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SOME NEW RESULTS ON HIGHER ENERGIES

I. D. SHKREDOV

ABSTRACT. This article is concerned with the method of higher energies from com-
binatorial number theory. Upper bounds are obtained for the additive energies of
convex sets and of sets A with small |[AA| and |A(A + 1)|. New structural results,
involving the notion of a dual popular difference set, are proved in terms of higher
energies.
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§ 1. INTRODUCTION

The method of higher energies (or, in other words, the method of higher moments of
convolutions of characteristic functions of sets) was proposed in [20], developed further
in [22, 27] and, finally, found a series of applications in [10} 14} [15] 16} 21 25 26]. In this
paper, we obtain some new results in this direction, using the so-called operator method
(or method of eigenvalues) from [24], 25], which, for the convenience of the reader, we
recall in §H41

Our main results are contained in §§BH7 In §Elwe apply the method of eigenvalues and
obtain new upper bounds for the additive energy of some families of sets. For example,
we formulate a result which concerns the family of convex subsets (that is, images of
convex mappings) of R.

Theorem 1.1. Let A C R be a convex set. Then
(1.1) E(A) < |A]3%/13 10g T/ | 4],

Here, E(A) is the so-called additive energy of our set A, equal to the number of
solutions of the equation a; — as = ag — a4, where ay, as, a3, as € A. Equation (L)) was

2010 Mathematics Subject Classification. Primary 11B30; Secondary 11B75 .

Key words and phrases. Combinatorial number theory, higher energies, popular difference set.

This work was supported by the grant RFFI 11-01-00759, the Government grant RF 11.G34.31.0053,
the Federal Program “Scientific and Scientific-Pedagogical Personnel in Russia” 2009-2013, the Grant
for Scientific Projects Undertaken by Leading Youth Collectives 12-01-33080, and the Grant for Leading
Scientific Schools 2519.2012.1.

©2014 American Mathematical Society
31

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


http://www.ams.org/mosc/
http://www.ams.org/jourcgi/jour-getitem?pii=S0077-1554-2014-00212-0

32 I. D. SHKREDOV

obtained in [12] with the constant 5/2 in place of 32/13. This was further improved to
89/36 in [25], also using the method of eigenvalues.

The next section of this article contains so-called structural results. In additive com-
binatorics, the most important example of this type of statement is, of course, Freiman’s
remarkable theorem on sets with small doubling or, in other words, on sets with small
sum, which gives a complete description of the given family of sets (see [28]). Here we
mean something a little different by structural results. In our theorems, proceeding from
certain conditions on the set A (mostly on the higher energies of the set), it is proved
that certain subsets of A have small doubling or large additive energy. As an example of
this class of statements, we recall the strong structural theorem in [2].

In what follows, it is assumed that G is an Abelian group.

Theorem 1.2. Let A C G be a symmetric set, and let 79, o9 be nonnegative real numbers.
Assume further that A has the property that for every A, C A with |A.| > |A| the
additive energy satisfies E(A,) > E(A) = |A|>T™. Suppose that T4(A) < |A[*+370+o0,
Then there exists a function fr,: (0,1) — (0,00) such that f-,(n) — 0 asn — 0, and also
a number o > 0 and sets X;, H; C G, B; C A, forj € [|A|*~F0(@0)), with the properties
|H;| < |A|7'0+(¥+f7-0(00)7 1X;| < ‘A|1—To—20¢+fm(zfo)7
|H; — Hj| < |Hj|* /000 (X, + H;) N Bj| > |A|'~e=frolo0))
and, for alli # j, B; N B; = 0.
Here, T4(A) is the number of solutions of the equation
a; +as+az+ay=aj +ay+ay+ay, a,az,a3,a4,a],ay,as,a) € A.

In this article, we need to generalize the concept of the additive energy of a set: for
every s > 1, we set

(1.2) Eo(4d) =) [AN(A—uz)".
x
The values E5(A) in ([[L2) are precisely what we call higher energies.
We now formulate two of our structural results. Weaker variants of the first statement
were proved in [22] and [25]. From a certain point of view, results of this type may be
called optimal versions of the Balog—Szemerédi-Gowers Theorem; see [22].

Theorem 1.3. Let A C G be some set, E(A) = |A]>/K, and E3(A) = M|A|*/K?. Then
there exists a set A’ C A such that

(1.3) |A"| > M~ 10log™° M - | A
and
(1.4) InA" — mA'| < (M°log™* M) K| A'|,

for alln,m € N.

It is interesting that the generality of Theorem [[.3] permits the proof of a “nontrivial”
bound in Theorem [T} that is, an inequality of the form E(A) < |A]?/2~20 where g5 > 0
is an absolute constant. A similar reduction is valid also in the case of a multiplicative
subgroup Z/pZ, where p is a prime number (see Remark [6.2]).

We now state our second structural result.

Theorem 1.4. Let ACG be some set, Eg/o(A) = |AP/2 /K2 and T4(A) = M|A|" /K3,
Then there exists a set A’ C A such that
Al

1. A —_—
(1.5) | |>>MK
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and

73
(1.6) E(A") > — |A|

It is easy to see that Theorem [[4] is sharp (see, for example, Remark [GH). Our
condition on Egz/5(A) is, of course, stronger than the condition on E(A) in Theorem

The popular difference set is a simple and important object in additive combinatorics
(see, for example, [8, @, 28]). In §[7 we develop an idea due to Bateman and Katz [I], 2]
that every popular difference set corresponds to a certain other set, which we call the dual
popular set. As an application, our method allows us to establish a nontrivial connection
between the quantities E(A) and E,(A), for s € [1,2]; see Theorem [[.2] or Corollary
It is interesting that a similar relationship does not also hold for s > 2.

Finally, we note that the methods we use are entirely elementary, in the sense that
they do not use Fourier transforms.

The author thanks Tomasz Schoen, Sergei Vladimirovich Konyagin and Misha Rudnev
for fruitful discussions and explanations.

§ 2. DEFINITIONS

Let G be an Abelian group. If G is finite, then we denote its order by N. We define
two types of convolution in G:

(fxg)(x) =Y f(y)g
yeG

and

=Y fWgly+2) = (f*g°)(—2),
yeG
where we set he(x) := h(—z), for a function h: G — C. Clearly,

(fxg)(@) = (g f)(x) and (fog)(z)=(gof)(-x), forzeG.
We denote by *; the result of applying the first type of convolution k times, for k € N;
to put this another way, xg 1= *(*p_1).
In this article, we use the same letter to denote a set S C G and its characteristic
function S: G — {0, 1}. We denote the additive energy of two sets A, B C G by E(A, B)
(see, for example, [28]); in other words,

(AB |{a1+b17a2+bg ai,as € A, bl,bQEBH
If A= B, then we write E(A) in place of E(A4, A). Clearly,
(2.1) E(A,B)=> (A*B)(x)* =) (Ao B)(2)? => (Ao A)(z)(Bo B)(x).

x x x

Let
Ti(A) =) (Axe_1 A)*(2)

= |{a1+...+ak:a’1+...+a§€:al,...,ak,aﬁ,...,akeAH.
Also let
or(A) := (A *,_1 A)(0 ’{al—l— —l-ak:O:al,...,akeA}’.

We note that for a symmetric set A, that is, a set for which A = — A, we have o9(A) = |A]
and o9 (A) = Tx(A). If ¢: G — C is some function, then we write

UTP( )_0'1/17 Zlﬂ AOA (z).
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34 I. D. SHKREDOV

In this way, if we take another set P C @, then op(A4) is equal to op(A4) :=

> sep(AoA)(x). Similarly, Ep(A) := > p(Ao A)*(x).
For a sequence s = ($1,...,8k—1), we put

AB=Bn(A—-s)N...Nn(A-s,_1).
If B = A, then we write Ay for A4, Let
(22)  E(A) =) [AN(A-2)" =) (Ao A)(a)t = > A
x zeG 51€G,...,5,-1€G
and
(2.3) Ex(4,B) =) (AoA)(z)(BoB)(x)" ' = > B
zeG $1€QG,...,5,-1€G

be the higher energies of A and B. The first formulae of (22) and (Z3]) can be regarded
as defining the quantities Ex(A) and Ei(A, B) for an arbitrary, not necessarily integer,
k > 1. As above, for a set P C G, we write

EkP(A) = Z ‘ASlkv
seP
and for the set & from G*~1, we put

V(A= Y AP

(81500y8k-1)EL

Clearly,
Ever (4 B) = 3 (A0 A)(@)(B o B)(x)"
. (ZA<y>B<y+x1>...B<y+zk>)
(2.4 — E(Au(4), B,

where A(A) = Ap(A) :={(a,a,...,a) € AF}.
The quantities Ex(A, B) can be written in terms of the above convolutions.

Definition 2.1. Let & > 2 be a positive integer and fo,..., fx—_1: G — C be some
functions. Let F' be the vector (fo,..., fx—1) and x be the vector (z1,...,z5-1). We
denote by Ci(fo, ..., fk—1)(x1,...,Zk—1) the function

%k(F)(J?) = %k(fo, ey fk_l)(xl, ey mk—l) = Z fo(Z)fl(Z + acl) - fk_l(z + xk_l).
Thus, €2(f1, fo)(x) = (fiof2)(x). If f1 = ... = fr = f, then we write € (f)(x1,...,Tx—1)

for €. (f1,..., fe)(x1,. .., xp—_1).

