangian formulation of
the momentum and energy equations (in difference form) together with such
features as the weighting factors has been used successfully on many other
codes and forms a very convenient and flexible framework. Within this frame-
work many possible ''constitutive'' equations may be used. In TENSOR these
comprise the stress calculation together with the various adjustments for
plastic flow and crack formation. The general framework would permit the
inclusion of many other effects such as heat conduction, shock-induced
chemical reactions including detonation waves, and so on.

Finally, two basic limitations of the code must be mentioned. Stability

considerations require that the time step At used in the calculation be less
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than the ratio (zone size)/(sound speed). Practical considerations thus limit
the code to transient phenomena where the time scale is limited to a few
sound reverberation times across the material being considered. A second
limitation is that the Lagrangian mesh, while flexible, can not be distorted
without limit. Thus the mesh can not follow material in turbulent flow

(although moderate distortions can be handled by ''rezoning' procedures).

II. DEFINITIONS AND NOTATION

The familiar forms of equation of motion, definitions of strain rate,
etc., are normally expressed in terms of Eulerian coordinates. The differ-
ence equations used in TENSOR are written in terms of Lagrangian coordi-
nates. The Eulerian derivatives, therefore, must be expressed in Lagrangian
form.

Lagrangian coordinates: Kk, ¢

Eulerian coordinates: R (k,£,t) = (radial position)>:< of the mesh point
given by k, £ at time t

Z (k, £, t) = axial position.
For any function F, we may write:

9F _ F 3R  OF 97
8k  OR 9k  9Z 0k
8F _ OF OR , OF 97
8 9R 3¢  9Z ot
from which we obtain the Lagrangian expression for the Eulerian derivatives:

R T 7T

OF _ 1 [oF 8Z oF 09Z
ok o« 94 0ok

OF _ -1 (oF BR _ 8F 3R
9Z ~ J \ok o1 0ok

where

In the code, the Lagrangian variables k and { take on discrete values

(0,1,2,...). They will be used as subscripts to indicate the mesh point

ats
The code has provision for two-dimensional cartesian calculation in
which case R becomes a cartesian coordinate.
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at which some variable (e. g., R) is defined. A discrete time variable, n,

will be used as a superscript:

Y TUNLO VL

Thus,

R(k, 2,t) = RE ) radial position of mesh point given by k and {
’ at time t™.

In order to make the difference equations less cumbersome, the

following abbreviated notation will be used whenever possible:

subscript 1 =k, { ktl 5 7]
2 =k-1,4 B c
3=k-1,0-1
4 =k,4-1

k17 1 8
etc. (see sketch). Also,

subscript A =k-1/2,0-1/2 R} A D
B=k+1/2,0-1/2

2
C=k+1/2,0+1/2 k-1/[3
£-1 L £+1
D=k-1/2,0+1/2.
-
z

The following variables are defined at mesh points:

— n - b .
Rl = Rk,l radial coordinate

Zin= axial coordinate

uy R1 = radial velocity component

vy = Zl = axial velocity component
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dln, \'fln = radial and axial acceleration components
n n .
AR1 s AZI = displacement components.

The remaining variables are defined in the mesh zones,

() An

Qa

n-1/2
Q)

n-1/2

Q)

°p

n
(E;) o

n-1/2 _

, (Q

1

n _ . _
= Jk— 1/2,1—1/2 = Jacobian =

zone volume (per radian)

initial (t = 0) zone volume

Zone mass

density

zone area

internal energy/unit original volume

pressure

components of deviatoric stress tensor (i = R, Z,RZ)

scalar form of artificial viscosity

components of deviatoric artificial viscosity (i = R, Z, RZ)

)n—l/Z
k'A

= additional damping terms

label for material in zone A

fracture orientation angle

fractional crack width (i = 1, 2, 3).

The time superscript will frequently be omitted.
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III. MOMENTUM EQUATION

In a system with cylindrical symmetry (i.e., one where all derivatives
with respect to the azimuthal coordinate 6 vanish)*, the stress tensor can

have only four independent nonzero elements:

"R ¢ "Rz
s, 00
RZ 77

Here TRy is the (tensile) force acting in the R direction on a unit element
of area oriented normal to the R direc‘cion.3 The shear stress, TRZ: is the
force in the R direction acting on an element normal to the Z axis. (By
symmetry, Trpy = T7ZR:)

To facilitate the calculation of plastically deformed material, the stress

is expressed as the sum of an isotropic and deviatoric par‘c,4 because plastic

yielding limits only the effective shear stress but not the average pressure.

-P 0 O TR 0 TRZ
(7) = 0O -P O] +1(0 76
0 0- rz ® "z
where
p:_.l( + T +T )
3 RR 66 27
’TR = TRR+ P
'TZ = 'TZZ + P

T =T = - (T T
+ P (R+

o " Too z)

This notation, though customary in plastic flow calculations, is inconsistent
in sign. P is positive for compressed material while Ti; and 7; are positive
for tension.

“In the case of cartesian calculation, 6 is the third (symmetric) coordinate.
3I. S. Sokolnikoff, Mathematical Theory of Elasticity (McGraw-Hill Book
Company, New York, 1946).

