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Abstract—Model estimation and structure detection with short  system with smallest possible variance. However, avalabl
data records are two issues that receive increasing interssin  data records are often short in practice due to cost and/or
System Identification. In this paper, a multiple kernel-basd time reasons. As shown by extensive simulations in [4]-[6]
regularization method is proposed to handle those issues. hftiple ML/PEM . d with classical del lecti '
kernels are conic combinations of fixed kernels suitable for - eqUIppe_ wit f:assma mode strl_Jcture se_ ection
impulse response estimation, and equip the kernel-based ga- t€chniques sometimes fails to get model estimates with good
larization method with three features. First, multiple kernels can accuracy and robustness for short and noisy data records.
better capture complicated dynamics than single kernels.&ond,  Structure detectionStructural constraints widely exist in
estimation of their weights by maximizing the marginal likelihood engineering systems. In networked and decentralizedragste

favors sparse optimal weights, which enables this method to tain i t llv infl | tai touts. lecer
tackle various structure detection problems, e.g., the spae certain inputs usually influence only certain outputs. iecgt

dynamic network identification and the segmentation of liner Wise affine systems, each data point must be associated to
systems. Third, the marginal likelihood maximization problem is the most suitable submodel. They are often tackled, see e.g.
a difference of convex programming problem. It is possibled [7], in a ML or related framework by using ARX model
flnld.a.locally optlmal solution efﬁuently by using a majorization 54 | ASSO [8], group LASSO [9] techniques. However, for
minimization algorithm and an interior point method where t he . - .

cost of a single interior-point iteration grows linearly in the Short_data records, p0§S|b|e high variance of ARX model may
number of fixed kernels. Monte Carlo simulations show that tte ~ deteriorate the detection accuracy. Moreover, there drerot

locally optimal solutions lead to good performance, regartéss of ~ sparsity techniques, e.g., sparse Bayesian learning (8B,

the initialization. [11], which can produce more sparse solutions with also more
Index Terms—System identification, regularization, kernel, favorable properties in terms of mean square error (MSE), se
convex optimization, sparsity, structure detection. e.g., [12]-[14].

A new approach, which has been shown particularly useful
for model estimation with short data records, is the kernel-
S _ based regularization method (KRM) introduced in [4] and

YSTEM lIdentification is a mature field, see e.g., theurther studied in [5], [6]. Its performance depends on both

Jtextbooks [1]-[3]. However, the increasingly complex enkernel structure design, i.e., parameterization of thediny
gineering systems pose new challenges in terms of efficiengyme parameters often called hyper-parameters, and hyper-
robustness, reliability and autonomy. We are faced withynagarameter estimation. There are several ways for the hyper-
emerging issues in System Identification including mOdﬁbrameter estimation, e.g. [15], [16]. So far, the mostotiffe
estimation and structure detection with short data records one is to embed the regu|arizati0n in Bayesian framework

Model estimationThe standard approach to System Idemnd invoke the empirical Bayes method, i.e., the marginal
tification is the maximum likelihood/prediction error meth |ikelihood maximization method. This method embodies an
(ML/PEM), e.g., [1]. It has optimal asymptotic properties i gutomatic Occam’s razor (parsimonious) principie., trade-
the number of data points: if the model structure contaies thff between data fit and model complexity [10], [15, p.
true system, the estimated model will converge to the truqo], which is an important reason why KRM outperforms
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in terms of sparsity property [12], [13] and in terms of MSEeffectiveness of the proposed method, three sets of siiongat
[14]. In fact, if the kernel in [6] is diagonal and has all diagal  two of which are Monte Carlo ones, are considered in Section
elements as hyper-parameters, KRM in [6] becomes SBL fdr We finally conclude this paper in Section VI.
basis selection [12]. It finds sparse solutions in the hyper-
parameter space, which in turn leads to sparse solutions ih M ODEL ESTIMATION WITH MULTIPLE KERNEL-BASED
the parameter (hypothesis) space. Noticing this conmectio REGULARIZATION
natural question is whether it is possible to incorporat€’SB a  propblem statement
feature of favoring sparsity into KRM and tackle accordingl . . . . .
structure detection problems in System Identification [7]? Consider a single-input-single-output (SISO) linear asu
. . and stable system

Both questions aforementioned are related to kernel struc-
ture design. Indeed, we are looking for kernel structures th y(t) = Go(q)u(t) +v(t), 1)
can both capture complicated dynamics and induce sparse

hyper-parameters (and sparse hypotheses in the end), b ri1§ret i_s the ti_me_index (the sampling interyal is assumed to
there any other concern that should be considered? Si one time unit)q is the shift operator, meanirgg(t) = u(t +

the marginal likelihood maximization problem is non-comve1 /Y(t),u(t) andv(t) are the output, input and disturbance at

and often has no closed-form solution, in our opinion, ontgnet' respectively. The disturbaned) is modeled as a white

such concern is if the designed kernel structure can briag t’ﬂo'seRW'th Ezag fzerg_ and v_ananobé, mdﬁpendent oﬁ(t_);
marginal likelihood maximization problem certain strues S€€ Remark 2.5 107 diSCUSSIons a out the case w(yas

so that a locally optimal solution can be found efficiently. modeled as a filtered white noise. The transfer funcGa(u)

. _ 0 0 *k . .
In this paper, we aim to address the three questions rais°€tﬁ1 be written as5o(q) = 319, *, where the coefficients

o " . : k=1,---,0, form the impulse response &p(q). Given a
above. Noticing the superposition property of linear systgit % b N ; ) .
is natural to propose using the multiple kernel, which is@ico data record{u(t).y(t) )iy, the goal is to find an estimate of

combination of suitable fixed kernels and has the combinatig(’(q)’ or equwalently, an estlmate of the impulse response of
that is as good as possible.

coefficients as hyper-parameters. The fixed kernels can %%(q)
instances of existing single kernels [5], [6], [17], [18]can

can also be constructed based on model estimates whighRegularized FIR model estimation

can be either data-driven or data-free. Due to their flexible Consider system (1). Since the impulse response of a linear
structures, multiple kernels can better capture comgitatsystem decays exponentially, it is often enough to trunitete
dynamics than single kernels. What's more, the marginiaffinite impulse response at a certain order and estimate an
likelihood maximization problem with multiple kernel fa® FIR (finite impulse response) model

sparse hyper-parameters. This feature enables this ultip n

KRM (MKRM) to tackle various structure detection problems. G(q,0) = z aq X, 0= [gl g2 ... gn]T. (2)
For illustration, the sparse dynamic network identificatib9] k=1

and the segmentation problems of linear systems [20] will lthe model of system (1) can then be written as

studied here. For both model estimation and structure eetec T

tion, MKRM reduces to a marginal likelihood maximization y(t) = @(t) 6+ v(b), t=n+1,-N, 3)

problem. The multiple kernel brings the problem a speci@lith @(t)" = [u(t —1) --- u(t —n)], which can be further
structure that it is a difference of convex programming (PCRuritten in a more compact form