In particular, (Ag(B) o A*¥)(21,...,2%) = Ger1(B, A, ..., A)(21,...,21), for k > 1.
The following lemma from [25] concerns the basic properties of the function

Gk fo,- s fe1)-

Lemma 2.2. In the above notation, we have

25) > Glfor-- fir)(@n i) Glgos g1 (@, )

L1yeeyTp—1

= Z(fo 090)(2)...(fi—10g1—1)(2) (the inner product).
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Furthermore,
S Glfo) . mea) .G fror) (@, m)
L1y, T1—1
(2.6) = Z G (for-- oy fe—1)(y1,. . yx—1) (the generalized inner product)
Y1y Y—1
and
(2.7) Z G(fo) (@1, ... zim1) (Gi(f1) o ... 0 G fr1)) (21, .. 21-1)
Llyeeey Ti—1

=> (foo...ofie1)'(2) (on for €).

Generalizing the quantities op(A), for P C G, for an arbitrary set & C GF~! with
k > 2, we define the sum

Ug«)(A) = Z %k(A)(Sl,...,Sk,ﬂ.

Let f1,..., ft: G — C be given functions. Their tensor product is defined by
(1@ fa®...® fi)(21,...,3¢) = fr(z1) fa(z2) ... filzr).

For the tensor product of one function f, we write
t
(f2) (@1, om) = [[ £)).
j=1

Thus, allowing some imprecision in the notation, we do not indicate the number ¢ in the
definition of the tensor power of a function. It is easy to see that

(2.8) (90 ) =(g"0f%) and (gxf)¥ = (g9 f%)
and, furthermore,
(29) %k?(fég)w"vf];@fl):%k(?(fov"'afk—l)'
For a natural number n, we set [n] = {1,...,n}. All logarithms in this article are

taken to base 2. We denote the usual Vinogradov symbols by < and >. We write </
and >, if the symbols depend upon some constant M.

For arbitrary functions f and g, the expression f < ¢g'T denotes the fact that for
every € > 0, we have f < ¢'7¢, and the expression f < ¢g'~ that for any € > 0, we have
f < 9176.

§ 3. PRELIMINARIES

We begin this section by recalling several standard facts about matrices. The first
statement that we need is the following lemma on singular value decompositions (see, for
example, [22]).

Lemma 3.1. Let n,m be natural numbers, with n < m, and let X,Y be sets with
cardinalities n and m, respectively. Let M = M(z,y), for v € X andy € Y, be an
(n x m) complex (real) matriz. Then there exist complex (real) functions u;, defined in
X, complez (real) functions v;, defined in'Y, and a nonnegative number \; such that

(3.1) M(z,y) = ZAjuj(x)Wv
j=1
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36 I. D. SHKREDOV

where {u;} for j € [n] and {v;} for j € [n] denote two orthonormalized sequences, and

(3.2)
_ [Muw||2 _ [Muw|| _ [Muw||2
)\1 = max s 9 = y ey n — .
w#0 H’LUHQ w#0, wlu; ||’LUH2 wH#O, wluy,...,wlun_1 ||’LUH2
Further:

e Mu; = \jvj, for j € [n].

e The numbers /\? and the vectors u; are all the eigenvalues and all the eigenvectors
of the matriz M*M.

e The numbers )\? and the vectors v; are n eigenvalues and n eigenvectors of MIM*.
The remaining m — n eigenvalues of MIM* are equal to zero.

o Wehave 377 N3 =37, IM?(z,y)| and

(3.3) Z Xp=> ’ > M(z,y)M(a', y)

xz, ! Y

2

For j € [n], we call {u;} and {v;} singular functions.

We now recall the well-known Perron-Frobenius Theorem on the principal eigenvalues
and corresponding nonnegative eigenvectors of nonnegative matrices (see, for example,
[11, Chapter 8]). We denote the spectral radius of a square matrix M by p(M).

Theorem 3.2. Let M be a real square matriz with nonnegative elements. Then the
eigenvalue p(M) corresponds to a nonnegative eigenvector. Conversely, if the matriz M
has a strictly positive eigenvector, then this corresponds to p(M).

We also need the convexity property of eigenvalues (see, for example, [I1]).

Lemma 3.3. Let M be a normal (n X n)-matriz with eigenvalues i1, ..., iy, and let f
be an arbitrary convex function of n real variables. Then
_max f((Macl,as1>, e (Ma:n,xn>) = max Ftiyy ooy tts,),
1s---bn 1yeeestln
where the maximum on the left-hand side is taken over all orthonormalized systems of
vectors x1,...,Tyn, and the right-hand mazimum over an arbitrary permutation of the
numbers 1,2,...,n.

We now recall some combinatorial results.
The first lemma we need is a special case of Lemma 2.8 in [27].

Lemma 3.4. Let A be an arbitrary subset of an Abelian group. Then, for any k,l € N,
we have

> E(As, Ay) = Egi(4),
with the sum taken over all s,t such that ||s|| =k —1 and ||t|| =1 — 1, where ||z|| denotes
the number of components of a vector x.

We also need the Balog—Szemerédi-Gowers Theorem; see [28, Chapter 2.5]. The
current bounds in this result are contained in [I9].

Theorem 3.5. Let o € (0,1] be a real number, and A and B be finite subsets of an
Abelian group, with |A| > |B|. If E(A, B) = a|A|?, then there exist sets A’ C A and
B’ C B such that |A’| > «o|Al, |B'| > «|B|, and

|A'+ B'| < a”5|A|.

We recall that a set A = {a1,...,a,} C R is called conver if a; — a;—1 < a;41 — a; for
all i € N with 2 <147 <n — 1. We have the following lemma; see, for example, [21], [12] or
[15].
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Lemma 3.6. Let A be a convez set, A’ C A, and let B be an arbitrary set. Then
(3.4) |A" + B| > |A'[*2|B|Y/2|A|71/2,
If we arrange the quantities (A xx_1 A)(z) in nonincreasing order,
(A1 A)(z1) > (Asp_q A)(z2) > ...,
then
(35) (Aot A)(a) < |AJ-5027 5 18,

In particular, E3(A) < |A|?log|A| and E(A, B) < |A| - |B|?/%. An inequality similar to
B3 also holds for the convolution o.

As noted in Li’s paper [I5] (see also [22]), sets A of real numbers with small mul-
tiplicative doubling behave very similarly to convex sets. More precisely, we have the
following lemma from [22].

Lemma 3.7. Let A,B C R be finite sets, and let |AA| = M|A|. If we arrange the
quantities (A o B)(x) in nonincreasing order,

(Ao B)(m1) = (Ao B)(z2) > ...,
then we have the inequality
(Ao B)(z;) < (Mlog M)?/3|A|Y3|BJ2/3j=1/3,

In particular,
E(A, B) < Mlog M|A| - |BJ3/2.

§ 4. OPERATORS

In this section, we describe a certain family of operators (finite matrices). The use of
these operators allows us to prove a whole series of inequalities from [15] 20| 21} 25], and
others, using a single method. In this part of the article, we also prove several lemmas
we need later on. We note that our definitions differ somewhat from those in [24]. In
particular, we do not use Fourier transforms.

Let g: G — C be an arbitrary function and A, B C G some finite sets. We assume
that |B| <|A]. We denote by T p the rectangular matrix

(4.1) T4 5(z,y) = g(z — y)A(z) B(y)

and by Tfl’ p(x,y) the other rectangular matrix

(4.2) T4 5(z,y) = g(z + y) A(z) B(y).
We shall describe the simplest properties of the matrices Tgﬁ g and ij - By Lemmal[3.T]
we have
|B|-1
fo, p(z.y) = Z )‘j(fo, B (@)v;(y),
j=0

and similarly for T9 5. Here, u;,v; are singular functions. We arrange the singular
:
values in nonincreasing order,

Mo(TH ) > M(TS 5) > ... > \p—1 (T4 p),
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38 I. D. SHKREDOV

and similarly for fo, - We call A\g the principal singular value and the functions ug, vo
the principal singular functions. It is clear that

(4.3) T4 (T4 5) (v, 9) = Bly)B(y)E3(A, 9,9)(—y, —v/),
(4.4) T4 (T4 p)* (. y) = BW)BY)6(A,9.9)(4,1).
(4.5) (T4 p)"TY pla,a') = A(2)A(2)%5(B, 5%, g°) (—z, —),
(4.6) (T4 p)'TY pla,2’) = A(y)A(y)5(B, G, ) (x,')

For a real function g, we have (Tg,B)* = T 4. For an even real function g, we have
(T p)* =T 4 Using Lemma BT} we find

|B|—1
> X(TE 5) =D lole — ) PA) B(y).
(4.7) s o
Y XTS5 =D lglz +y)*A(@) B(y).
j=0 T,y
Further,
Z M(TS ) = Bu)BW)|%s(A, 9.9)(~y, —)|
(4.8) =" A(@)A«")|63(B,g°, 9°) (—x, —a') |
and ’
Z M(TS ) = B@)BW)|%(A,9.9)(u.y)|”
(4.9) = Z A(as)A(J;/)|<53(B,§, 9)(x, .’L‘/)‘Q.

x, !

In particular, in the following lemma we find all the singular values and the singular
functions of the operators fo‘ 5 and Tﬁfg.

Lemma 4.1. Let A,B C G be finite sets with |B| < |A|, and let D, S C G be two sets
such that A— B C D and A+ B C S. Then the principal singular values and singular
functions of the operators TEB and Tf;,B are equal to Ao = (|A] - |B|)'/?

B(y) A(z)
vo(y) = |B|—$//2’ ug(z) = \A|—1/2’

and

respectively. The remaining singular values are equal to zero.