4R. Hill, Mathematical Theory of Plasticity (Oxford University-Clarendon
Press, London, 1950).
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In terms of these variables, the momentum equation is,

-7
u:_l o(P R)+187RZ+27R+TZ+G
p oR p 0Z PR R
{,:_i 8(P-'rZ +187RZ+TRZ+G
p 9Z p OR PR Z

The final term in each expression represents a body force and is used to
include gravity effects (normally the mesh is oriented so G, = g or -g,
Gr = 0). To prevent oscillation, it was necessary to introduce some damping
analogous to the artificial viscosity first proposed for numerical calculations
of shock hydrodyamics by Von Neumann and Richtmyer.5 In the present
case, this viscosity is generalized to a tensor and separated into an isotropic
and a deviatoric part. Thus, P is replaced by P + Q, T by Tp + Qp. etc.

The acceleration at the Lagrangian mesh point k, £ must now be ex-
pressed in terms of the stress in the surrounding four zones. The modifica-
tions required at the edges of the Lagrange mesh will be discussed separately.
We note that the acceleration equations contain both derivative terms (which
are really defined at zone boundaries) and nonderivative terms which are
defined in the zones.

Consider first the nonderivative terms.” We may define an average
radius in a zone as _RAn = VAn/JAn so 1/pR =VJI/MV =J/M. Thus, the

contribution of the nonderivative forms to the acceleration in each zone is

7.
oy i
(u)i = Mi (2.'TR + ZQR + ’TZ + QZ)i
I
V=5 rz *Qrz)y 174 BGCD

1

The derivative terms are evaluated separately at each of the boundaries
between the adjacent zones. Consider the boundary between zones C and D.

Here we can have only k derivatives of stress so the radial acceleration due

5J. Von Neumann and R. D. Richtmyer, J. Appl. Phys. 21, 232 (1950).

These terms correspond to acceleration due to hoop stress. They are
zero in the cartesian case.
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‘ to gradients across this interface (k, £ to k, £ + 1) is
u =1 —8—-1P+Q—'T -Q a—Z+ixT + Q —a—Pi\‘at8lboundary.
81 = (pJl)g; Ok ° R R . 81 5k |\ RZ RZ B |

At this point one must choose among various possible methods of differencing.

Since the stresses are defined within the zones, we use the simplest choice:

2 (stress)‘ = (stress) - (stress)
5k k,2 + 1/2 k+1/2,0+1/2 k-1/2,2+1/2

which we abbreviate to (stress)C_D, The simplest choice for the coordinate

difference, (82/3!)k91+1/2 = Zk,£+l - Zk,! , was used at first. While this
was satisfactory for a mesh of rectangular zones, it led to errors in a mesh
having trapezoidal zones, because "l/J}(BZ/BI) is essentially equivalent to
I/AR, the effective distance between zone centers.

Thus, this simple coordinate difference led

to arbitrarily small accelerations when the

kt+1
common boundary between zones became 8 -
vanishingly small. Consequently, an \l k g
average coordinate difference is now used in
k-1 <
the code: ), I+1
(X =R or Z)
= - 8X 10 |
X = = - - - -
81~ 31 )k,£+l/2 7 Xg - X)Xy - X+ Xg - Xy
X =[x =i_2(x-x)+x-x +X—X-:
61 " \ok /kt1/2,2 2 “6 T 71 77787 U5 7 g

A simple average is used for the density times area term:

r \ / T
(pT)g, = —é—{_(%ﬁ Io \VM J)D;

-

!

- g
In terms of these average differences, we obtain

e
Q R,,!+ qterm

81 " (p0)g, [(P tR-Tr - Qplc.p%g1* "Rz T Crzlc.p Ra;

'
-}
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1

V81~ (75, [(P+e-7, -0 p te

R + qterm

81" "Rz * Qrzlc-p 281]

u61 - (pJ)61 [(P Q- TR - QR)C_B Zél + (TRZ + QRZ)C—B Rélj] + q term

V61 (pJ)él [(P + Q - TZ - QZ)C-B R61 + ('TRZ + QRZ)C-B Z61] + qterm.

The final ''q term' provides additional damping and will be described later.
Similar expressions could be written for the 12 and 14 sides. These, how-
ever, need not be calculated explicitly since they may be saved from the
calculation at previous mesh points (i.e., ul4 was calculated previously as
1\181 when the code was at k, £ - 1; similarly u12 was done as L'161 at point
k-1,12).

These acceleration terms must now be combined to give the accelera-
tion at point k,£. A weighted average is used which gives the greatest weight
to smaller zones (because the centers are nearer the point k,£). Thus, ina
case like the one in the sketch, greater weight is given

to {'181 and less weight to u;4. We define

weight factors:

6
w o R ) (Rgy * Ryt (Zg ) (2g) * 254) g
81 = 5 2 = = 2 , 1
(Rgy * Ryg)™ + (Zg) + 25y .
w - Bl Ry F RGITIZ) (2, + Zy))
61 R R V24 (7 = )2
Ry # Ry)TH (Zg + 2)5)
where R etc., are the average coordinate differences defined previously.