problem [21], [22]. Its locally optimal solution can be fadin -
efficiently using sequential convex optimization techrgjuin YN = @O+ W (4)
particular, we use a majorization minimization (MM) algoThe ith row of Ya, Vv € RN-" and &, € RIN-1*n arey(n+
rithm [23], [24] and an interior-point method, where the tcos,)7v(n+i) and @(n+1)T, respectively. Fot = 1,---,n, y(t)
of a single interior-point iteration grows linearly in thember depends the unknowur(0), - - -, u(t —n), which can be handled
of fixed kernels. Monte Carlo simulations show that the liycal;, gifrerent ways, see [1, p. 320]. Like [6], the non-windawe
optimal solutions lead to good performancegardless of the method is used here, i.g(t), t =1, ,n are not used. Then

initialization, which is a practical advantage over ML/PEMpe regularized least squares estim@eof 6 is
and KRM with nonlinearly parameterized kernels where the

initialization is critical and tricky. 6% = arg min] Y — @ 6|5+ 0%6"P 1o (5a)
The remaining parts of this paper is organized as follows. T 2 1
MKRM is proposed in Section Il where it is also shown that = POy (PNyPDN + 0%IN-n) "IN, (5b)
the marginal likelihood maximization with multiple kerrisla where In_n denotes theN — n dimensional identity matrix
DCP problem. By exploiting this structure, its locally apéil andP is positive semi-definite (denoted B> 0) and often
solution is found in Section Ill by using an MM algorithmcalled kernel (matrix) in Machine Learning [15] and Bayesia
and an interior point method. In Section 1V, it is furtheFramework [29]. IfP is positive definite, it is denoted by~ 0
shown that the marginal likelihood maximization with mplé below, where0 denotes a zero matrix with suitable dimension
kernel favors sparse hyper-parameters. This feature is thvehich can be judged from the context.
used to study the sparse dynamic network identification andRemark 2.1:When P is singular, (5a) is not well-defined.
the segmentation problems of linear systems. To illusttede In this case, consider the singular value decompositioR:of
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P = [U; Up]diag/Ap,0)[U; Uo]T whereAp is a diagonal matrix associated hyper-parameter estimation problem. Integhgt
with diagonal elements being strictly positive singulatlues the domain of3 is compact, so if there is no knowledge
of P, [U1 U] is an orthogonal matrix with); having the same about the estimate o8;,i = 1,2, it is natural to introduce a
number of columns a&p, and diag/\p,0) is a block-diagonal grid of pointsf4,...,Bn over the domain of3 and use the
matrix with Ap and0 on the main diagonal. Then (5a) shouldkernel 3{", ciP(3) with cy,...,cm being the hyper-parameters
be interpreted as instead. From this observation and the supposition promért
AR . a2 oaT 1T T linear systems that impulse response of a linear systeneis th
N = argemlnHYN —®02+ 070 UiAp U 8,5t Uz 8=0 gy of impulse responses of its partial fraction expansion,
(6) s natural to propose using the multiple kernel

m
It is easy to verify that (5b) is still the optimal solution (). P(a) = Zciph a=[c, 7Cm]T’ ®)
For convenience, we will still use (5a) in the sequel andrrefe i=
to (6) for its rigorous meaning wheR is singular. wherec; >0,P = 0andR #0,i=1,---,m, are fixed kernels.

Assumegy = 0, k> n so that the true system (1) is describedhe fixed kerneld can be constructed in different ways. In
by an FIR model, and denote the true impulse respong@at follows, we mainly consider the way to constriicias

coefficients by = [0 3 ... gﬂ]T. Then we have the instances of single kernels (7), but in Section V-A we will
following convergence result fof. briefly discuss another way.
Theorem 2.1Assume that(t) is deterministicy(t) is i.i.d. Example 2.1We illustrate the advantage of using multiple

with mean 0 and variance?, ®y®[ /N — Q asN — o where kernel by a simple example:

Q is positive definite, andPnVn/N — 0 with probability one G — 20 Y1— pg- 1)L 101 — pog- 1)1 9
asN — o. If 8y can be represented as a linear combination o@ =2a " (1-pa 7)) "+20 .pzq ) ©)
of eigenvectors oPQ, then 6F — 6y with probability one as Where z = 1z = -50 and p,i = 1,2 are
N — oo. generated as p; = rand(1)/2+0.5 and pp =

Proof: The proof is straightforward and omitted due to théi gn(randn(1))+rand(1)/2 in MATLAB. Example
limitation of space. (9) contains two distinct modes: the fast one dominates the

Remark 2.2:The kernel P brings the regularized FIR dynamics in the initial phase and the slow one dominates
model estimateé,{? a special structure. Sino@N(CDLPCDN + afterwards. Here, 1000 instances of (9) and associated data
o2ly_n)~ Yy is a column vectoré,\'f is a linear combination Sets are generated. A multiple kernel (8) is constructet wit
of the column vectors o®. It is preferable to have the column20 fixed kernels obtained by evaluating (7b) on the grid
space ofP include 6y. From Theorem 2.1, if) is nonsingular With c=1, A =0.05:005: 095,0.98. This multiple kernel
and P is nonsingular orP = c6y8] for ¢ > 0, 8 can be (denoted by TC-M) is compared with the single kernels (7).

represented as a linear combination of the eigenvectoP€of The simulation result in terms of model fit (26) is shown
and thus@,f,‘ is asymptotically consistent. on the left panel of Fig. 1. The advantage of using multiple

kernel is quite clear. As can be seen from the right panel of
. Fig. 1, the single kernels try to capture the fast mode in the
C. Multiple kernel initial phase so that they, unlike the multiple kernel, dd no
The design ofP consists of two parts: kernel structurenave extra flexibility to well capture the slow mode.
design, i.e., parameterization Bfby some parameters called
hyper-parameters, and hyper-parameter estimation forreeke D. Hyper-parameter estimation

structure. Many efforts have been spent on designing kemeGijven a multiple kerneP(a), there exist several ways to
structures and several kernels have been introduced if6j4]-estimate the hyper-parametr Currently, the most effective
[17], [18], e.g., the stable spline (SS), the tuned/coteela one is to embed the regularization teréf P~16 in (5a)
(TC) and the diagonal/correlated (DC) kernels: in Bayesian framework and estimate by maximizing the
A% T AR s marginal likelihood.

SS cR®(B)=c ?( —3) k=] B=A (7a) Assumev(t) in (1) is Gaussian distributed, independent of
) Ael /\k_ﬂ k<i .

> ( 3), K< ] the input, and

TC  cRS(B)=cmin(AXA)), B=A (7b) 0~ V(62" P(a)), O3P—0, (10)

DC  cR§(B) =cAl Izl p=[n p]T (7€) where62P is the prior mean an®(a) is the prior covariance.