Proof. Applying formulae [@3]) and ([@4)), it is easy to see that
(T 5(TX 5)"B)(y) = By) Y (A, D, D)(—y,—y') = |A| - |B|B(y),
y'eB

(T, (T3 5)"B)(y) = Bly) Y Gs(A, S, 9)(y,)
y'eB
= |B|B(y)(A e S)(y) = Al - |B|B(y)-

Thus, vo(y) = B(y)/|B|*/? and Ao = (|A| - |B|)'/2. Hence

wale) = A)(IA1|B) ™ 3 B)D 0=
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SOME NEW RESULTS ON HIGHER ENERGIES 39

and
A(z)

|A|1/2’

uo(x) = A(2)(|AI"*|B) " (B o 8)(x) =

for TE) g and Tj g, respectively. By formula (7)), we have

|B|-1
Z X; =1A]-|B].
This means that all the remaining s1ngular values are equal to zero. (Il

We now apply an argument from [25, Proposition 28].

Lemma 4.2. Let A, B C G be finite sets, and let D,S C G be arbitrary sets such that
A—BCDand A+ B CS. Let 1 be some function on G. Then

(4.10) |AP0*(¢, B) < E3(A, B)o(¥*, D)
and
(4.11) |A]?0®(, B) < E3(A4, B)o(¥?,5).

Proof. We will prove the bound (@I1l), since the proof of ([@I0) is similar. We denote
the singular values of the operator T 27 g by A; and the corresponding singular functions
by u;, v;. Clearly, by Lemma 1] we have

|Bl—1

S(z+y)A Z Ajuj(x = Aouo(7)vo(y)-

Applying Lemma [£.1] once again, we ﬁnd
Y SaHy)Sa+2yly —2) = e(y — 2)ve(y)ve(z) = [Alo(v, B).
r€A y,zEB Y,z
Further,
YN S@+y)S(z+ 2 Zs (o — B)63(—A, B, B)(a, ).
z€A y,z€EB
By the Cauchy—Bunyakovskii inequality, we obtaln
(412)  |APo*(v, B) S Es(4,B) Y S(a)S(B)* (o~ B) = Es(4, B)o(v?, ),
a,B
as required. 0

Corollary 4.3. For any A, B C G, we have
(4.13) |APE2,,(B) < Es(A, B)E(B, A+ B) < Ey/*(4)Ey*(B)E(B, A+ B).
This inequality was obtained in [15].
Corollary 4.4. For any A C G, we have
AP < Es(4) 3 (A A)o(A£ A))(a).

r€A-A
This inequality is from [21].
We now consider the symmetric variant of the above operators.
Let g: G — C be some function and A C G an arbitrary finite set. We let T denote
the matrix

(4.14) T4 (z,y) = glz —y)A(x)A(y),
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40 I. D. SHKREDOV

and T (x,y) the matrix

(4.15) Ti(z,y) = g(z +y)Ax)Ay)-

The general theory of the given operators was developed in [24], and applications can be
found in [22| 24, 25 26]. We shall describe the simplest properties of the matrices T4
and TY. It is easy to see that T is Hermitian if and only if g(—z) = g(z) and TY is
Hermitian if and only if g is a real function. Below, we shall only deal with Hermitian
operators defined by real functions g. We arrange the eigenvalues in nonincreasing order,

lto(T2)| = [pa (TR = .. = [aj—1(T2)],

and similarly for T 4. We call po the principal eigenvalue and the corresponding eigen-
function the principal eigenfunction. By Lemma B.I] we have

(@16) 3 m(TH =g and 3 (T = 3 Aw)g(2a).

J

Further, in the case of Hermitian (normal) matrices T4, Tffl we obtain
(4.17)

Dol (THIF =3 lg(2)F(Ae A)(z) and 3 i (TGP =3 lg()(A+ A)(2),

Let fo, f1,---, flaj—1 be the sequence of corresponding eigenfunctions. Some results on
these functions can be found in [25].

Of course, the singular values of the operators T fx, 4 and the eigenvalues of the oper-
ators T, in the case when T is Hermitian, are connected by the simple formula

A (T3, ) = i (T4 41
The same equality holds for the operators Tg, 4 and Tg.

Example 4.5. One of the main reasons why the above operators were introduced was
in an attempt to use them to find additive subsets, richer than A. We consider a typical
example. Let A = HU A C Fy, where H is a subspace and A is a dissociative set
(basis). We suppose that |H| > |A|?/? and |H| < |A|. Then E(A) ~ E(H) and, by the
Courant—Fischer Theorem, A is not a principal eigenfunction of the operator T ;‘40‘4 since
E(A)/|A| < E(H)/|H| < E(A,H)/|H|. Thus, in this case, the support of the principal
eigenfunction belongs to H, and not to all of A. Another reason for the operator method
is the attempt to carry out “local” analysis. Of course, this is a strong distinction between
it and the method of Fourier transforms, which deals with the whole of the group G.

The proof of the following analogue of Lemma [Tl is almost word-for-word the same.

Lemma 4.6. Let A C G be a finite set, and let D, S C (i be arbitrary sets such that
A—ACDand A+ A C S. Then, the operators TR, T% have uy = |A|, fo(z) =
A(x)/|A|Y2, and all their remaining eignevalues are equal to zero.

Proof. We see that in both cases ug = |A| and fo = A(x)/|A|'/2. Further, by formulae
([@I6) and ([EIT) the eigenvalues of T and T¥ satisfy

Sy = A and 3|l = A2
J J

Thus, the remaining eigenvalues of both operators are equal to zero. O
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Remark 4.7. If, in [@I0) and [@II), we take a single set A = B and we set
P(x) = (Ao A)(x)/(Do D)(x) or ¢(x) = (Ao A)(x)/(S o §)(x),
then we obtain

(A O A)Z(:E) Eg A o A E3(A)
D oD@ < |A\2 and Z 5o 9@ = AR

xeD

A slightly more precise inequality was proved in [25].

In addition to formulae (£I6) and (£I7), there exists an interesting interrelation
between the eigenvalues juq(T9) and eigenfunctions f, of our operators. We denote the
average value of the corresponding eigenfunction by g, that is,

Jo = Z fa()
x
We shall formulate our result for the operators T9. It goes without saying that a similar
statement holds for T.

Proposition 4.8. Let g: G — C be an arbitrary function such that g(—x) = g(x). Then

(4.18) > Halgal? Zg )(Ao A)(x),
(4.19) > lnal® \ga\2= > lgo A)(x)

z€A

Further, if g is a real even function, then

1 3
(4.20) S alnosnl? 2 i (Sot a0 0 )
Proof. Formula (.I8)) follows from the definition of the operator T4, since (T§A, 4) =
> . 9(x)(Ao A)(x). To prove [@IJ), note that
fafa(x) = A(x)(g * fo)(2).
Thus,
(4.21) fhoGo = ZA (g% fa)(@).

Taking the square of formula ([@21]), summing the resulting equalities over «, and using
the orthogonality of the functions f,, we find

Z‘Ntle |goc|2 Z Z fa a ( z)g(a:’—z’)

a z,z’€A
Yo D gle—z2)gl@ —z) = (g0 A)(x)*.
z,x'€A z€A z€A

To prove ([{L20), we recall a useful inequality due to A. Carbery [B] (see also [6]),
namely,

(1.22) (Tho 2 < 1A 1A 3 T y) (§ ;m,a)) (§ (0, y>),
z,y a b
valid for T, f1, fo > 0. Since

=5 tafa(@)Faly)
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substituting T = T9 and f; = fo = A into ([£22)) gives us
3
(Z g(x)(Ao A)( ))
<IAP >0 pafa(@) fal <Z 115 fa(x > (Z 15971+ (y )

T,y «
= |A|2 ’ Z/La‘ﬂagap' U
«

Let t be a natural number. We denote the operator T9 A@, where the tensor power
of the functions g and A is taken ¢ times, by (T$)®. We call the operator that we
have obtained the ¢-th tensor power of T. It is easy to see that the tensor power thus
defined coincides with the usual tensor power. It is clear that if T4 is Hermitian, then
the operator (T9)® is also Hermitian. We will prove a result on tensor powers of the
operator T9.

Lemma 4.9. Lett be a natural number, and let g: G — C be an arbitrary function such
that g(—x) = g(x). Then the eigenvalues and eigenfunctions of the t-th tensor powers
(TH)® are given by all the possible products of t eigenvalues and eigenfunctions of the
operator T9. In particular, juo((T)®) = p&(TH).

Proof. Since g(—z) = g(x), the operator T is Hermitian. Let {f,}, for o € [|A4]], be an
orthonormal family of eigenfunctions of the operator T. Using (Z8) and the definition
of the operator TY, it is easy to see that the |A|" products of the form H‘j’ill fa;, for

a; € {0,1,...,|A] — 1}, are orthonormalized eigenfunctions of (T%)®. The lemma is
proved. O

It will be very convenient to formulate the results of [22] 25] in terms of eigenvalues
of operators. As an example, we state an operator version of Theorem 56 from [25].

Theorem 4.10. Let A C G be a set, g = po(T4°4), and E3(A) = Mu2. Suppose that
M < uo/(6|A]). Then there exists a real number r such that

A2 e _ AP

4.23 1<r<—max(AoA 2Lz < L pgpt/2,
(4.23) |Alm( (o) M <
and a set A’ C A for which
(4.24) |A'| > M~23/2p=210g7% |A| - | A
and

A 2
(4.25) [nA" —mA'| < (M°log® |A|)7("+m)r‘1M1/2u|A’|,

Ho

for all n,m € N.
We recall a lemma from [25].