61

We now use W as the weight of uj4 and (1-Wg,) as the weight of ug;.

81
The same weighting factors will be used for the nonderivative terms so that

Wg1 Wg1 is the weight of zone A, (1-Wg){Wg1) is the weight of zone D,

etc. Combining all terms, we finally obtain the acceleration of point k, £:

=W, . W

k, 61 Wgp (By - Ug+ 0o - Up) + Wg, (4, -0

81(

+W61 (1.112—uél+uD—uc)+u81 +u61+uC+GR
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and the same form for \}k IE In these equations, all the quantities (stress,
coordinates, volumes, etc.) were at time cycle n (although the Q terms were
at n-1/2). Hence the 1 were at cycle n. Finally, the velocities and co-

ordinates are advanced:

n+1/2 _ n-1/2

e, =y, + (At)n ﬁn; same for v

n+1 R ™+ (&t)

n+l1/2 n+1/2
k, 0 k b

R

; same for Z.

IV. BOUNDARY CONDITIONS

The equations of motion described in the previous section apply to a
point in the interior of the Lagrangian mesh. At the edges of the mesh, some
of these terms (pJ, 4, etc. ) must be modified. At each of the four boundaries

k=0, k=k_ £ =0, £ =14 ), we may have one of two possible boundary

ax’ max
conditions. These are a rigid (smooth) wall and a free surface.

At a rigid wall, the material may slide along the surface of the wall but
may not move normal to the surface. One use for the rigid wall boundary
condition is at the axis of symmetry (R = 0) in a cylindrically symmetric
problem. The effect of the smooth wall
is equivalent to that of a reflected
phantom zone beyond the wall where the
displacement of material in the phantom
zone is just the mirror image of that in
the real zone. If we Consider a set of
axes i,j parallel and normal to the wall,
the ''normal' stress components '7'ii R4
and T3 reflect symmetrically and the

shear component 7,; reflects anti-

J
symmetrically. We need the difference

! —_
’Tij - 'rij =

term at the wall.

2Tij to find the only gradient



UCRL-7316 ~12-

TlJ = (Sin ﬁ cos [3) (’TZ - 'TR) + (Sin2 ﬁ - COSZ‘ B) TRZ

The same relation holds for the damping tensor (Q). _

The portion of the acceleration at the wall due to the normal gradient of

shear stress is evaluated as follows. Let

YAY

F = N7

2 .2
i - - - T
[mn B cos B (’7'R + QR T, QZ) + (cos™ B - sin” B)( RZ + QRZ)}
where all zone quantities, (M, V, J, 'TR, etc.) refer to the ''real zone,'" and
B is the angle between the rigid wall and the axis. We find
at £ =0, Ueq = —Rél F and

= -Z, F where the "real zone' is zone C,

Vel 61
at k=0, u81:R81F and
° = 7 1" "o
Va1 281 F where '"'real zone'" is zone C,

and similar forms at £ = £, and k =k _ .. These acceleration components
must then be combined with internal acceleration terms and the resulting
acceleration vector projected onto the rigid wall. At ¢ = 0, for example,
ug], Uc and up are calculated as for any interior mesh point while G, and
the saved quantity 1;, are found by the rigid wall form given above. Since
there is no contribution from 1'114 (which is beyond the wall), the acceleration
sum is calculated with W81 set to zero. Only the component of acceleration

parallel to the wall is retained. Thus,

Av (@ sin B + v cos B) oth

un+l/2 = u” 1/2 + (E_\.f) sin B

2 - —
vn+1/ = v 1/2 + {&Av) cos B.

At a free surface, the calculation proceeds as if there were a massless
phantom zone beyond the boundary. A time dependent pressure may be
inserted into this phantom zone if desired. All other stress terms are zero
so that the phantom zone does not contribute to the nonderivative acceleration
terms (e. g., 1'1A). The acceleration is calculated as for an interior mesh

point except that one of the weight factors is modified. At ¢ = 0, for example,

Wg is set to zero since there can be no acceleration due to gradients across

the interface between two phantom zones.
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. V. VOLUME AND STRAIN RATE

In the previous sections the motion of the material under the influence
of the existing stress field was calculated. We must now find how this motion,
in turn, alters the stress. Since we wish to permit plastic deformation, the
stress-strain relation will be used in incremental form. This is because one
cannot define a meaningful absolute strain (in terms of coordinates at t = 0)
in a material which has at some previous time behaved inelastically.

The volume (per radian)® of a zone at k-1/2, £-1/2 is

i
(Zy - 20 (2 - Z5)

1
V=z {(R +R,+R,)

(R -R3)(R - R

1 1 4)

+ (R, +R_+R))
L3 4 (z,-2)(Z, -2

}

This is calculated explicitly only at the beginning of a problem (using R and

4)

Z at t = 0). Thereafter, we calculate the change in volume (and change in

strain) from cycle n to cycle n+ 1 in terms cf time-centered coordinates

at n + 1/2:
R = RPTV/2 g0y —21- NS L Vo T
Let (XIZB) = (X1 + X2 + X3);
123] |V - Y)Y - Y P
e
//
rd

W
\
\
=N

. These expressions are trivially modified in the cartesian case.
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and similar forms for the 134 triangle.