Note thatf2P can be nonzero, see [6, Section 4.2]. It is easy

to show that the maximum a posteriori (MAP) estimation
However, those single kernetP(B) in (7) could be im- Problem argmaxp(6|¥y) is equivalent to (5a). The marginal

proved to better capture complicated dynamics. For exampl€linood, i.e., Yy coTnd|t|oned ona 1s Gaussian distributed

consider the casy — 6, + 6 where8;, 6, € R" are two FIRs 2SP(Yn|a) = #7(0,®yP(a)®n+0%In-n). The mazrgmal like-

that have very different dynamics in terms of e.g., decag rdi©0d maximization method argmax, p(Yn|a,0%) to esti-

and magnitude. Instead oP(B), better impulse response esMatea 1S equivalent to

timate 6% can often be obtained usir@gP(B1) + c2P(B2), but & =argminYy =(a,0?%) Yy +logdetz(a,0?),  (11)

the initialization and optimization becomes more tricky tioe az=0

wherec, 8 are hyper-parameters with> 0, 0< A < 1,|p| <1,
and the subscript, j denotes thek, j) element of a matrix.
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Fig. 1. Box-plots of the 1000 model fits (left) and the estiedaimpulse responses for one instance (right).

whereZ(a,0?) = O] P(a)Py + 0?IN_n. idea of regularization can be applied. Similar to (5a),
Although (11) is non-convex, the multiple kern®(a) L N

renders (11) a special structure. Note from e.g. [30] that  6a,6,=argmin ) (Y(t) — @ (1)6a— @] (1)6p)?

both Yy 2(a,02)~1Yy and —logdets(a,0?) are convex in 0.8 t=n+1

3(a,0%) = 0 andZ(a,0?) is affine ina and 2. Therefore +0%[6. 6]Q ' [6a Gb]T.

both Y\ Z(a,0?) 1Yy and —logdet(a,o0?) are convex in , . . . .. . . _

a>0 Nan(g o? >)O r’:alspectivel)? So t(he ob)jective function 01“ IS intuitive to_partition Q as a block-diagonal matrix

(11) is a difference of two convex functions with respect 13(aa, ap) = diagP(dla), P(ap)). The hyper-parameters, dp

a>0ando?> 0, and thus (11) is a difference of conve'® still estimated by maximizing the mz_;\rgmal likelihood.
- : Remark 2.6:The idea of using multiple kernel (8) has

programming (DCP) pro_blem [21].’ [22]. 1t will be shown ppeared in machine learning [25], [26] and neuroimaging

in Section Il that a stationary point of (11) can be foun . . .

efficiently using sequential convex optimization techmisu /1. Multiple kernel learning (MKL) [25], [26] is one such
method and has also been used recently to handle lineansyste

; : : 2
Remark 2.37The noise variance® is not known and needs jyenification problems in [28]. It can be shown that, see e.g
to be estimated from the data. As suggested in [1], [31],E_1

X . i X 4] for derivations for group variable selection case, MKL

simple and effective way is to estimate an ARX model [4fs4 reduces to an estimation problemaof

[5] or an FIR model [6] with least squares and use the sample

variance as the estimate of. An alternative way is to treat & = argming 2(a,0%) " +yl'a, (12)

o as an additional “hyper-parameter” and estimate it togethe 20

with a by solving (11), see e.g., [10]. All arguments belowherel=[1 1 --. 1]T. Clearly, (12) is much easier to solve

(with minor changes) still hold witho? as an optimization than (11) since (12) is convex. However, there is a price to

argument in (11). At least for the test data bank in Sectigray for that. The comparison between (11) and (12) shows that

V-A, the alternative way seems a better choice for MKRM. their difference lies in the second term: log@e}P(a)®n +
Remark 2.41f m=nandP =e¢',i=1,---,nin (8), where 0%In_n) is replaced byyl"a. So MKL actually solves a

e € R" has itsith element equal to 1 and all other elementguboptimal marginal likelihood maximization problem. uc

equal to zero, MKRM becomes SBL for basis selection [12]. i approximation often results in less accurate and lessstob

favors sparse in the hyper-parameter space and in turn leadi8odel estimates for model estimation problems, and in géner

to sparsef in the parameter space. This observation promp@nds to produce less sparse solutions with also less tateora

us to ask if MKRM has the same feature, as SBL for bagioperties in terms of MSE for sparsity problems, see e4j. [1

selection, of favoring sparse in the more general multiple The hyper-parameter estimation problem in [27] is alsoeblv

kernel (8). The answer to this question is affirmative and wipy maximizing the marginal likelihood but the algorithm and

be discussed in Section IV, see also [27, Thm.1]. implementation are different from the one in this paper. Due
Remark 2.5Consider the case whev&) in (1) is a filtered to the space limitation, detailed comparison cannot bengive

white noise, i.e.¥(t) = Ho(q)e(t). Here Ho(q) is unknown, Nere butin another paper.
both stable and inversely stable [1] with unit static gaimg a
e(t) is a white noise with mean zero and variar@® Now
our goal is to estimat&p(q) and Hp(q) as well as possible.
Recall that system (1) with/(t) = Ho(q)e(t) can be well

IIl. NEGATIVE LOG MARGINAL LIKELIHOOD
MINIMIZATION WITH MULTIPLE KERNEL USING
SEQUENTIAL CONVEX OPTIMIZATION TECHNIQUES

approximated (see [32]) by a high order ARX mogél) = The hyper-parameter estimation problem (11) can be put
An(0)Bn()U(t) + An(0) Te(t) With Ag(q) = 1+ayq L+ into the following form

...+ang ™", Bn(q) =b1g 1 +...+bng™", which can be written P -1

as a linear regressioy(t) = @/ (t)6a+ @] (t)6, + €(t) where minimize YT <Z|XiBiBiT + 02|n0> Y

6. =[a1,...,anT, B = [by,....bn]T, and @ (t), @(t) are de- x=0 i=

fined in an obvious way. Note that for large 6,, 6, can be p T ) -
interpreted as the two FIRs for the one-step-ahead preditto  +109 det(Zf BB +0 Ir'Io) X=[x1 .. Xp| , (13)
system (1) withv(t) = Hp(q)e(t) from y andu, respectively, =

see [1]. So the ARX model estimation problem becomes ahereY € R™, B; € R™*" andB; # 0, andne,nj,i=1,---,p,
FIR model estimation problem with two inputs and the sanse positive integers. Sindg = 0, it can be factorized ag =
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LiLT, whereLj € R™" with n; being a positive integer. For B. MM algorithms to the negative log marginal likelihood
example, forR >~ 0, L; can be its Cholesky factorization andminimization with multiple kernel

ni =n. So (11) can be put into the form of (13) wih=m,  From now on, we identifyf (x) as the objective function of
No=N-nx=0c,i=1-,pY=YyandB=®{Lii= (13) C={xeRP|x>0} and f(x) = g(x) — h(x) where
1,---,p. In what follows, (13) is referred to as timegative log

marginal likelihood minimization with multiple kerneThis g(x) =YTZ(x) 'Y, h(x) = —logdets(x),

is because for both model estimation and structure detgctio P T 2

see Section 1V, the associated negative log marginal likel Z(x) = iZlX‘Bi B + 0%, (16)

minimization problems can all be put into the form of (13). . .
In general,Y and x have the interpretation of measurement Algorithm 3.1:The MM algorithm to the problem (13) can
output and hyper-parameter, respectively, &dontains the P& summarized as follows: Set), k=0 and then go to the
information of the measurement input and the fixed kernfqllowing iterative steps:

R in (8). Obviously, (13) is still a DCP problem. Now, we 1) Compute the gradieriih(x)) according tolh(x) =
consider how to tackle (13) by exploiting its DC structurelan —Tr (Z(x)*l‘agqu)), i=1,---,p, and then solve the con-
using sequential convex optimization techniques.

vex optimization problem (14) and (15) to obtaiff™D.
2) Check if the optimality condition is satisfied. If satisfje
stop. If otherwise, set =k+ 1 and go to step 1).