Lemma 4.11. Let A C G be a set, g a nonnegative function, and let g = po(TY).

Then
2 Ho 15
4.26 A * ’
(4.26) | |>(§fo<f>> > e {po 0k
and
HgHz
(4.27) 1folloo 1o
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Ifg>0 and g = g1 09, then
lg1]2

(4.28) 1 folleo < *22.
Ho

The operator T g‘oA is the simplest example of a nonnegatively defined operator on
the set A. On the other hand, it is connected with the additive energy of A, since
|A|7'E(A) < po(T4°4) by Theorem Thus, it is natural to try to obtain bounds
for the principal eigenvalues of this operator. We use Lemma [LTT] for this. Other lower
bounds for the quantities po(T4°4) are contained in Theorem

Corollary 4.12. For any set A C G, we have

3 g

o /J’O(TA)
(4.29) po(TA°4) > max —F0024)
A 920 [|gl13 - lglloc

Proof. Let p = po(T9), and let f = fo be the corresponding eigenfunction. We will
prove an even stronger inequality than (£29), namely, that the given lower bound is
valid for (T4°4 fo, fo). We have

nf(z) = A(z)(g* f)(z),
so that

2 2
2 (Z f(x)) < (Zg<x><foA><x>) < g2 EA, £) < gl mo(T 4.

Applying inequality ([26) from Lemma LTI} we find

(;fmf e

which it was required to prove. (Il

To conclude this section, we recall Proposition 22 from [25] (or see the proof of Propo-
sition .8 above).

Proposition 4.13. Let A C G be a set, g1, g2 real functions, g5 = g1, and let {fo} be
the eigenfunctions of the operator T4'. Then
lA]-1

Yo e —ygle—2)g(y—2) = Y pi(T5)(TE fa, fa):
a=0

z,y,z€EA

§ 5. CONVEX SETS AND SETS WITH SMALL MULTIPLICATIVE DOUBLING

In this part of the article, we apply the techniques of §M to obtain upper bounds for
the additive energies of certain families of sets. We begin with a family of convex subsets
of R.

Theorem 5.1. Let A C R be a convex set. Then
(5.1) E(A) < |A]3%/13 10g T/ | 4].

Proof. Let E = E(A) = |A]’/K, E3 = E3(A), and L = log|A|. Using formula (33H) from
Lemma [3.6] with parameter k = 1, we obtain

(5.2) 277E <) AL
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where the summation is taken over all s: 271 A|K~! < |A,| < ¢K and where ¢ > 0 is an
absolute constant. We put

Dj={seA—A: 21 2|A[K~ < |A,| <27 Y AIK '},

where j € [I] and 2! < 2¢K?|A|7! < K2?|A|7!. Thus, it follows from inequality (5.2))
that

!
<Y Y Ak
j=1seD;,
By Dirichlet’s principle, there exists j € [I] for which we have

(5.3) 221 E< S AP < Dyl (27 HAIK Y)Y

seD;
Set D =D;, A = 2j*1|A|K* , and g(x) = (Ao A)(z)D(x). We consider the operators
T; =TY, T = TA p, and T3 = TAOA. It is clear that the elements of the matrices

Ty and (T3)*T3 do not outnumber those of T3. It is also clear that the operator T3 is
nonnegatively defined. By formula ([&.3]), we find

E
X <
(5.4) [A| fo(T1).
Similarly,
E
(5.5) A < po(T1) < (Tsfo, fo),

where fy > 0 is the principal eigenfunction of the operator Ty. Applying Proposition I3l
with parameters A = A, g1 = g, and go = A o A, we obtain

pi(T) < > gl —y)gla —2)(Ao A)(y — 2),
T,y,z€E A

since the operator T3 is nonnegatively defined. Further,

(5.6) o(T1) < Zg )(Ao A)(a — B)e5(A) (e, B).
The summation in formula (56 can be carried out over «, 8 such that
E2
(AcA)(a—pf) > ———————:=d

32L2| APES/?
In fact, on the contrary, it follows from ([@3]) and (@8] that

pa(Ty) < dA? - Z D(a)D(B)63(A)(a, B) = dA? - (Ty(T2)*D, D)
a,B

< dA?|D|uo(To(T2)*) < dA?|DIE/?,

and we obtain a contradiction in view of the definition of the set D and the inequality

B4). Thus,
27 (Ty) < > 9(@)g(B)(A o A)(a = B)E3(A)(a, B).

@,8: (AoA)(a—p)>d

By the Cauchy—Bunyakovskii inequality and Lemmas and 3.6] we find
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16(T1) < Es > (Ao A)*(a)(Ao A)*(B) (Ao A)*(a—B)
a,BeED: (AcA)(a—pB)>d

(5.7) < |A]PLA3? > D(a)(Ao A)(a)D(B)(Ao A)*(a— ) = |APLA® - 0.
a,B: (AcA)(a—pB)>d

We bound the quantities o in two different ways. We consider the sets .5;:

(5.8) S ={z:27'd < (Ao A)(z) < 2'd}.

It follows immediately from Lemma [B.6] that |S;| < |A|?/(2!d)3. Thus, for some i,

(5.9) o< L Y D(a)(AoA)(a)D(B)(Ao A)*(a—B) = Lo.,
a,B,a—BES;

and it is sufficient to bound the quantity o.. We put 7 = 2¢d and write S, for S;. By
Lemma [3.6] we have

(5.10) 0. < ATE(D, A) < At|A|-|DJ]*/2.
Further, applying the same lemma twice, and also the inequality |S,| < |A[]?/73, we
obtain

(5.11) 0. < 72> (Ao A)(a)(Do S,)(a) < T2|A|- [DI¥*]S,|¥* < 7714 A4 DA,

Combining the bounds (EI0) and (5I1]), and optimizing for the parameter 7, we find
(5.12) o, < AYP|AM/5| D/,

Returning to the inequality (&1, recalling (5.4) and (51), and substituting the latter
formula into (&.9]), we obtain

6

E
TA[PLS < pd(Ty) < |APL2A® - AV AM/5| DI/,

Accurate calculations, using (5.3)), give us

E \51/10

A[29/5+9/10 [ 2 AT/5
(\A|L) <4

Applying the bound A <« K, after a short calculation, we verify the inequality (G.1)).

The theorem is proved. O

Corollary 5.2. Let A CZ be a convex set, and let PA(0) = ZGGA o270 Thon
27
/ |PA(0)|* df < |A]32/13 10g TV | A).
0

Remark 5.3. The argument used in the proof of Theorem Blis sufficiently precise modulo
our current knowledge of convex sets. In fact, if we consider the special case where the
parameter 7 is 7 = A = K, and hence, by Lemma [B.6, we have |D| < |A[]>/K3, then,
calculating as above, we obtain the bound K > |A|7/13~ precisely. The same situation
occurs in the case of a multiplicative subgroup Z/pZ, for p a prime number (see [25]),
where the choice 7 = A = K gives K > |A]>/9~.

It is likely that similar reasoning will allow us to prove new upper bounds for the
values T (A) too, just as was done in [25]. We will not give the analogous calculations
here. It seems likely that even better inequalities for T (A) can be obtained by applying
the Szemerédi—Trotter theorem with weights.

We now formulate a general result on additive energies of sets with small multiplicative
doubling.
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Theorem 5.4. Let A C R be some set. We assume that |[AA| = M|A|, for M > 1.
Then

(5.13) E(A) < (M log M) /13 | A|32/13 10g 71/ | 4],
Proof. Let E = E(A) = |A]?/K, E3 = E3(A), and L = log|A|. By Lemma [B.7] we have
E3(A) < (Mlog M)? - |A]*log|A|. Thus, for small M, the quantities E3(A) are small,

and we can apply the argument from the proof of Theorem 5.1l Using the first inequality
of Lemma [377] we obtain

!
2PE< ) DAL
j=1seD;,
where D; = {s € A— A: 297 2[A|K~! < |A,| < 297 HA|K™'}, ¢ > 0 is an absolute
constant, and j € [l], 2! < (Mlog M)?K?|A|~!. By Dirichlet’s principle, there exists
j € [I] such that

(5.14) 2ATE < ) AP

s€D;
We put D = Dj, A = 297HA|K™! and g(z) = (Ao A)(x)D(z). We next apply the
arguments we used between (53)) and (57). Using the operators Ty = T4, Ty = T;;‘, D
and T3 = T4°4, formula (Z5) from Lemma 2] and the upper bound for Ej, we find

16(T1) < Es > (Ao AP () (Ao A*(B) (Ao A)*(a - B)
a,BED: (AcA)(a—pB)=d
< |APM?(log M)2LA3 > D(a)(Ao A)(a)D(B)(Ao A)?(a— p)

a,8: (AoA)(a—p)>d
= |APM?(log M)?>LA? - 0.
As in Theorem 5] the number d can be taken to be equal to E2/32L2|A\Eé/2. Using the
corollary to the first inequality in Lemma .7 namely, |S;| < (M log M)?|A|?/(d323%),
the second bound in Lemma 7, and applying the argument we used between (B.8]) and

EI2), we obtain
o < min {A7|A]- |D|3/2(M log M), 7= /4| A|**/4| D|3/*(M log M)*/?}
< AVA| A5 DI9/10 (M log M)M/5.
Thus,
;Tﬁm < |APL2A% (M log M)? - AY3|AI*/3| D|°/10 (M log M)H/®,
As in Theorem 5.1l accurate calculation gives us

(AE|L)51/10 < \A|29/5+9/10L2A7/5(Mlog M)21/5.