Then

1
V=13 {(R123)

R
zZ
123

(R,

- 14-

(X, Y=R, Z, u, or v.)

R
Z
134

|

and the change of volume from cycle n to cycle n+ 1 is

n+1/2
6

AVn+1/2 _ Ot

T Ry;5)

1 sv® = v® o vO
and compression =

In the code,

the zone contains and, consequently, how the stress is to be calculated.

simplest case is that of a hydrodynamic fluid.

R R u
(u Yl 2 1+ (u Y| 2 |+ (R Yl 2 |+ (R )
123 | 2, 134/ | %, 1237 |2, 134
2

R R ( n+1/2) u
VT Ryg) ) vt = (50 | v+ (u)5y)
123 134 123
then svPH1 = svP 4 ayt1/2

ntl o (sv)PT1
M) =T

.

134

each zone carries a label which indicates what material

The

In this case, all calculations

of strain rates are omitted. The deviatoric stress elements 'ri are zero and

the pressure is calculated by a simple analytic fit
P = A(n) + Bl{ny) E.

In all other cases (elastic, plastic, fractured material) the calculation first
determines what change in stress would be produced in perfectly elastic
material by the deformation which occurred during the previous At cycle.
The resulting stress may then be modified to account for various kinds of
inelastic behaviour (plastic flow or fracturej.

The following terms will be needed for calculating strain rates:

2J_n+1/2,: R + EZ{ u Y1 i Y2 * Y3 * Yy
123 {134] R Ry TR, +R S +R,
ou 1 s s du 1[
= Zi+]1 21}y, s5=57|u, -y R, - R,) - (u, - u,)(R, - R,)|,
R 2J{123 134} 97 ~ 23 |\%2 T Yt 3 1 318 4 .
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ov _ 1 R +5 O v cv N2y - Z) - (v - v N2 - Z2)
7 T 27 1‘2,3 134 |7 PR 72T |1 T V82 T e Ve T V4t 3

We define the strain rates:

> —21_'1_ e :ﬂ e -—E

°RR T R’ “zz Z’' % R

. _ 1 fou ov s . .
°rz © Z(‘é‘z" +?£€)’ and ©=épp gt ezy

where @ is the dilatation rate. If the strain rates are expressed in deviatoric

form:
e - 8_1f,0u & u
R T°RR "3 3\° 3 Z R
= __1@—1 22}’_ du _u
€z 7272 "3°°3(“BR "BR "R
S S - S F
89—696 3 = eR Z

P = -k®

T.
1

N éi (i=R,Z,RZ)
where k and p are the bulk and rigidity moduli.

In the machine calculation, these equations for P and 7; are slightly
modified. The relationship between pressure and compression is generalized
to P =P (n - 1) which may be a linear function corresponding to constant
bulk modulus or, if necessary, may represent a variable compressibility.

The expression for 7; is modified to include a small correction term
for body rotation. If, during the past cycle, the zone has rota}ted through a
small angle

- > ou Ov n AR
A=At curl u —At(—az -g}i), R\

\\

\ Z

\ -
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then the stress has rotated with the material. To obtain the stress compo-
nents in the fixed RZ coordinate system, one must find the RZ components of

this slightly rotated stress tensor. Performing the rotation (through - A¢)

we find
T =72 osZA + T i ZA + 270 sin Ad cos A ¢
RR _ 'RR © ¢+ T,y sin L RZ
=77 sin® Ao+ 70 cos?ad- 27T sinAdcos A
Tzz = "RR 77 T “'Rz
T = (75 _ -2 sin A¢p cos L+ T2 (cosZAd)— sinZAd) .
RZ zZ -~ 'RR RZ
T = ’Tn
60 06"

This causes the following changes in the deviatoric stress elements (here

AROT T = correction = (Tcorrected - "rn)

AROT TR:(T n-’r?) sin2A¢+2’Tn sin A cos D¢

4 R RZ
ROT _ ROT
A 7 = -A ’TR
ROT n n . n .2
A TRZ:<TZ —'TR) sin A ¢ cos Ac])—Z’rRZ sin~ A ¢.

For small At it is assumed that this rotation is independent of the distortion
which caused strain changes during At. Thus the net change in stress is
taken to be just the sum of distortion plus rotation changes:

n+1/2 oot 1/2 , AROT i=R,Z,RZ.

n
T =
LIPS 2p(At) ; ;

This, together with the calculated pressure, defines the stress at tm-l if
the deformation was perfectly elastic. If, however, the shear or tensile
strength of the material has been exceeded, this stress must modified
accordingly. The tests and stress modifications which are used in the code

to describe such inelastic behaviour are discussed in the next two sections.
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Vi. PLASTIC YIELD