The convergence of MM algorithms to a stationary point
A. Sequential convex optimization techniques: majoizati (the point satisfies the Karush-Kuhn-Tucker (KKT) condigp
minimization (MM) algorithms see e.g., [30]) has been discussed in e.g., [33]. For the MM
Algorithm 3.1, [33, Thm. 4] can be employed to show the
There are a couple of sequential convex optimization tectwnvergence. In the following, we show the four assump-
niques that can be used to tackle DCP problems. One tifns of [33, Thm. 4] are satisfied for the MM algorithm
them is the so-called MM algorithm [23], [24] and its mair8.1. First, bothg(x) and h(x) are real-valued differentiable
idea is to yield an iterative scheme for minimjzef(x) with convex functions. Second,Jh(x) is obviously continuous.
C C RP where each iteration consists of minimizing a so-callethird, for any x > 0, the setH(x) = {7f(z) < f(x),z> 0}
majorization functionf (x,x) of f(x) atx¥ e C: is indeed bounded. This is because for any 0 andx # 0,
lime_, 40 (YTZ(tx) 1Y +logdets(tx)) — +oo. Fourth, there is
no equality constraint involved and moreover, the inedyali
constraintx > 0 leads toci(x) = —x;, i =1,---,p in [33, eq.
(2)], which are real-valued convex functions. Therefoles t
_ _ MM Algorithm 3.1 converges to a stationary point of (13).
where f : CxC — R satisfiesf(x,x) = f(x) for x€ C and  Remark 3.2in [34], CCCP algorithm was used to solve the

X+ = argminf (x,x)), (14)
xeC

f(x) < f(x,2) for x,z€ C. Clearly, (14) yields a descentmarginal likelihood maximization problem for basis seieat
algorithm. Construction of a suitable majorizization func[12]. Here, we consider MM algorithm instead of simplified
tion is a key step for MM algorithms. For DCP problem$Ca to tackle (13) primarily because the simplified DCA in-
minimizeec f(x) where f(x) =g(x) —h(x), g.h:C— R are yolves the conjugate functidwt (y) = sup,{y" x+logdetz(x)},
convex and differentiable functions with being a convex set \which has no closed-form solution and thus is expensive
in RP, there are many ways to construct the majorization fung; evaluate. There are also two secondary reasons. First,
tion [24]. The simplest one is the so-called linear majditra for a given DCP problem, different MM algorithms can be

or majorization via “supporting hyperplane” [24], i.e., easily derived by employing different majorization furcts.
Second, noting that MM algorithms are not widely known
Fx,x) = g(x) — h(x®) — Oh(xE)T (x— x¥)). (15) as its special case expectation maximization (EM) algorith

[24] in System Identification, (13) shows that they can be

alternative choices for parameter estimation problemsys S
For this particular choice of majorization function, the MMem Identification. In this regard, it is also interesting to
algorithm (14) is also referred to as “sequential convex-opnote [35], which minimizes a convex upper bound of a non-
mization” or “the convex concave procedure” (CCCP) [23]. convex objective function for a nonlinear state-space rhode

Remark 3.1:The so-called simplified difference of convexdentification problem. If the procedure in [35] is done in a
functions algorithm (DCA) [21], [22] is another sequentiaf€duential way, it will be inline with the idea of handling BC
convex optimization technique that can be used to tackle DEFPPIEMS with sequential convex optimization techniques.
problems. Simplified DCA is a primal-dual method that alter-
nates between majorization minimization updates baseten €. An efficient and accurate implementation
problem inf{g(x) —h(x)} and its Fenchel-Rockafellar dual. |t is possible to solve each iteration (14) using a (fast)
For differentiablef (x), the CCCP algorithm [23] is equivalentprojected gradient method [36] or Quasi-Newton methods
to a primal-only variant of the simplified DCA, which is asych as L-BFGS-B [37]. These methods often require many
special case of MM algorithm (with linear majorization). jterations to obtain a moderately accurate solution and thu
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may be suitable for an inexact MM scheme where (14) is V. STRUCTURE DETECTION WITH MULTIPLE
solved only approximately. However, such an inexact MM KERNEL-BASED REGULARIZATION

scheme typically slows down the rate of convergence of thestrycture detection problems are in essence model steuctur
iteration (14). selection problems in parameter space, e.g. [19], [20]. Ws w
It is worth to note thag(x) in (14) is a matrix fractional pe seen in Sections IV-B and IV-C, using MKRM, the structure
function, see [30, p. 76]. So each iteration (14) in fact lmee  detection problems in [19], [20] are converted to problerhs o
solving a convex matrix fractional minimization problen®[3  finding a suitable sparse pattethé number and the location
which is well-known to be equivalent to a semidefinite progf zero3 of the hyper-parameter which can be seen as model
gramming (SDP) problem structure selection problems in the hyper-parameter sgpace
convenience, we start the discussion from the problem of

mlnz|£<n|ze 2=Oh(X™)'x,  ZER,XERT, finding a suitable sparse patternof

. z Y
subject to {Y 5(x

The cost of solving this SDP is at least cubic in the number Since x € RP, there are in total 2 sparse patterns of,
of hyper-parameterp as well as the number of observation§enoted byx'! € RP, and accordingly 2 model structures
no, and hence solving this SDP is too costly for all buyfiénoted by.Z, i=1,..- 2P, Herex'l should be understood
small problems. Note that modeling packages such as C\?% follows: some pf its elements are locked to zero and the
[38] commonly use such an SDP reformulation of a matriQthers are free vanabTIes. For eTxampIe,p'%otZ, there are four
fractional minimization problem. sparse patternsd 0", [x1 0", [0 x| and[x1 x| .

From the definition o&(x) in (16) and the constraint> 0, In Baye3|an framework, mpdel structuye selecuonlpr.obltlams
we see thak(x) is a sum of positive semidefinite terms. Thi@® typically tackled by using the evidence maximization
implies that the matrix fractional minimization problem4jl met_hod (EMM), See _e.g.,_[lO]. Since all fixed kernels in (8)
can be cast as a conic quadratic optimization problem (s¥€ Instances of existing single kernels (7) that are inoepat
e.g. [39] and [40]). In particular, each iteration (14) amtu of_ the,,: data, .|t is natural to assume tha}t the supjectlve
to solving the following conic optimization problem wifn+1 ~ Pors p(#),i =1,---,2P, are equal. In this cases,i =
rotated quadratic cone constraints (see [39, p. 202]), i.e. L*,2" areranked by evaluating the evidence, defined
as p(Y|.#4) = [ p(Y|.44,X"), 02)p(X"|.#) p(0?|.4)dx" do?,

=0 >0. - .
)} =t X2 A. Finding a suitable sparse pattern of x

minimize 2(17z) — Oh(x*)Tx wherep(X!|.#) and p(c?|.#;) are independent hyper-priors.
ZONW EMM selects the model structure or equivalently the sparse
subject to|wi[|5 < 2%z, i=1,....p, [VI5<22Z.1 (17) pattern ofx with the largest evidence as the best one, and
P moreover, haghe ability on the average to identify the true