Using the inequality A < K(M log M)?, after some calculation we find
K> |A‘7/13L771/65(M IOg M)714/13,
as required. The theorem is proved. (Il

It is easy to see that Theorem [5.4] gives a better bound for the additive energy than
Lemma 377 (namely, E(A) < M log M|A[%/?) if, roughly speaking, M < |A|'/?~.
The following theorem was proved in [25].
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Theorem 5.5. Let A C R be a set, and let € € [0,1) be a real number. Assume that
|AA| = M|A|, M > 1, and

(5.15) [{z #0: (Ao A)(x) > |AI" Y| < (Mlog M)®/3|A| /6~ </* 10g%/% | A].
Then
(5.16) E(A) < Mlog M|A|5/?==/12 10g /2 | A].

Thus, Theorem [5.4] gives a better bound than Theorem if, roughly speaking,
M < |A|Y?2=13¢/12  Of course, the advantage of Theorem [54] lies in the absence of
the parameter € or, in other words, in the absence, in a certain sense, of a uniform upper
bound for the convolution of the set A.

We will apply the argument from the proof of Theorem [5.4] to another family of sets
A, namely sets for which the quantity |A(A + 1)| is small. Such sets were considered in
[10], where the following lemma was proved.

Lemma 5.6. Let A,B C R be arbitrary finite sets, and let 7 < |A], |B| be a real
parameter. Then

. -1 |A(A+1)P?|B?
It follows from the above lemma that, for every A C R, we have
EX(4) < [A(A+ 1)] - |A]/2,

Besides this inequality, a series of interesting results were proved in [I0]. Here we state
just one.

Theorem 5.7. Let A C R be some set. Then
EX(A,A(A+1)), EX(A+ 1, A(A+1)) < |A(A+ 1)[Y/2
All the inequalities in Theorem [.7] were strengthened in [25], in the case where an

analogue of inequality (G153 holds. We prove a result where this additional condition is
not assumed.

Corollary 5.8. Let A C R be some set, let a € R be an arbitrary number, |A(A+1)| =
M]A|, and M > 1. Then

(5.18) EX(A, A+ a) < MW/ A|32/13 165 71/65 | 4|,
In particular,
(5.19) EX(A) < M14/13\A|32/13 10g71/65 A

Proof. We put A’ = A + a, and now let the convolution have the cardinality of the set
{a1,a0 € A: z = alagl}. Lemma [5.6] gives us

EX(A)) < M?|AP log |Al.
We then apply the arguments from the proof of Theorem .4 |

§ 6. STRUCTURAL RESULTS

The results of §0l assert that if the quantity Es(A) is small and the set A has some
additional properties of “nonorderability”, then we can say something nontrivial about
the additive energy of A. We shall formulate a certain variant of this principle (see
Theorem [61] below). Using just the smallness of E3(A), we show that A has a structured
subset. Several results of this kind have been proved in earlier works; see [22] 25]. Our
new theorem is stronger than the earlier statements, in the sense that the requirements
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in it are minimal. From a certain point of view, results of this kind can be called optimal
versions of the Balog—Szemerédi-Gowers Theorem; see [22].

Theorem 6.1. Let A C G be some set, E(A) = |A]>/K, and E3(A) = M|A|*/K?2. Then
there exists a set A" C A such that

(6.1) |A"| > M~ 0log™® M - | A
and
(6.2) InA" — mA'| < (M°log** M) K| A'|,

for all n,m € N. Moreover, if s € (1,3) is a real number and Es(A) = |A|*T1/K571,
then, for all s € (1,3/2], there exists a set A" C A with the properties

(6.3) |A'| > M—(4=48)/B=8) (5 _ 1) 1og ™2 (M (s — 1)71) - |A]
and
(6.4) InA" = mA'| < (M5(s — 1)"2log® (M (s — 1)~1)) "™ K| 4/|.
Finally, if s € (3/2,3), then there exists a set A" C A such that
(6.5) |A| > M~ #4=249)/B=9)(3 _ )2 1og™ 2L M - |A]
and
(6.6) InA" = mA| < (MW5=259)/(3=9)(3 _ 5)=2016920 01) "™ g 47,
for all n,m € N.
Proof. Let
Es = Es(A) = AP Es = E3(A), L=2(3—s) 'log(dM(s—1)"1).

- Ks—17’
Since Ej is small, we can apply the argument in the proof of Theorem 5.4l We put
Dj={zeA—A: 272 |AIK™" < |A,| <2/ 'A|K'}.
It is clear that |D;|(2772|A|K ~!)3 < E3 and, consequently,
Es
(6.7) |D;| <« TAFK 5957
Thus,
l
(s — DEs < Y > AL,
j=1 s
where [ is bounded above by log M'/(3=%) = L. By Dirichlet’s principle, there exists
j € [l] such that
(6.8) (s—DLT'Es < Y A
seD;

We put D = Dj, A =27"HA|K™!, and g(z) = (Ao A)* ! (z)D(z). It follows from the
bound (G.8)) that

(s — 1]AIK
and
(s — DIAP
(610) GZD(A o A)(l‘) > W
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We next consider the operators Ty = T4, Ty = T;;"D7 Ty = TfC’A and apply the
arguments used between (5.3) and (5.7)). Using Corollary .12 we find
p5(T1) [DIPA®

6.11 Tsfo, fo) > >
(6.11) (Tafo Jo) 2 o gle > 74P

In the case s = 2 (see the proofs of Theorems (5.1l and [5.4]), we have o > po(T1). Further,
by Proposition and formula ([Z3) in Lemma [Z2] we obtain

(6.12) (s — 1od(Ty)o?
< Es > (Ao A)*2(a)(Ao A)*72(B)(A o A)*(a — B)
a,BED: (AcA)(a—pB)>d

CEAST Y (DoD)@)(Ao AP(),
z: (AcA)(x)>d

— (=D%ou(Ty) — _#(T) _ ;
where d can be taken as d = TN (and d = T2l AlEL? in the case s = 2). Applying

Hoélder’s inequality, we have

1/
> (Ao AP (2)(D o D)(x) < Ei“(Z(Do D>3<x>) < Es/*|D|Y/2EV3(D).

We put E(D) = u|D|?. Recalling ([6.12), we find that
MlA 4\ 5/3 .
(6.13) (5= DPb(T0o? < (Mg ) Av i,

We have A < MY/ 3=9)|A|/K. We begin with the case s = 2. In this situation, we have
o > up(T1). Doing some accurate calculations, we obtain

|DP?
MOL1A
By Theorem B (the Balog—Szemerédi-Gowers Theorem), there exists a set D’ C D such
that |D'| > u|D| and |D’ + D'| < p~%|D’|. The Pliinnecke-Ruzsa inequality (see, for
example, [28]) gives us the bound
(6.14) |nD' —mD'| < p~¢C+m™ D/,
valid for all n,m € N. Using the definition of the set D = D;, and also inequality (G.10)
(recall that we are in the case s = 2), we find x € G such that
(6.15) (A—2z)ND'|> plAIL7*M~1 > M~10L715 |4
We put A’ = AN (D' + z). Using (614), (613]), and also the definition of the set A, we
obtain, for all n,m € N,
(6.16)  |nA" —mA'| < |nD’' —mD'| < p~ T4} A AT <« pT 8 K A7),

and the theorem is proved for s = 2.
We now choose an arbitrary s € (1,3). Returning to (613]), using (€I1]), and carrying
out similar calculations, we find

E(D) = u|D® >

(s —1)Es 20/ 10—20 MIA* o/
6.17 e T S e V. T e
(6.17) (“Z <A e
We suppose that s € (1,3/2]. In this case,
(s —1)%
W= 520
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since A > |A|/K. We next repeat the above arguments. If s € [3/2,3), then inequality

E10) gives us

(s—l)ES 20/3 . - . ) M\A|4 5/3
( L|A| (Ml/(3 )|A|K 1)10 20s/3 < |A|10/‘3,U,1/3 e ,

since in this case A < MY/ 3=9)|A|/K. Minor calculations show that

1
M (45—255)/(3—s) [,20°
We next repeat the preceding arguments once more. The theorem is proved. O

It undoubtedly follows from inequality (6.I) and the condition E(A) = |A|?>/K from
Theorem 6.l that |A'— A’| > K|A’|. Thus, the factor K in inequality (G.6) is essential.
Of course, using the definition of A more accurately can improve the bounds (6.]) and

[62) slightly.

Remark 6.2. For every convex set A, Theorem gives an easy proof of a “nontrivial”
bound of the form E(A) < |A[?/27%0, where 9 > 0 is an absolute constant. In fact,
putting M = log|A| and using (4) from Lemma and the upper bound for the
energy E3(A) arising from this lemma, we see from Theorem [6.T] that the set A’ satisfies

|A|/* < |A+ A — A <r |AI*ET1(A),

and the statement is proved. Applying arguments from [2I], we can obtain an even
simpler proof. Indeed, for a subset A’ C A of such a large size, we have

| A2 <y |AT = A < |[APETH(A),

where 1 > 0 is an absolute constant, and we again find a lower bound for gy. It is
interesting that, in this case, the lower bounds on the doubling constants give upper
bounds for the additive energy.