Plastic yielding arises from the inability of real materials to support
arbitrarily large shear stress. In the code such inelastic behaviour may be
taken into account by testing and suitably modifying the stress during each
time cycle. While several proposed yield criteria may be found in the
literature, the differences between them are usually much smaller than the
uncertainties of the applicable material constants. A simple and convenient

choice is a generalized form of the von Mises yield criterion,

_ 2
f—:J2-Ko

Here JZ. is an invariant of the deviatoric stress

2 2 2

J = TR +'TR’TZ+’TZ +TRZ

2

and K corresponds to the shear strength which may be made a function of
pressure and also of work done in previous plastic deformaticn (work harden-
ing). If f <0, the material behaves elastically, but if f > 0, the shear
strength has been exceeded and the stress must be adjusted to bring f to
Zero.

f= 0 corresponds to a surface
defining the yield limit in stress space.
The adjustment used {flow rule) moves
the stress state back to the surface

along the normal, i.e., if during the

past cycle the stress changed from
7D (represented by point A in the
sketch) to the (unadjusted) stress 'rn-{h1 at point B then the adjusted stress at

721 s at C. In terms of the unadjusted 7 and J, this gives

a 2
;adjusted Ko i=R, Z, RZ,
i JZ 1

The ''plastic strain'' is the difference between the total strain which produced
the excessive stress at point B and the strain which would just take the stress
to the final adjusted value of C. The work done in this plastic deformation

is the limiting stress times the plastic strain. This is incremented from

cycle to cycle by
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n+l _ .n +J2 KZ _Ifi
plast = “plast = u | [T, T,

Since shear failure may alter the properties of the material, the code has
provisions for re-labeling the material in a zone when it yields for the first
time. Thus, one may construct a crude model of a brittle but initially strong
material by giving it fairly large constant K but requiring that it be re-
labeled when first yield occurs. The resulting new material might then have
the properties of shattered rock (for example a shear strength simply
proportional to pressure and no tensile strength).

Obvious generalizations of the yield conditions are available. K may be
made a function of the pressure {a generalized von Mises-Coulomb yield
condition), of Eplast (one form of work hardening), of the internal energy E
(heat effects), or of the strain rate. The yield conditions may apply to the
"elastic'' stresses or viscous stresses or both. A Tresca condition Tgheayr
< K can be treated by the same kind of multiplication of the deviatoric stresses
to make the adjusted stress system lie on a yield surface. It should be noted
that the treatment of yield allows free motion of the stress state tangent to
the yield surface, i.e., the principal axes of stress and strain can change

freely with time.

VII. FRACTURE

When the tensile stress across some element of material exceeds the
material's tensile strength, a crack forms normal to the direction of this
stress. This direction is not, in general, parallel to either of the RZ co-
ordinate axes used in the code. One can show that for any local stress
system there exists a coordinate system such that the stress tensor, when
transformed to this system, is diagonal. The elements of this transformed
tensor correspond to the greatest (and least) normal stress experienced by
the material. It is this greatest stress which will cause the first crack to
form and the orientation of the transformed coordinate system corresponds
to the direction of the crack. In the code the behaviour of cracked material
is simulated by adjusting the stress in the zone so that there is no normal
stress across the crack. Thus, while a Lagrange zone representing fractured

material does not actually separate into several pieces, the stress in the
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zone is adjusted to the value appropriate to such cracked material. The code
also calculates the strain change associated with this adjustment. This strain
change is proportional to the width of the crack. In this way one can keep
track of the crack width and, until the crack closes again at some later time,
continue to adjust the stresses tc maintain the component normal to the crack

at zero.

IR
The transformation of the stress <
tensor from the code's ARZ system to \
a rotated system of coordinates 1, 2, \\ 3
3 {(axis I parallel to g axis) is given by \\ _ -7
\ -~
= P 4 bR
T 7Tty A -7
T = -P4+T cosz¢+’r sin2¢—ZT sin ® cos ¢
22 R Z RZ
T, ,=-P+7T sim2 ¢+ T coszd) + 27 sin ¢ cos ¢
33 R Z RZ 77
T,,={T ~T,)sin ¢cos ¢+ T (coszda»sinzd))
23 R zn RZ

where ¢ 1s the angle between the 3 and Z axes and Tij are the elements of
the complete {not deviatoric) stress tensor. When ¢ is chosen to give T23

= 0 we obtain

a - _ - T
Fll P+7, 4

- . 2 2
Ts5s T33—-P+—2-l::R+TZﬂ:\/(’rR-TZ) +(27RZ)]

27T
1 -1 RZ
T =0, ¢=-= tan — .
23 2 <’rz - TR>

These (''principal') stresses are the greatest and least stresses experienced
by the material and this particular set of coordinates is called the principal
coordinate system. In the code's treatment of fracture, the principal stresses
{in unbroken material) are compared with the material's tensile strength. If
one of them exceeds the tensile strength, one must adjust the values of P,

TR T, and "R7 in such a way that the adjusted values represent the proper
stress in the fractured material. The choice of this adjustment is based on

the following set of assumptions:
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a. The principal stresses can be related to a set of principal strains '

Ej; by Lamé constants

Tii = \O + ZHEii where @ = Ell + EZZ + E33.