Y:i;BiWi+GV’ x20,220 model structure see [10, p. 441]. There are however two

practical difficulties for EMM. One is that the integral in
wherex € RP, z= [z --- zp+l]T € RPF1 v e R, and P(Y|-#) often has no closed-form solution. The other is that

wi € R" fori =1,..., p. The problem (17), which is equivalentP(Y|-#) may need to be computed for a large number of
to a second-order cone program, can be solved efficiently dif#es. EMM is thus in general expensive to implement and
accurately using an interior-point method. The computatio ©nly applicable for small scale problems in practice.
cost depends on the implementation. If the rotated quadrati 1) An efficient approximation of EMMAnN approxima-
cone constraints are handled carefully, the computatioostt tion of EMM, which avoids the introduction of hyper-
of a single interior-point iteration i©(n,2max(no, yP_,nj))  Priors for x'l and 0?, was suggested in [44, p. 778]. For
and in particular linear inp if all ns are equal; see e.g.l = 1---,2% let X',67 = argmay .. p(Y|.#, X', 0%) =
[41]. We have implemented such a method for solving (17) argming .. f(xl, a2), wheref(x, 6?) is the objective func-
CVXOPT [42], a Python extension for convex optimizationtion of (13) with x replaced byxl. Then
Our implementation is based on the cone LP solver in CVX- _ _ i A2
OPT, and uses a custom solver for the so-called KKT system  09P(Y|-#)/p(Y|.2}) ~logp(Y|.#i, %", 67) (18)
that defines th(_e search dire_ction at gach interior-poiratim, —log p(Y|///j’)2[j] ’ 512) _ }(di — dj)log(no)
see [43]. The implementation details cannot be includeé her 2
due to space limitations. The problem (17) can also be solvetiere d; and d; are the numbers of nonzero elements of
efficiently using, e.g., the commercial solver MOSEK. [(X)T G627 and [(RT)T 627, respectively. Interestingly, mi-
Monte Carlo simulations in Section V show that, the praius twice of (18) is actually the Bayesian information cita
posed MM Algorithm 3.1 and implementation requires ofBIC), see [44]. While (18) is more convenient to compute, th
average 12 iterations of (14) to obtain a high accuracy lpcarequired computation in handling a model structure saacti
optimal solution of (13). Moreover, the locally optimal sel problem with 2 model structures is still combinatorial. This
tions lead to good performance, regardless of the iniéitin, difficulty can be overcome by noting the feature of the negati
which is a practical advantage over ML/PEM and KRM witllog marginal likelihood minimization problem (13):
nonlinearly parameterized kernels where the initialaatis Theorem 4.1Consider (13). There exists @,y such that
critical and tricky. for 0% > g2, the optimal solution of (13) is unique and
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exactly zero. In particular, for the case wheBeBT, i = b) Solve xX*¥ G2 , = argming.y .. f(x¥*¥,02) and let
1,---,p, are nonsingular, lek = inf{s/B[ (s, —YYT)B; > 0}, oki1 = F(RH 62, ). Check if (ki1 — 00)/00| > On:
i=1---,p, and assume without loss of generalityo = if yes, stop and select as the best sparse pattern; if
& >0 >0 > > . Then for eachi =0,--- ,p—1, if otherwise, sek = k+ 1 and go to step a).

2 . . .
0”& (A1, (.;]’ every locally optimal solution of (13) ComamSHere, the threshold;, is a tuning parameter and can be tuned,
at leastp—i zeros.

Proof: Denote the objective function of (13)€-9- Dy cross validation.
by f(x). Then for eachi = 1,---,p, Oxf(x) = Both MKRM-BIC and MKRM-H1 rely ongZ, the estimate
Tr{BIZ(x) " 1(Z(x) —~YY")Z(x)"!Bi}. Note that x is a of 0 by maximizing the marginal likelihood (19), which can
stationary point of (13) if for each = 1,---,p, either however be very inaccurate. It can even happen &gat 0
DXif(X).: 0 for % >0 or DXif(X) >0 for i = 0. For pecause there can exist nonzersuch thaty” ,xBiB/ has
convenience, defineof,, = inf{s|sh, — YYT - 0}. Then jgenical contribution a&?l,, onZ(x) in (16), see [45, Section

2 2 -
];)nr axny>ao znadm%uzﬂ EJ%% >ha(1)s f(;r L?rflicrsj:e_oliiﬁiélps%rlll?tiog"c] for related discussions on basis selection probleros. F
yxX= P rt‘he segmentation problem in Section IV—ﬁg is often much

and is exactly zero. What's more, BB/, i =1,---,p, are .
nonsingular, smaller than necessary due to the use of the over-paramezteri
, model (23). In this case, the sparse pattehin (19) is very
Oy f(x) = Tr{B £(x) "1(BiB ) 'BiB] ( Y XBBY + 02l inaccurate, and hence MKRM-BIC and MKRM-H1 should not
K=1 be used. As suggested in [45, Section 3.C] for basis setectio
—YY"BiB! (BB ) 1=(x) 1B} problems, an alternative way is to tune the sparse pattexn of

) ) by tuning o2 and solving (13) accordingly, which is possible
For eachi =0,---,p—1, if 0® € (8:1,8], Uy f(X) >0 for by noting Theorem 4.1 and Remark 4.1. As for which sparse
j=i+1---,pandx>0, which implies all locally optimal pattern is more suitable, one can use application dependent
solutions have; =0, j =i+1,---,p. We thus complete the neyyistic [45], cross validation [19], and EMM [10] if pobs.

proof. o This heuristic method is referred to as MKRM-H2 below.
Remark 4.1it should be noted that no constraint is imposed

onny andp in Theorem 4.1. I, < p, as shown in [27, Thm.
1], for any 02 > 0, every locally optimal solution of (13) is B. Sparse dynamic network identification [19]
achieved at a sparse solution with at mostnonzeros. The
proof of this claim is a straightforward extension of thaf1i?,
Thm. 2] to the general multiple kernel (8). Theorem 4.1 a
this claim indicate that the negative log marginal likeblio r
minimization problem (13) has an inherent mechanism of y(t) = > Gj(a)uj(t) +v(b), (20)
favoring sparse hyper-parameters. =1

From Theorem 4.1 and Remark 4.1, we have the fOHOWirWherey(t)
efficient way to find a suitable sparse patternxpfwhich is

1) Problem statement and formulation:Consider a
nraauItiple-input-single-output (MISO) linear stable syste

andq are defined as in (1;(t) is the input for the
jth subsysten®;(q), andv(t) is a white noise with mean zero

referred to as MKRM-BIC below. First solve and varianceo?, independent olij(t),j = 1,---,r. The as-
20 Ag — argminf (x, 02). (19) sumptior_1 is that ther_e e>_<ists an indeg setc {1,--- ,r} such
x 02 that the inputsi;(t) with j € .# do not influencey(t), i.e., the

) ) _ correspondin@s; (q) are zero. The goal is to estimate the index
Then, setk= 0 and go to the next iterative steps: set.# with a given data recorduy(t), -+, ur(t),y(t) } ;.