The same proof also holds in the case of a multiplicative subgroup I" C Z/pZ, where
p is a prime number. In this case, it is necessary to apply Stepanov’s method (see, for
example, [I3] or [27]) or a combination of Stepanov’s method and the method, from the
recent works [20] 27] 25], for obtaining lower bounds for the doubling constants. We note
that a bound of the form E(I') <« |I'|?/2~¢ was already known; see [25], where the proof
uses another variant of the method of eigenvalues. Finally, any multiplicative subgroup
T of order || > p° is an additive basis of Z/pZ of order C(e) (see, for example, [7, B3],
and the general inequality from [I7] on sums of products). The same is also true for
arbitrary sets with small multiplicative doubling; see [4] (a more precise statement was
proved by Bourgain, consisting of the fact that, in the mean, the Fourier coefficients of
such sets have a nontrivial estimate). It also follows that we can derive a “nontrivial”
upper bound for E(T').

>

The above reasoning makes it easy to replace the condition on E3 in Theorem [6.1] by
a similar condition for E4. Due to the parity, the proof is even easier in this case. A
general result of similar type but with slightly different constants was obtained in [22];
see Theorem 54. We give a new proof here, since the following important Theorem
is obtained using almost the same arguments.

Theorem 6.3. Let s € [8/5,4) be a real number, A C G be some set, Es(A) =
|A|*TY/K*=Y and E4(A) = M|A|>/K3. Then there exists a set A’ C A such that

(6.18) |A| > M~ 65s79/=9) (4 — 5)010g75 M - | A
and
(619) \nA’ . mA/| < (M(4574)/(478) (4 o 3)75 10g5 Jw—)6(7l+7774)}—(—‘14/|7
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or all n,m € N. se (1, , then there exists a set - or which we have
f I N. If 1,8/5], th h 3 A C A f hich h

(6.20) |A'| > M3/4=9) (s — 1)51og (M (s — 1)71) - |A]
and
(6.21) InA' —mA'| < (M(s — 1)~ log®(M(s — 1)) "™ k|47,

for arbitrary n,m € N.

Proof. Let E4 = E4(A), and L = 2(4 — s)"'log(4M(s — 1)~ !). In the terminology of
Theorem [6.1] we have

(s—l)SuS(T1)<<< 3 g(x—y)g(y—z)g(z—w)g(w—x))

z,y,z, WEA
2
~ (3 @t nst)as -t - M) )
a, B,y
<Ei Y F@)g*(B—a)d* (v = B)g* (1)
a, B,y
< Ey- A¥T3E(D) < M[';‘;P - ABT8E(D).

Here,
g(z)=D(z)(Ao A)*1(z), T:=T9%, D=D;, A=2"HAK

We have 27 <« M'/(4=) and, consequently, A < M'/(4=%)|A|[K~'. We note that the
number j can be bounded above by log M'/(4=%) = . We put E(D) = u|D|*. After
accurate calculations, we find, in the case s € [8/5,4), that

|A]F \° AP \°  M|AP
<K5|IL < ((s— 1)K|571L < K3| AP APu
M|AP
K3
Thus > 1/(M@s=4/(4=9)[5)  We next apply the arguments used between (614) and
(618) in the proof of Theorem [611

If s € (1,8/5), then it is easy to see that > (s —1)°/(ML") . Repeating the above
argument, we obtain the required result. The theorem is proved. (I

<

(Ml/(475) ‘A|K71)5578|A|3u.

Theorems and can undoubtedly be generalized to higher moments. Neverthe-
less, such generalizations become weaker for large k, since it becomes necessary to deal
with Ty (D) rather than E(D).

Instead of this, we consider another characteristic of the set A, namely the energy
T4(A), and obtain a structural result in this situation. A similar statement has also been
proved in [22]; see Theorem 60. Theorem in the Introduction has a similar form but,
of course, starts from from weaker assumptions.

Theorem 6.4. Let A C G be some set, E/o(A)=|A[>/2/KY?, and T4(A) = M|A|"/K3.
Then there exists a set A' C A such that

/ |A]
(6.22) A > 7
and
A/|3
.2 E(4’ | .
(6.23) (A) >
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If s is a real number, s € (1,3/2], and the equality
Eo(A) = A /K
holds, then there exists a set A’ C A for which

—1)34

(6.24) PUES (57)21‘
MKlog" K

and

-1 8 A/ 3
(6.25) E(a) » AT

Mlog™ K
Proof. Let E4 = E4(A), and T4 = T4(A). In the terminology of Theorems and [6.3],
we have

2
< (X e gty - 2o - gl - o)
T, Yy, z,wE A
E 2 2 2 2 E T E MlAV
< Eyg- Z 9 ()g"(B—a)g™ (v — B)g"(7) < Es - Ty < Es- 03

@, B,y
Here, g(z) = (Ao A)* () and Ty = T. We put E4 = p|A|>. We first consider s = 3/2.
After minor calculations, we find > 1/(MK) . It is clear that
> D E(As A < > > AL Ay < 27%Ey.
st |A|<2-2ulA] st ]A,|<2-2ulA|

Thus, by Lemma [3.4] we have
(6.26) > E(As, A;) > 27'E,.

sit: |As], [A[2272p|A]
We put

_ E(As, Ar)

T A ) TAP AP

By inequality (6.26]), we have

27, < v YA A = B, (4),
s,t
and, consequently, v > 271uK. Tt follows that there exist s,¢ such that |Al, [A;] >
272p|A] and
A, 3/2 . A 3/2
E(As, Ay) > v A2 A PP2 > %
Applying the Cauchy—Bunyakovskii inequality, we obtain the required result.
Now let s € (1,3/2). In this case, we put g(x) = D(z)(Ao A)*~!(x), where the set D
is defined as in Theorems and We have

8
(s— 1)8(E|Z(é)> < EyT A% 12

where A > |A|/K and L < log K. Consequently, p > (s —1)%/(MLPK) . Repeating
the above arguments, we obtain the required result. The theorem is proved. O

Remark 6.5. The bounds in Theorem are sharp, as the example of the set A =
H 4+ A C Fy shows. Here, H < F7 is an arbitrary subspace and A is a dissociative
set (basis) (see also Example [[T] in §7). This set A corresponds to the case « = 0 in
Theorem There are also other, more complicated, examples which illustrate the
same point.
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Remark 6.6. The proof of Theorem [6.4] shows, in particular, that

Es2(4)\*"
(22 <e@mm

and

2k
(6.27) (Z“’GD((ZO AM)) < Ex(A) Ty (D),

for any sets A, D C G and an even natural number k. Special cases of the last formula
are contained in [22]; see Lemma 3 and Remark 61 there.

Remark 6.7. Theorem tells us that the set A has a subset A’ with large additive en-
ergy. So, by the Balog-Szemerédi-Gowers Theorem, A’ has a subset with small doubling,
just as in Theorem Remark gives an example showing that our theorem is sharp,
and, furthermore, the parameter « from Theorem is equal to zero. It is easy to con-
struct a similar counterexample, corresponding to the opposite situation o = (1 — 79)/2.
In fact, let Hy, ..., Hy, where k = [Kl/z], be some completely additive disjoint subspaces
of F} in the sense that |Hy + ...+ Hy| = |Hy|...|Hg| (see, for example, [I8]). We put
A= |_|];.:1 H;. Then T,(A) ~ |A]?*"1/K'"! and E4(A) ~ |A|*T!/K*/2, but, of course,
there are no nontrivial sets X; here. Thus, this example shows once again that, in terms
of the values E4(A) and T4(A4), our Theorem is sharp (even if E3/5(A) is smaller).
Of course, if there is information about the “height” of the set A (see [1l, [2] or §[),
then sets X; may also appear. An example with additive disjoint subspaces Hy, ..., Hy
is discussed in detail in the following section.

The special case of the theorems in this section, when the parameter s is equal to 1,
was considered in [25]; see also [22].

§ 7. DUAL POPULAR SETS

Let k& > 2 be an integer and ¢ € (0, 1] a real number. Suppose that we are also given a
set A C G. We call the set & C GF~! a (k, c)-dual (or simply a dual) for the set P C G
if

(7.1) cEf(A <ZP$— 7)A(y)

X Z ﬁ(zl, ez A@ +21) A+ zm) Ay + 1) - Ay 1)

Z1see3®k—1

We also say that the set P C G is a (k, c)-dual for the set &2 C GF~1 if
(7.2) cEZ(A) <> Pz —y)A(z)Aly)

X Z Pty zi—1) Al +21) . Ale + 2—1) Ay + 21) - . Ay + 2z1—1).
Z14eeesZh—1
Of course, a dual set defined in this way is not unique. We record the fact that &2 belongs
to the family of dual sets for P, as & = P*, and conversely.
Pairs of dual sets are very easy to find. For example, for any P C G, we can take
the set 2 = AF=1 — A;_1(A), and for arbitrary & C GF~1 the set P = A — A. We
consider other examples. Let P C G be a popular difference set, in the sense that

P={z:|A. " > Ex(A)(214P) .
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Then
(7.3) 27'Ex(A) SEf(A) =) JA.|F = Z A(z1) ... A(zk) Gt (P A) (21, .. 21).
zeP
If we take
P ={(z1,. ., 2k-1): Ce(A) (21, ..., 26-1) = Ex(A)(4]A[F) 7],
then

27%Ex(A) < 27'EL (A)
< Y Alm). - Al) P2 = 2k 2kt — 20) G (P A) (21, 21)

21402k
=Y Pz —y)A(x)A(y)
z,y
X Z P21y 1) Al +21) Al + 25-1) Ay + 21) - Ay + 25-1).
2143k —1

We have thus constructed a pair of (k,1/2)-dual sets. Similarly, we could have started
with the inequality

27EL(A) <EY = > C2(A) (21, ..., 25-1)

and then defined the set P, so as to again give the inclusion P = £2*. In the last two
examples, the sets P and &2 are popular difference sets. In this case, we say that P, &2 is
a pair of (k,1/4)-popular dual sets. In other words, P, &2 is a pair of (k, ¢)-popular dual
sets if

(74) cEn(A <ZP:::— ) A(y)

X Z @(zl,.. JZe—1) A+ 21) Al F zpm1) Aty + 21) - AY F Ze—)-

Z1yeesRk—1
The latter inequality clearly implies the bounds
cEr(A) <) |AL|F and  cEx(A) < Y GA) z e me)
z€P (214..0y25-1)EDP

Thus, the converse statement is also true in a certain sense.