Thus, the stress-strain relation is assumed to be linear in the .
range encountered by fractured material.
b. We ignore the possibility of gas-filled fractures and, therefore,
require that the stress normal to the crack surface be zero.
c. When a fracture suddenly opens (or an old crack grows or shrinks),
the resulting motion of material is assumed to be normal to the
crack surface. If, for example, the principal stress T 33 exceeded
the tensile strength, the principal strain E;3 will be adjusted to
Ejg + AE33 and the other principal strains will not be altered. The

adjusted principal stresses will then be:

! =
T11 T11 +)\AE33

! =
T22 TZZ +>\AE33

!
T33 =0

-T
_ 33

where AE33 = m .

d. It is assumed that a crack rotates with the material (amount of body
rotation per cycle = A ¢) and that the creation of a crack or its

growth does not rotate the principal coordinates. One may now

transform the adjusted stress tensor (Tl’ T T3) back to the RZ

2’
coordinate system by rotation through -¢. Since T'23 is zero:

1
v - 2 ! 1 !
P 3 (T + Th + TY)
7!, =P'+ T! cos2 ¢+ T! sinz ¢
2 3
T =P'+ T sin2¢+ T cos® ¢ )
2 3
T' —

RZ (T'3 - T'Z) sin ¢ cos ¢. .
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The amount of adjustment (AE33) is a measure of the change of crack
width during this cycle. The code carries a set of variables (El’ E,, E3)
which correspond to the sum of past adjustments. Thus, on each subsequent
cycle it can recognize the presence of an old type-3 crack by E3 # 0. If it
‘ finds that E3 < 0 then T33 must be adjusted to zero and the new value of
Ej is Egld + AE33. If, however, the new E3 is positive, the crack has
closed, and the adjustment is made with AE 33 = -Egld (this will not bring
T 345 completely to zero).

It is, of course, possible that two mutually perpendicular cracks exist
simultaneously in the same element of material. Therefore, following the
adjustments described above, the remaining adjusted principal stresses
must be compared with the tensile strength. If a second crack has formed
the process of stress adjustment is essentially the same as before. If, for

example, both E; and E, are negative, one must adjust T, and T22 to

zero by
1 — 1 —
T =0 22° 0
! =
T33 T33+)\(AE11+AE22)
where
AR :)‘TZZ'O‘JFZ“)TM AE :lel—()\+Zp)T22
11 2u (2N + 2p) ! 22 2 (2N + 2p)

and then transform back to RZ coordinates as before. After this adjustment,
the remaining nonzero principal stress is tested for fracture. If a third
crack has formed, all the element of the stress tensor must vanish (physi-
cally this corresponds to something like uncompressed gravel). When this
occurs, all stress terms (P, T;) and crack widths (E;) are set to zero and
the material label of the zone is changed. On subsequent cycles, the material
is treated like ''sand" (zero tensile strength, shear strength proportional to
pressure).
One potential error in this model of fracture arises from the code's
inability to take account of anisotropy caused by the presence of formerly
‘ open cracks. When a crack closes, the tensile strength is assumed to be
unchanged (i. e., a closed crack is assumed to have '"healed"). In under-

ground explosion calculations, this problem is not serious, because rocks,
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on the very large scale involved, have almost no tensile strength (i.e., we
assume that there are many, random, pre-existing closed cracks). It is
possible, however, to re-label a zone when it first cracks and subsequently
treat it as a zero-strength material, as in the treatment of brittle shear
failure described in the previous section.

A point concerning the normal pressure calculation should be mentioned.
When pressure is calculated as a function of compression, it is the compres-
sion of the material that matters. This is the compression of the Lagrangian
zone corrected for the size of any open fractures that may exist in the zone.

Therefore, the pressure is calculated as

P=P (ﬂ - l)effective

where

("l - 1)effec‘cive - (‘0 - 1)zone - El - EZ - E3'

VIII. DAMPING

An artificial viscosity is used to damp out spurious oscillations. It is
analogous to the artificial viscosity first introduced by Von Neumann and
Richtmyer to permit numerical calculation of shock hydrodynamics by
replacing the discontinuous pressure jump across a shock by a rapid but

continuous change. In hydrodynamics, the damping term has the form

2
q = Ap(Au)

where Au is the velocity difference across the zone and A is a dimensionless
constant ~ 1/2. This form, while satisfactory for strong shocks in y-law
fluids, provides insufficient damping for sonic signals in elastic solids
(unless the constant A is assigned a very large value). Effective damping in
the sonic range is obtained by using terms linear in velocity differences
instead of the quadratic form shown above.

The quadratic q spreads the pressure and velocity discontinuity at a
shock front over a limited number of zones (typically three), and this number
remains constant as the wave is transmitted through the mesh. The use of
linear damping terms unfortunately causes an initially sharp signal to spread

without 1limit. This effect would probably cause difficulties in calculations



-23- UCRL-7316

involving the passage of a very sharp wave front through a very large
number of zones. In most past calculations, however, this has not presented
a serious problem. The signal diffused quite slowly and the stress wave
retained its shape reasonably well.