a) Determine**! as follows:x***l is similar tox* with o tackle the problem, subsyster@is(q), j = 1,--- ,r, are
the only difference thax**Y has one more zero thatpgdeled as FIR models

corresponds to the smallest nonzero elemendaf

n
b) Invoking (18), if logp(Y|.#)/p(Y|.#k1) >0, stop and G (g 6:) — gk — . —_— 1T (o1
selectxX as the best sparse pattern; if otherwise kset i(a.8)) kZlgk’J 956 =[on . 1)

k+ 1 and go to step a). _ ) . _ .
2) Two heuristic methodsNoticing the form of (18), we iK€ (4). Y = 51 Py ;6; +Vn whereYy,Vy are defined in
i is defined similarly asby by replacingu with uﬁ
M:

consider two heuristic methods that are also based on Sﬁ‘%éﬁntﬂgNﬁjroblem is tackled by using the following MK

marginal likelihood maximization. The idea of the first ose i

to solve (19) and select the sparse patté?has a reference,

and then trimx@ by removing the small nonzeros that has little®’”

influence on the marginal likelihood. This heuristic meth®d

referred to as MKRM-H1 and is detailed as follows. First\,\,herep(aj) =5M.cijR, aj = [Cl.ja"' ,cm,j]T, P=0,i=

solve (19) and letog = f(X%,5%). Then, set the thresholdq ... m are fixed kerels andg; ;>0 i=1--,m are

o, >0, k=0 and go to the next iterative steps: the hyper-parameters associated wakh If a; =0 for some

a) Determined**1 as follows:x**1 is similar tox® with j = 1,---,r, P(aj) = 0 and thusf; = 0, which indicates

the only difference thak**Z has one more zero thatG;j(q, éj) = 0. In this way, the problem is converted to a prob-
corresponds to the smallest nonzero elemendaf lem of finding a suitable sparse pattern of hyper-parameters

r r
<6 =argmini — Y o611 +0% 3 6P(ay) 6y (22)
) =1 =1

1
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2) Finding a suitable sparse pattern of hyper-parametershat the dynamics of system (1) changes at tire this way,
The regularization terrrﬁ:1 GJ-TP(aj)*lej in (22) is first the segmentation problem is converted to a problem of finding
embedded in Bayesian framework. Assunit) ~ .#'(0,0%), a suitable sparse pattern of hyper-parameters.

6 ~ ./ (0,P(aj)) and moreover, they are independent from 2) Finding a suitable sparse pattern of hyper-parameters:
each other. It can be shown that the MAP estimation problefine regularization ternyY ., ,(6& — &_1)"P(at) "1(& — 6-1)
argmay, .. g P(61,---, 6[Yn) is equivalent to (22). Noting the in (24) is first embedded in Bayesian framework. Assume
factorization of = LiL[,i = 1,---,m, the marginal likelihood V(t) ~ .#(0,02), independent oft ~ .4 (6_1,P(ay)), t =
maximization problem maximizg... o, p(Y|01,---,0ay) can n+1,---,N. Then it can be shown that the MAP estimation
be put into the form (13) wittpp=mr, no=N-n, Y =Yy, problem argmax_, .. g, P(6h+1,-,6n[YN) is equivalent to
x=[a] - arT]T and B(j_ymyi = ‘DL‘,—Li, i=1---,m (24). Moreover, the marginal likelihoog(Yn|Qny1, -+, aN) =
j=1,---,r. This problem is handled by using MKRM-BIC -# (0,K(0q1,---,an,0?)), where fort =n+1,--- \N—1,

and MKRM-H1 in Section IV-A.

Remark 4.2:In theory, single kernels (7) can be used to
tackle the sparse dynamic network identification problem. |

o2 0

K(at7 NG ) 0 K(at+l7"' ,GN,UZ)

practice, they however cannot be applied due to the difficult o))"

of the solution of the associated marginal likelihood maxi- + Pla)[ @) - @(N) ]

mization problem. To overcome this difficulty, the problem (p(N)T

was handled in [19] using a variant of KRM in [4], [5], > T 5

where SS kernels (7a) for different subsystems are assumed ~ <(ON:07%) = @(N)"P(an)@(N) + 0~ (25)

to have the samg in (7a), i.e., 0, ~ A7(0,c;P*(B)), | =

1,---,r. Moreover, exponential hyper-priorsopji.e.,p(cj) = Noting (25) and the factorization of the fixed kernels
yexp(—ycj) with y> 0 are imposed to enhance the sparsity — || T j = 1,....m, the marginal likelihood maximiza-

of c1,---, ¢, which is achieved by solving the MAP problemjon problem maximizg, , ....ay P(Yn|Qni1,---,an) can be
maximize, ... ¢ g P(C1,- - ,Cr, B[Yn) With a suitabley, tuned pyt into the form of (13) with p = m(N —n), no =

by cross validation. The non-convex MAP problem has nq _ n Y =W X-= [arT Lo amT and Bumii —
special structure and is handled by using a Quasi-Newtr[—)(S] on+t+1) - (p(;r\mTL. £—0.  Nen—1i—
algorithm. An important issue for the numerical algorithsn i1 "Xt m. The problem cannot belz’ hano7lled7 by usiné either
the availability of a good starting point, which is provideyla MKR}\A-.BIC or MKRM-H1. in Section IV-A, because solving

Bayesian forward selection algorithm. In contrast, emiplgy 19) often yields much smalleﬁg than necessary, and the

: . . (
the multiple kernel (8) and accordingly the MM Algorithm 3.1 F .
and implementation greatly simplifies the solution but gl sparse patterr” is thus very inaccurate. Instead, the problem

bl ; h thod in 119 is handled by using MKRM-H2 in Section IV-A.
comparable performance as the method in [19]. Remark 4.31n our notations, the segmentation problem was

formulated in [20] as

C. Segmentation of linear systems [20] R R N S
. . 6 - BN = i —o(t —6_ >0
1) Problem statement and formulatiorConsider system "N ﬁf?gjt:%l(yt OO )7+ lI&—6-all2y =

(1). The assumption is thabp(q) changes its dynamics at
certain time instants which are rare. The goal is to detext t
changes with a given data recoféy(t), u(t)) 1\ ;. .

SinceGp(q) may change at any time instant, we associal
with each time instant an FIR model with parameter vector
6, that is, V. NUMERICAL ILLUSTRATIONS

The proposed MKRM, MM Algorithm 3.1 and implemen-
tation are tested for the model estimation problem in Sactio

hich can be seen as a variant of Group LASSO. In contrast,
KRM induces sparsity in the hyper-parameter space, which
gturn results in sparsity in the parameter space.

yt)=ot)T@+v(t), t=n+1,---,N, (23)

whereg(t) is defined in (3) andk = [g1; G2t -+ gndT_ Il and the structure detection problems in Sections IV-B and
Define 6, = 0. Then the problem is tackled by using thdV-C. Before proceeding to the details, some common sedting
following MKRM: for all simulations are given.
Generic systemg&eneric systems should be representatives
N . . . .
Bri1,---, 6y = argmin (v — o(t)T@)2 of real-life systems in that the underlying system is notoo¥ |