We note also that if P, &7 are (k, ¢)-popular dual sets, then it follows from formulae
[23) and (29) that for every natural number ¢ the tensor powers P®, 2% are (k,ct)-
popular dual sets for A®. Another example of popular dual sets is that of the popular
dual sets of levels, that is, the sets

P = {s: 27 B (A) (2] A 1 < |A [P < 2TE(A) (24P )
and
P ={(z1,- - z61): 27T ER(A) AAF) T < Gr(A) (21, ze1) S2TER(A)(4]A]F) T,

in the sense that there exist 7, j € [L] for which P; and &?; are (k,272L~?)-popular dual
sets, where

L = L(A) =log(4]A"E; ' (4)).
In this case, we put

A = A(P) = A(A, P) = 2E,(A)(2|A]) !
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and
A*=A(P*)=A(A, P = 2jEk(A)(4|A\k)*1.

The case when k = 2 is the most interesting. In this situation, the dual formula

(7.5) > A@)AW)g(z —y)Es(h, A, A)(w,y) = > A@)A@y)h(z — y)Es(g. A, A) (2, y)

holds, where g, h: G — C are arbitrary functions. It follows from the above formula that
(P*)* = P, in the sense that the set P is a popular dual from the family of all popular
dual sets of P*. In this case, we write P* instead of & and also speak of c-popular sets
instead of (2, ¢)-popular dual.

Example 7.1. We consider the set A from Remark The popular difference set of
A divides naturally into two parts:

Py=H={z:|4,|=14|} and P,={zxe€(A-—A)\H: |A,|=|H|}.
It is easy to see that P, = P;, and conversely. We note also that for s > 1, we have

[H|- AP, i s>2,

ES<A>~|H~|A|S+|A2'H|S‘1”{ AR s <2,

Hence, any x from the set P; gives a greater contribution to the sum E;(A4)=)"_(AocA)*(x)
for large s, and x from P> a greater contribution for small s.

We now prove a basic result on the properties of dual sets. The most interesting
statement is the inequality (ZIT]), which points to a nontrivial connection between E(A)
and E4(A), for s € [1,2]. Further, the bounds (C7)-(7ZI0) and (ZI2) demonstrate the
existence of a different correspondence between characteristics of dual sets. It follows
from this, for example, that for any “connected” set A (we give an exact definition of
this below), there exists a set Q@ C A— A, for which we have Eq(A) > E'=(A) := |[A]?~ /K
and og(A) > |A|?>~/K'/2 (see [1], [2], or the corollary and proposition below).

We consider the Hermitian operator

(7.6) T(z,y) = A(x)A(y)
X Z P(z1y. oy zi—1) Al +21) . Ale + 25—1) Ay + 21) .. Ay + 2z1—1).

Z1see3®k—1
It is easy to see that T is nonnegative definite. It follows from formula ([£3]) that, in the
case k = 2, this operator is equal to (T4 yu)*Tﬁ e

Theorem 7.2. Let A C G be some set. In the above nmotation, there exists a pair of
(k,272L=2)-popular dual sets P, & such that

(7.7) AA* < 16Lpo (TG,

and

(7.8) EZ(A) < 161210 (TS )op(A)om(A),
(7.9) EZ(A) < 2°L33(TGY ) - Pl | 2],
(7.10) EZ(A) <16L*cp(A)o 5 (A)puo(T).

In the case k = 2, for any s € [1, 2],

(7.11) E(4) < puo(TA°4) ' ™E,(4),
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and if P* is c-dual to P, then
(7.12) PEL(A) <ope(A): > €R(A

z,yep
Proof. We first prove the required formulae up to additional factors (constants and log-
arithms) and then apply the method of exponentiation (see, for example, [28]); that is,

we replace A by A!, where t is a large integer, and rid ourselves of these factors by

taking the root of degree t. By formula (28], we have E;(A%) = EY(A), for any s. Ap-

plylng Lemma B9, we find 4o (T, AOA) ) = ph(T4°4). Finally, L(A") < tL(A), where
log(4|A\k+1E (A))

We prove the inequality (Z.7). Let P = P;, & = 2; be two (k,272L~2)-popular dual

sets, where L is the same as before. By the definition of the operator T and formula

[4), we have
(7.13) Ex(A)272L72 < pa(TE)N(T s fa)

(7.14) < po(TH) Y (Tfa, fo) = po(Th) - > Cr(A) (21,5 26-1),

e} (21,-,26-1)EZL

where the {fa}aeq ) are eigenfunctions of the operator TE. In deriving the last formula,
we used the fact that the set P is symmetric. Multiplying inequality (ZI4) by AA* and
applying the definitions of the sets P and &, we find

AA* < 16Lpo (THA) < 16Lp (TN ).

We now prove (8)), (Z.9) and (TI0). Multiplying (Z.14) by Aop(A), we obtain (T.g).
Combining (Z77) and (Z]), we have (). Returning to [ZI3) and using the Cauchy—
Bunyakovskii inequality, we find

ER(A)27 L <Y 2 (TH) - D (T fas fa)®
Now applying [@I7) and Lemma B3] we see that
EEA)2 117 £ 0p(4) D) £ op (o) 3 pa(T) = 024 (Aol

and the bound (ZI0) is proved.

When k = 2, we have A := min{A, A%} < (16Lpo(T4°4)) We can assume
that this minimum is attained in P*, since the opposite situation is considered similarly.
Hence

E(A) S4L? ) [A,[* S 4L*(A)?°Eo(A) < AL*(16L)' /2o (T 4°4) /€, (A).
xEP*

1/2

Using the method of exponentiation, we obtain (T.I1]). Inequality (ZI2]) is proved anal-
ogously. The theorem is completely proved. O

The example from Remark tells us that all the inequalities in the above theorem
are sharp. Furthermore, it follows from Example that the presence of the quantities
po(T4°4) is essential in the estimates we have proved

k—1
In Theorem [[.2] the quantity pug (T(A 4) ) appears. More precisely, we deal with
the principal eigenvalue o (T A), for some popular set P. The following lemma shows us
that this can easily be bounded on large subsets of the set A.
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Lemma 7.3. Let A C G be some set. There exists a set A’ C A with |A’'| > |A|/2 such

that
2E(A)
P/ < 7
for any set P C {x: |A;| < A} and an arbitrary real number A > 0. In particular,
2E(4)
(TAOA) < )
Al
Proof. Let

A = {x: ((A*x A)o A)(x) > %}

It is easy to see that |A;1] < |A]/2. We put A = A\ Ay, and let f be the principal
eigenfunction of the operator T%,. We also set po = po(T%,). We have

pof(x) = A'(x)(P* f)(x).
Summing over x € A’ and applying the definition of the set A’, we find

i 3 1) =2 f@)(PoA)(@) < AT f@) (A0 4) 0 A)(0)

—Alzf )((Ax A)o A)(z) < 12E Zf

as required. O

We need an analogue of one of the definitions in [23].

Definition 7.4. Let o > 1 be a real number, and 3,7 € [0,1]. A set A C G is called
(o, B, 7)-connected if, for any B C A with |B| > S| A|, we have

Eo(B) > ’y(%)zaEa(A).

Thus, the set in Theorem [[2] is a (2, 8, 7)-connected set with parameters 8,y > 1.
As was proved in [23], when o = 2 any set contains a large connected subset.

We shall obtain a corollary to Theorem [2] for connected sets A. Our inequality (ZI8)
below shows that, in this case, there exists a nontrivial connection between the quantities
E(A4) and E;(A4), for 1 <s < 2.

Corollary 7.5. Let A C G be some set, and B,y € [0,1]. Suppose that A is (2,08,7)-
connected, with 3 < 1/2. Then there exist two 2-5yL~2-popular dual sets P, P* such

that
. 28L%E(A
(7.15) AA* < TT)’
(7.16) L5209 AR < [P [P,
and
(7.17) L3227 13E(A)|A| < op(A)ap-(A).
Further, for any s € [1,2], we have
(7.18) Eo(A) > 272 |A['*/?E*/2(A).
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Proof. Let

2771vE(A) 27~vE(A) )
Pi=dag: 2 Ry 2R L L.