Like the stress tensor, the damping terms are expressed as the sum of

z’ QRZ'
Several forms for Q are available in the calculation, although they would not

a scalar term, Q, and a deviatoric tensor with elements QR’ Q

all be used simultaneously. The scalar term is calculated as
Q=0Q, +Q,+Q,
where

C plou)’

0
0

O
il
Q
Q
o
>
c
v

Q

I
Q
Q

o
>
>

3773
Here Ql is the usual {quadratic) Von Neumann Q,

Q2 is a linear form of Q1 which is only effective at low velocities,

Q3 is a volume viscosity which together with the deviatoric
terms Qi corresponds to the stress tensor in viscous flow.
Cls CZ’ C3 are dimensionless constants (~ 1/2),

C and p are sound speed and density,
AX 1is the shortest distance across the zone,
V is the zone volume

and AU, the average velocity difference across the zone, is calculated only
when the zone is collapsing but is set to zero when the zone is expanding.

The deviatoric tensor terms are
Qi = C4Cp AXei {i=R, Z, RZ)

where the éi are the three deviatoric strain rates described previously.
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The artificial viscosity tensor effectively damps only those velocity

oscillations which would produce vari-

ations in the stress. In some calcula-

tions, however, a velocity pattern like

the one shown in the sketch was en-

countered. (The velocities shown are

the variations from the smooth velocity
field that was expected.) This pattern
was first noticed in a calculation
where a spherical elastic wave was propagated through a rectangular mesh.
The same pattern, but with smaller amplitude, was found when the material
was treated as a fluid. This velocity noise characteristically has equal
velocities at opposite corners of the zones (ul =u3 and u, = u4) and is not
damped by the strain-rate dependent Q described above® It is, however,
readily damped by a Q term dependent on the relative rate of rotation of
opposite sides of a zone.

The rate of rotation of a zone side (e. g., 1, 4) is given by

o ol )@y - Zy) - vy - VR, - RY) PR-EL &
14 2 2 -
(R) - R+ (2 -2 +0Op
Let ~ —
3 —12
Q =C.Cpax 22 - (c_Cpax)(w w, )
k5P Bk ‘5P 14 ~ “23 4
¥ v
0 =-(C.CpaxX) 2 = (c.CpaX) (@, . -w..) y
. 5 51 5 43~ %12 \ /
' 40 /
the signs being chosen so that Q acts as 3bn £ m >

a positive pressure when viewed from
point 3 and as a tension when viewed
from the opposite corner of the zone. The resulting accelerations (described

as '"q terms'' on pages’9 and 10).
1 Q) nZ
£'C-B ~61

. q _
(u)61 ) (93)61

" The strain rates calculated in each zone may be defined entirely in terms
of the rates of change of the dot and cross products of the vectors connecting
diagonally opposite corners of a zone. The velocity noise under discussion
corresponds to the relative translation of these diagonal vectors and, there-
fore, produces no strain rate.
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u

e e [(Qz )-8 Rél}

B q =
Wg1" = oarg, [(Qk)C—DZ81]

. q _ 1 =
Vg = (pT)g1 [(Qk)c-D RSIJ

when viewed from the other end of the zone edge, the signs are reversed so

that

. q _ -1 _
(11)12 "W [(QQ)D—AZIZ:[’ etc.

IX. ENERGY EQUATION AND STABILITY CONTROL

The change in the internal energy of each zone is calculated during each
cycle. For elastic-plastic materials, where the stress is not a function of
internal energy, this calculation is not really necessary. The conservation
of the total energy in the entire problem does, however, furnish a valuable
indication that the code is operating properly.

In elastic-plastic material, the internal energy (per unit original

volume) is incremented from cycle to cycle by

n+l _ _n = = - = AV
E =E + (27R+TZ)Ae ZTRZAeRZ -P—0

+ 27 ) le,, +
Z Z v

rt R

where the time-centered stress terms include the damping tensor:

B=1/2@%+ Py Qn“/z,
F o= 1/2 R ,Tn+l + Qn+1/2. ¢
R R R R » ete

The Aer, Aey, Aery are the change in strain during the past cycle, and AV
is the change of zone volume. The work done by the Qg and Q; terms
(described in the previous section) has been ignored.

In fluid materials, the deviatoric tensor terms are zero and the

pressure is calculated by a simple polynomial form

P = Aln) + B{n)E
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where
3

Al =agta, ln-Dta, - D +a,lq-1)

Bly) = by + by fn - )+ b, (n - 1)°

and the zone compression

n+l _ 6Vn+ 1

nooT bt omT

The internal energy grtl o gn o ?AVITH/Z/VO is expressed in terms of
P™ and n™*1 as
n n+1/2
et 1 [En _(Q , Phy A(q)> AV ]

T B@ay Z 0

ZVO

To ensure stability in the finite difference equations, the time step At
must be limited. In a fluid, with no damping terms, one can show that a
perturbation will neither grow nor shrink if At < AL/C where AL is the
zone width and C is the sound speed (i.e., At must be less than the time
required for a sound signal to cross the zone). The presence of damping
terms results in a slightly more stringent stability condition. We have not
analyzed the stability condition in the present case of tensor forces, and such
complications as fracture and plastic flow. Satisfactory stability has been
obtained by limiting At to about half of the above value.