B BNt 1 order but could allow good low order approximations. The
2(a _ T ~1/g _ generic system that will be tested is generated in the same
+o%(8—6-1) Pla) (B - 6-2), (24) way as detailed below. A SISO continuous-time system of
where P(ay) = Y™ CiP, or = [Cot, - .cmt]", B, i = 30th order is first generated using the commardss( 30)
1,--- Py, are fixed kernels in (8) and; >0,i=1,---,m, in MATLAB. The continuous-time systenm is then sam-
are hyper-parameters associated withIf o = 0 for some pled at 3 times of its bandwidth to yield the correspond-
t=n+1,--- N, then & = 6_1 and the corresponding terming discrete-time systemud using the following commands
0%(6,—6_1)"P(&) (8 — 6_1) would disappear from (24). in MATLAB: bw=bandwi dth(m); f = bws3x2xpi;
Therefore,a; # 0 for certaint =n+1,--- N, is an indication nmd=c2d(m 1/f,’ zoh’). If all poles of nd are within
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the circle with center at the origin and radius 0.95, set the. 6 kernels in the form of(G(q, éﬁe))(é(G(q, éﬁe)))T,
feedthrough matrix ofrd to O and save it as one generic ~ where G(q, 65°) are OE model estimates of order 2 to

system. 7 using theoe command in [46]. Note that for this kind
Unknown initial conditionsUsingy(t),t =1,--- ,n requires of fixed kernels, the factorizatiohj = 8(G(q, 63°)) and
the unknownu(1 —n),---,u(0), which can be handled in ni =1 in the derivation of (13).

different ways. For conveniencg(t),t = 1,---,n, will not Remark 5.1: Assume P = 6(Gi(q))(8(Gi(q))T, i =
be used for KRM for model estimation and MKRM for bothy ... m whereG; (q), i =1,...,m are some available model
model estimation and structure detection. estimates. Solving (11) yield§ = [¢1,--- ’ém}T, P(G) =
Implementation. All marginal likelihood maximization Zi”lléié(Gi (q))(é(Gi (@))T, and é'\FlQ _ Zi”llaiéié(Gi (@),
problems are tackled with the MM Algorithm 3.1 and ou{yhere a = (é(Gi (@) T (PyDLP(E) + 02|r571¢NYN, P —
custom interior-point method in Python using CVXOPT, Seg ... m. Sincea is a scalaré,\'f is a weighted average over the
Section 1lI-C. For MKRM, all initializations are randomlyimpmse responses of the model estimag&y), i =1, ,m.

generated in MATLAB ax(¥) =abs(5«randn(p, 1)) and That means for this multiple kernel, MKRM is closely related

2(0) _ _ . o . . .
0% =abs(5+randn(1)). with the composite modeling in [47]. It is also interestimy t
note that only some o6;i(q) actually contribute t(ﬂ,\'f since
A. Model estimation a is often sparse.

The three multiple kernels are denoted below by “DC-M”,
af CSS-M” and “OE(2:7)-M”, respectively. The noise varianc
e is estimated together wittr by maximizing the marginal
likglihood and the impulse response estim@feis computed

1) Data-bank of test systems and data sdtke data-bank
consists of four collections of 1000 generic systems and d
sets: D1, D2, D3 and D4. For each generic system in D1, t

associated data set contains 210 data points and is gether : ) )
as follows: simulate the generic system with an input whickccording to (5b). The proposed approach is compared with

is white Gaussian noise with unit variance, and an outptit€ KRM [4]-[6] with kernels (7) where the implementation
additive white Gaussian noise whose variance is one tenthid{#8] is used. Itis also compared with the ML/PEM (toe ,
the variance of the noise-free output. D2 is generatedaityil cOmMmand in [46] is used) equipped with both AIC (Akaike’s
as D1 with the only difference that the output additive whitformation criterion) and cross va.l|dzf1t|on (CV) to seléloe
Gaussian noise has the same variance as the noise-free.oufj§ipt Model order testing orders 1:1:30. To evaluate various
D3 and D4 are generated similarly as D1 and D2, respectivefpProaches, the impulse response estimgige = 1,---,n,
with the difference that a band-limited random Gaussianadig &€ compared to the true ones by the measure
is used to simulate the generic system and moreover, each 100 ~ 2712
) . o z |gO_gk|2 1 100

data set contains 500 data points. The band-limited randorgy — 100 1 — | £k=1Zk Sk P =_— 0.

. . . . . 100 |0 _ ~0|2 9 1OOZQK
Gaussian signal is generated using the commiagidnput Yie1 19— & k=1

in [46] with band[0,0.8], where 0 and 0.8 are the lower and (26)
upper limits of the pass band, expressed as fractions of thikereW corresponds to the “fit” in theonpar e command in
Nyquist frequency. [46]. The results are shown in the following table where “AF”

2) Simulation setup and resultsThe order of the FIR denotes the average fit (26) and “NO” denotes the number of
model (2) is set to 100 and two multiple kernels (8) areutIAiFe‘Nros below zero for g@e a§§°Ci§§Edog(§.‘$§}A collection:

PEM-AIC PEM-CV DC-M  TCSS-M

generated based on the following collections of fixed kexnel —o1 80 889 8150 8210 8210 8660 8440 8440
D2 43.667 61.816 55925 56.16 54.324 61.10 63.20 63.70

- 54 DC kemels (7c). They are obtained by evaluating % i2izre swe oo oo o soay o e
(7c) on the grid withc=1, A =0.1:0.1:0.9, and It is interesting to study the distribution of the fits ovedin
p =—0.95,-0.65,-0.35,0.35,0.65,0.95. vidual data collections, which are shown by box-plots in.Fig
o 21 TC kernels (7b) and 8 SS kernel (7a). The 21 TE€. As can be seen from the table and Fig. 2, for all four data
kernels are obtained by evaluating (7b) on the grid witbollections there is always one multiple kernel, for whibke t
c=1andA =0.1:0.05:0750.81:002:093. The 8 MKRM outperforms the other approaches. Moreover, MKRM
SS kernels are obtained by evaluating (7a) on the gndth TCSS-M gives the overall best performance.

with c=1 andA =0.8:0.02:094. Remark 5.2:1t should be noted that for PEM-AIC and
In fact, P can also be constructed based on an availadt&M-CV, theoe command in MATLAB uses all data points
model estimateG(q). This idea is motivated by the form of {U(t),¥(t)}{L;. If all data points are used for KRM and

the optimal kernel that minimizes the MSE matd¥(65 — MKRM and the unknowni(1—n),---,u(0) are set to zero, the
90)(éNR— 60)"]. According to [6, Thm. 1]5[(@,5— %)(éﬁ_ performance of KRM and MKRM can be further improved.

6o)] is minimized atP°P' = 6,6 . So it is natural to construct For example, the average fit for MKRM with DC-M and
R = 6(G(q))(8(G(q)))", where8(G(q)) is the column vector TCSS-M increases from 84.4 to 87.1 and 86.9, respectively. |
containing the firsth impulse response coefficients 6f(q). IS also interesting to note that PEM works much worse for D3
Note thatG(q) can be either data-driven or data-free. Fgind D4 than KRM and MKRM. The reason is that with band
example, it can be an output error (OE) mot&t, 69¢) with  limited input, there is not full information in the data albou
a suitable order estimated based{arit),y(t)}} ,, see [1]. For the impulse response, and kernel-base_d re_gulqri_zatidnndet _
illustration, we consider the third multiple kernel (8) withe benefit from the smoothness assumption implicitly present i
collection of fixed kernels: the regularization.
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Fig. 2. Box-plots of the 1000 fits: Left plot for D1 (top) and @HRottom); Right plot for D3 (top) and D4 (bottom).