Applying Lemma [.3] we find a set A" C A with |A’[ > |A[/2 such that, for every j, we
have g (Tff) < QAL|AA)|' Here, as earlier, A; = %. By connectedness, we have
J

L
Y2PE(A) < 27'E(A) <)) (A0 AP (a),

j=1z€P;
and, for some j € [L], there exists P = P; such that
(7.19) ¥2PLTE(A) <27 LTE(AY) < ) (A0 AP (x) = Ep(A).
zeP
Of course, Ep(A") < Ep(4) < Aop(A).
We consider the set P* and put A = A;. It follows from inequality (ZI9) that the

sets P, P* are 27 %yL~2-popular dual sets. Applying the argument from Theorem
and the bound (I9), we obtain

2E(A
(7.20) 272 L 2E(A') < po(Th )op(A') < ﬁ -op-(A).
Multiplying the last inequality by A* and again using connectedness, we find
2E(A) E(A)

272L2AAE(A)) < 2E(A) < 25471E(A)

|A]
which gives us (Z15]) for the sets P, P* we have constructed.
Further, multiplying (Z20) by op(A) and recalling (T.I9), we obtain

¥27L2E(A)op(A)A < QTAA)
Using the definition of the set P and inequality (Z19]), we find
v27SL72E(A) - 42 SL7'E(A) < 2|E£1/|1)

which gives us the bound (I7). Combining (T3] and (ZI7), we have (Z.14).
Finally, applying inequality (ZIT]) of Theorem [[.2] we obtain

Al

-op«(A)op(A).

cop+(A)op(A),

2749E(A) < E(A) < g 2 (T4 Eq(4))

—s/
e (5 e

and this shows that (TI8]) holds. The proof of the corollary is complete. O

The example from Remark shows that the inequality (ZI8]) cannot be strength-
ened. In this situation, P = P* = L]?Zl Hj, and so it is natural to call the set A from
this example a “self-dual”. Such sets possess interesting properties. For example, by
the above corollary, the quantity op(A) is always large and A is small. The set from
Remark (see also Example [[1]) shows that even if A is connected, (ZI8) cannot
hold for s > 2. Thus, in this domain of values of the parameter s, the trivial bounds
Es,(A) < Eg, (A)|A[#2751, for so > s1, sometimes turn out to be sharp. Finally, Exam-
ple[@3ltells us that the inequality ([CI8) cannot hold for arbitrary A. Generally speaking,
in order to apply inequalities of the form ([T.ITl), we need the set A to be connected or
to have bounds on p(T4°4), and not simply on E(A)/|A.
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Thus, even for connected sets A it is not always possible to find a set P C A — A
such that, roughly speaking, Ep(A) > E(A) = |A]?/K and op(A) > |A]?/K'/?, but
A < |A]/K'Y?. Nevertheless, if lower bounds are known for E,(A), for s < 2, then
the inequality in Corollary can be strengthened. This is proved in the following two
statements.

Proposition 7.6. Let A C G be some set, s € (1,2] and 8, € [0,1]. Suppose that A is
(s, B,v)-connected, with B < 1/2. Then, for

Q — (235,}/71115)71/(571)Ei/(sfl)(A)‘A|7(472s)/(571)Efl(/1)7
there exist two Q-popular dual sets P, P* such that

(7.21) Eo(A)|APTTA(A*) 1 < 9¥s+34 1 [sHLIES (4)

and

(7.22) E2(A)|A[*~! < 205F 2 LS HES =L (A) ot (A) oo (A).
Proof. Let

27719E (A) o1 o 2Es(4) .
P, = {x: S <A S S o d€ (D)

Applying Lemma[7.3] we find a set A" C A with [A’| > [A]/2 such that, for all j, we have
,uo(Tf,j) < QAE(‘A)‘ Here, AS = gfﬂfliﬁg Using connectedness, we obtain

L
(7.23) 72 172E (A) < 27'EL(A)) < Z Z "o A)®
j=1zeP;
and so, for some j € [L], there exists P = P; such that
(7.24) V2B LTE(A) S 27 LTTEL(AY) < ) (Ao AT () = EF(A)).
zeP
Clearly, EF(A’") < EF(A) < A*~lop(A). By Hélder’s inequality, we have
(7.25) EP(A) < E5(A)o% " (A'),
Now let P* be a dual set to P. Then
4LE(A)
. N < L o fa) < —— o p.
(7.26) EP(A)72L§O;N04(TA)<TJ£ s fa) < AJA] T (4),

where the {f,} are eigenfunctions of the operator T%, and T is the operator defined by
formula (Z8) with & = P*. Using (24)), (C.25]), and the trivial upper bound for op(A),
op(A) < |A|?, we see that P and P* are Q-popular dual sets, where

Q — (238’7_11/9)_1/(8_1)Ei/(s_l)(A)‘A|_(4_2S)/(s_1)E_1(A).
Weput o0 = op(A) and 0* = op+(A). Substituting (Z26)) into (Z20)), in view of inequality
([C24]) we see that

(727) (A)As 1 < 245 1 1LS<EE:14|)>51(0—*)5102S'

Multiplying by ¢ and using (7.23), we find
E(A s—1
Ei(A) S 268+17_2L3+1 ( (A|)) (0'*)3_103_3,
and inequality (Z.22) is proved.
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Multiplying (T.27) by (A*)*~1(A)2~* and using the bounds
Ao < 2E(A), A*c* <2E(A),
we similarly have
E,(A)| Al TA(AY)S! < 29548, L [sHIES(4), 0

For example, if

AP

|A\5/2
E(4) = N Es/2(A) =

TOK1/2°
then it follows from (Z2I)) that min{A, A*} < |A|/K?/3. This is, of course, stronger
than the bound min{A, A*} < |A|/K'/?, which can be deduced from Theorem

assuming the presence of the corresponding bound on yio(T4°4)) or from Corollar
g g HolLa y

Corollary 7.7. Let A C G be some set, |A — Al < K|A| and let s € (1,2] be a real
number. Then there exist two

A 3
(7.28) (cLS)l/(S_l)K|E(|A) -popular
sets P, P*, where ¢ > 0 is an absolute constant, with the properties
K5 1E% (A
(7.29) A(A*) < L5t KT E(A)
|A|2s

and
(7.30) |A]P ! « K2V HES L (A)os (A)oso5 (A).
Proof. Let

PUAPT o 20AR Y

Pj={w1W<|Ax3 S it (0 J €L
Appling Lemma [73] we find a set A’ C A with |A’| > |A|/2 such that, for all j, we have
. j s—1
1o (Tf? ) < QAi(\i)l' Here, A‘;_l = %. Using Holder’s inequality, we obtain
E(4) > 2 AT

Ks—1
Then, for some j € [L] and P; = P, we have the inequality

Eo(A)) <20 |4,
zeP

We can next apply the argument from Proposition The lemma is proved. O

We now try to prove an analogue of Theorem under weaker assumptions on the
set A, namely, that it has only a lower bound for its additive energy. More precisely, we
obtain a lower bound for E4(A), and the existence of a structural subset A’ C A follows
from this in the same manner as in Theorem Our result is quite simple, and the
reasons why the method does not give the same bounds as in Theorem are discussed
after Proposition [7.8

Proposition 7.8. Let A C G be some set, E(A) = |A]?/K, and T4(A) = M|A|"/K?3.
Then

A]°
(7.31) E4(A) > 95 [,10/3 \f1/3 K7/3"
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Proof. Let P be a popular difference set such that
(7.32) E(A) <2L) |4,

zEP
From inequality (32)), we clearly have

(7.33) E4(A) > (8L) 'K TA?|AP3.
On the other hand, from the arguments in Theorem it follows that
E(4) \* 4 2 MIA[T
7.34 A)A*TL(A) < E4(A)A .
(7.3) (53 <E@aT <eal
Combining ([33), (C34), and optimizing for A, we obtain the required result. O

The example in Remark shows that the value K7/ in inequality (Z3I) cannot
be replaced by anything smaller than K2. The reason why we have precisely K? in
this example is entirely clear. Indeed, it is easy to see that, in this case, there exist
[KY/ 2] eigenvalues, equal, in order, to uo(T4°4), and our approximation of the sum
Do Ha 4 (T4°4) by one zero term is very rough. Simple calculations show that, using the
contribution of all [){/?] eigenvalues in the sum 3 ud (T 4°4), we obtain precisely K2.

The same example shows us that the approach connected with obtaining lower bounds
for E4(A) does not always work for determining the structural subset A’ C A. Indeed, in
the proof of Theorem we used Lemma [3.4] which says that E4(A4) = 3, E(4s, 4y).
But in our example, for a typical pair (s, t), the combined energy E(Ay, A;) is very small,
and therefore the intermediate arguments give almost nothing.

It would be interesting to find a better bound than (Z.31)).

Remark 7.9. The conditions in Theorem are undoubtedly stronger than those in
Proposition [[.8 This kind of inequality, namely a lower bound on E4(A), for s < 2, can
be interpreted as the closeness of A to a set with small doubling. Indeed, by Holder’s
inequality, all such inequalities are included in each other, and, on the other hand, if A
has small doubling, then all E;(A) are large, for s > 1.

To conclude this section, we consider another example of dual sets. Let

P ={z:E(A,A;) > |A,|*E3(A) -
Then, by Lemma 341
27'E3(A) < > E(A,A,) ZA Y)(Ao A)(z —y)Cs(P, A, A)(x,y).
zEP

The last expression is very similar to (IEI) As above, we define a popular set P* by the
formula P* = {z: [4,] > E3(A)(4E (4) _1}. Thus,

(7.35) 272E3(A) < Z Az Y(Ao A)(x —y)P*(z —y)C5(P, A, A)(x, y).

Applying the Cauchnyunyakovsku 1nequality for the bound (IEEI), we find
2E(A) <EF(A) Y (A
z,yeP
In particular, for a dual set P*, we have
> AL > Es(A).
reP*

Using formula (Z35]) for dual sets of this type, we can undoubtedly obtain an analogue
of Theorem
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