In an elastic-plastic material, the dilatational sound speed is used:

c? = % O+ 2u).

In a zone containing a hydrodynamic fluid:

c2. 1 l:aA(n-l)+E8B(n-1)+PB(r1-l).

0L oatm-1) oM - 1) n?

For each zone a maximum permissible time step

AL

At =Kj = (Koz 1/2)

is caloﬁlated and the smallest of these is then used as At for the entire mesh .

during the following cycle.
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X. EXAMPLES

In this section two examples of calculations are presented to illustrate
the uses and limitations of the code. They are one-dimensional and served

as test problems by permitting comparison with analytic solutions.

A. Spherical Elastic Wave

As the first example, we consider the problem of the stress wave
generated in an infinite elastic medium by an exponentially decaying pressure
in a spherical cavity. The analytic solution for this problem has been given
by Blake.6 Several TENSOR calculations were done with various zone sizes,
damping constants, etc., and were then compared with the Blake solution.

The zone mesh for one of these problems is shown in Fig. 1. The
spherical geometry has been approximated by a polygon of revolution. The
"angular width'" of the zones {3 degrees in this case) has almost no effect
on the resulting motion. A comparison problem using 10-degree zones gave
velocities, stress, etc., which differed by less than one percent from those
in the 3-degree problem.

Rigid wall boundary conditions were usedat £ =0 and £, .. =3 anda

pressure history of the form
P = ¢ ' kilobars (t in msec)

was applied at the inner, K = 0, surface. The outer boundary (K = 40)

max
was a free surface. This, of course, limited the time during which the
problem could follow the infinite medium sclution. The elastic constants are
listed in Fig. 1. Damping constants C3 = 0.1333 and C4 = 0.1 were used.
(This is equivalent to a damping value of 0.2 for dilatational waves.) The effect
of zone size is shown in a second problem, A-1, using the same constants

but twice the number of radial zones (K = 80).

max
The resulting velocities and displacements are shown in Figs. 2 and 3,

together with the values expected from the Blake solution. Agreement with

the analytic solution is generally quite satisfactory. The only real discrepancy

is seen in the initial overshoot and oscillation of the inner surface (K = 0) in

Fig. 2 and in the diffuse wave front at 20 meters in Fig. 3. The initial

6F. G. Blake, Jr., J. Acoust. Soc. Am. 24, 211 (1952).
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— — — — Tensor problem A (50-cm zones)
Tensor problem Al (25-cm zones) .

1.2 1 ® Analytic solution

0.8 1

0.6

0.4

0.2

-0.2 1

-0.4
GLL-635-1175

Fig. 2. Inner surface velocity u and displacement AR.
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— — — — Tensor problem A (50-cm zones)

Tensor problem Al (25-cm zones)

® Analytic solution

0 A L
1}/;; 12 14 16 18 20 22 24

R (meters)

-0.1 L GLL-635-1176

Fig. 3. Radial distributions of velocity and displacement at t = 2 msec.
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overshoot can, of course, be damped by use of larger Q constants, but this
results in correspondingly greater diffusion of the wave front at later times.
Only a mild improvement in the quality of the results is obtained in the finely
zoned problem, A-1. This is somewhat reassuring, because in two-
dimensional calculations, considerations of computer time generally require
that rather coarse zoning be used. It shows, however, that while the general
motion is calculated quite well, the code will not reproduce velocity and
stress peaks which are only a few zones wide. The failure to represent short
(in terms of zone size) wave lengths accurately is characteristic of difference
schemes of this type and holds even for sonic disturbances in one-

dimensional fluid flow problems.

B. Plastic Spherical Shell

To compare the code's treatment of plasticity with an analytic solution,
it was necessary to consider a system in static equilibrium. While the code
is intended to study transient dynamic effects, no exact analytic solution
involving dynamic plastic deformation appeared to be available. Therefore,
the test calculation was done on the much simpler static case of a thick
spherical shell loaded by an internal pressure sufficient to stress the inner
parts to the yield point.7 The geometry is shown in the sketch and zoning

similar to problem A was used. With

a shear strength of 0.5 kb, the material /P'ﬁ\ 20m

between the inner surface and 14.49 m

should be stressed to the yield point

while the outer part of the shell R=10m
P=1kb

remains elastic.

In order to avoid inertial effects, which would cause the code calcula-
tion to overshoot the equilibrium position (irreversibly), a ''relaxation"
method was used. At frequent intervals (one or two msec), all velocities
were set to zero. Thus, in a series of brief motions, the shell should
gradually approach an equilibrium configuration.

The stress and displacement distributions in the shell at t = 20 msec

are shown in Fig. 4. Since the calculated displacements exceed the

7R, Hill, op. cit.
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Fig. 4. TENSOR problem B.
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equilibrium values, it is apparent that the velocities should have been set to
zero more frequently. The calculated stresses are, however, quite close

to the expected equilibrium values and would, presumably, converge on them
if the relaxation process were carried further. It was not carried further
because the rate of approach to equilibrium becomes extremely slow (the

stresses changed by only a few percent during the last 5 msec).

/no
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