Remark 5.3:When using TC-M and TCSS-M, as the gridor not is correctly identified is summarized in the following
density increases from small to large, the performancestémd table, which shows that, MKRM works comparably as SSEH
increase but it will remain virtually the same after certagint and they all behave better than Group LAR.
even if a more dense grid is used. In fact, overfitting is adid Data Group LAR SSEH MKRM-BIC MKRM-H1
thanks to the use of the marginal likelihood maximization D> 83.5% 98.0% 98.3% 99.0%
for hyper-parameter estimation. What's more, even for rhode D6 81.7% 94.1% 90.6% 93.9%

estimation, TC-M and TCSS-M often have sparse hyper- Rtlalmarka 4F?LIN{KRN: Hbl the threslrljolf[d)h |s|ttuned Os? a b
parameters. For illustration, the average number of “aliv mall number of data Sets Dy cross vaiidation. 1t 1S reasena

fixed kernels in TCSS-M for the four data collections ark’ Nave smallewy for D6 because each data set has larger
3.92, 2.95, 5.20, and 3.58, respectively, where Ehén (8) noise and leads to smaller estimate of the hyper-parameters
with ’é_ >1é 5 is i,dentified a’s alive ' which in turn has less influence on the marginal likelihood.

( - .

|

B. Sparse dynamic network identification

1) Data-bank of test systems and data set$he
data-bank consists of two collections of 500 data 1) Test data set:First, two generic system$il and
sets: D5 and D6. Each data set in D5 contains 60® and a white Gaussian noise inputrandn( 500, 1)
data points and is generated as follows. First, 10 MATLAB are generated. The systenML is simu-

generic systems are generated. The commamed = lated with the inputu and the simulated output is de-
uni que(sort (randi (10, 1, 10), " ascend’)); Ind noted by ynfl. At the 301st time instant, the other

= ones(10,1);Ind(zlnd) = 0; in MATLAB is then System M2 is switched on and is simulated as follows:
used to generatend. Each element of nd describes if the Ynf 2=ynf 1(301) +si n{ M2, u(301: 500) ) whereynf 2
corresponding input or generic system has influence on tenotes the simulated output. Then gat =[ ynf 1; ynf 2]
overall output: “1” means true and “0” means otherwisé@s the noise free output. The measurement output is then
Those systems which have influence on the overall output &@llected by disturbing the noise free output with an output
simulated individually with an input which is white Gaussia additive white Gaussian noise whose variance is one tenth of
noise with unit variance. Then the individual simulatethe variance of the noise free output. In this way we get the
outputs are summed and the sum is regarded as the ovefgf data set which contains 500 data points and has thee&hang
noise free output. Further the noise free output is pertirbeccurring at* =301. The impulse response of the two generic
by an additive white Gaussian noise whose variance is op¢stems together with their difference and the profile of the
tenth of the variance of the noise free output. D6 is gendrat@€asurement output are shown in Fig. 3.
similarly as D5 with the only difference that the output 2) Simulation setup and result§he order of FIR models
additive white Gaussian noise has the same variance as (&) at each time instamts set to 100. The multiple kernel (8)
noise-free output. is generated based on 3 TC kernels (7b), which are obtained by
2) Simulation setup and resulthe order of all FIR mod- evaluating (7b) on the grid witb=1 andA =0.8:0.06:092.
els (21) is set to 100 and the multiple kernel (8) is generatds shown in Section IV-C, the problem is converted to a prob-
based on 6 TC kernels (7b), which are obtained by evaluatilegn of finding a suitable sparse pattern of hyper-parameters
(7b) on the grid withc=1 andA = 0.82:002:092. As and handled by using MKRM-H2 in Section IV-A. Since there
shown in Section IV-B, the problem is converted to a probleis only one change, we can simply tune the sparse pattern of
of finding a suitable sparse pattern of hyper-parameters amgper-parameters by tuniray and solving (13) such that there
handled by using MKRM-BIC and MKRM-H1 in Sectionis only oned; = [€1¢,C2t,Cat]T # 0 amongt = 101 ---,500.
IV-A. In particular for MKRM-H1, oy, is set to 8e-3 for D5 and That means that the system changes its dynamics at that time
3e-3 for D6. Here, MKRM is compared with the stable splinastant. It turns out that? = 6 is a suitable choice. From
exponential hyper-prior (SSEH) approach [19] and the grouipe profile ole 1Git, t=101---,500, in Fig. 3, obtained by
LAR [9], which are implemented as described in [19]. Theolving (13) witho? = 6, we see clearly the system changes
percentage of whether the inputs have influence on the outfistdynamics arount= 301.

C. Segmentation of linear systems
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Fig. 3. The impulse response of the two generic systems amddifference (left), the measurement output (middle) dredprofile ofzleém, t=101---,500,
obtained by solving (13) wito? = 6 (right).

VI. CONCLUSIONS some interesting maximum entropy properties [17]. In some

. . . .sense, they represent the least committing Bayesian priors

While kernel techniques have been used for quite some tlmﬁ y rep S ng baye P
when regularity and stability is the only information about

in linear regression model estimation problems in sta8sti . . .

. : . the unknown system. Hence, in the design of fixed kernels
and machine learning, they have only recently been mtreducfor system identification, the combination of TC and SS
in the system identification literature. This has led to salve ' iy -

L . . ... adopted by TCSS-M, appears a natural and efficient choice.
contributions on how to choose suitable kernels for idematifi Instead of SS. TC and DC kernels. different kernels could be
tion applications. In this paper we have discussed the useh?;%wever used'when more informati’on on the unknown system
multiple kernels and pointed to three distinct advantagiés w. . . . . . y
such a choice is available. For instance, when identifying relaxatiosteymns,
Firstly. th t.th handl timat ¢ del .t't could be advantageous to resort to kernels whose sediens

Irstly, that they can handie estimation of mModels wi ompletely monotonic (one example is the exponential Kerne
complicated dynamics, e.g., with widely spread time carista in [28, Eq. (4.2)])

be;ter chT W,;"':unef[.d Sl?g|e kfe:rr:e_ls. iahts b ... Motivated by the form of the optimal kernel in the sense
econcly, that estimation ot their Weights by maximizingy minimizing the mean square error, another way to design
the marginal likelihood has an inherent feature of favoringl .4\ ornels is to use rank-1 kerndéG(q))(8(G(q)))T, see

sparse optimal weights. Thi; method thus has an ?nte.restggction V-A, whereG(qg) can be either data-driven or data
potential for structure detection problems, such as finteg free. Design of data-driven rank-1 kernels is more involaed

most important links in networked systems, and segmematip o rested readers are referred to [49] for initial distuss

of tme-varymg systgms__ . o . An interesting research topic is how to construct multigiéad
T.hlrdly, the marginal Ilkellhood_maX|m|zat|on problem iSgeq rank-1 kernels in an efficient way and enrich the mutipl
a difference of convex programming problem, whose local S, TC and DC kernels with the data-free rank-1 kernels. In

optimal solutions can be found efficiently using sequenti%ct’ this topic is closely related with the compressivesaeg
convex optimization techniques. In particular, each sobpr %nd basis selection [12]

lem can be solved efficiently using an interior-point metho
where the cost of a single interior-point iteration grovmehrly

in the number of fixed kernels. Monte Carlo simulations show REFERENCES
that the locally optlmal_ SO!UtIOI’IS _|eac_j to QOOd_ performance) . Ljung, System Identification - Theory for the Usetpper Saddle
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