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Abstract

In the recent years we have seen many approaches to solve fractional programming
problems. In this paper, the linear fractional programming problem with interval
coefficients in objective function is solved by the variable transformation. In this
method a convex combination of the first and the last points of the intervals are used in
place of the intervals and consequently the problem is reduced to a nonlinear
programming problem. Finally, the nonlinear problem is transformed into a linear
programming problem with two more constraints and one more variable compare to the
initial problem. Numerical examples are illustrated to show the efficiency of the
method.
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1. Introduction

The fractional programming (FP) is a special case of a nonlinear programming, which is
generally used for modeling real life problems with one or more objective(s) such as
profit/cost,

actual cost/standard, output/employee,etc, and it is applied to different disciplines such
as

engineering, business, finance, economics, etc.

Ref .[3] gives a survey on fractional programming which covers applications as well as
major theoretical and algorithmic developments.

The linear fractional programming (LFP) is a special class of fractional programming
which can

be transformed into a linear programming problem by the method of Charnes and
Cooper[2].

The same problem can also be solved by adopting the updated objective function
method which was discussed by Bitran and Novaes[1]. Here we briefly illustrate the
technique of Charnes and Cooper to reduce an LFP into an LP.

The general extended form of a linear fractional programming problem is as follows:

A1 X1+ tapxp+agyq

Minimize
C1X1+"'+Ckxk+Ck+1
S.t
Aixy + -+ Apx, < b,
x1=20,..,x, =0, P(1)
where A;, for i =1, ...,k and b are m-dimensional constant column vectors.
Moreover we assume that:

C1X1 + o+ Xy + Ceyq > 0 forall xT = (x4, ..., x;) € X, where X is the compact

feasible region of Problem (1).
1
C1X1++CpXk+Cry1

For solving problem (1) by Charnes and Cooper, we set: z = , which

transforms problem (1) into the following linear programming problem:
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Minimize a1X1Z + -+ apxpz + ag 412
S.t
C1X1Z + -+ CpXpZ + 112 = 1,
Aixz+ -+ Apxpz— bz <0,
x1=20,...,x, =0,z >0. P(2)

By introducing variables y; = x;z for i =1,...,k, the problem (2) can be further
reduced to:

Minimize a Y1+t agyy + ageqz
S.t
c1y1 + o+ Vi + 1z = 1,
Ay, + -+ Ay — bz <0,
y120,..,y,=20,z=>0. P (3)

As we know, there are many phenomena in the real physical world in which the
coefficients are

not certain when they are modeled mathematically. So in such cases, it is much better to
select

coefficients as the intervals instead of fixed numbers. For example one of these
situations occurs when the coefficients are fuzzy numbers. In these cases if decision
makers specify a a-level of satisfactory, then the fuzzy numbers are transformed into
intervals [4]. Therefore in such situations we deal with interval mathematical
programming. Under these circumstances, In this paper, the linear fractional
programming problem with interval coefficients in the objective function is considered .
For solving the problem, a method based on variable transformation by Charnes and
Cooper and convex combination of intervals is used.

2. Formulation of the problem

The general extended form of a linear fractional programming problem with interval
coefficients in the objective function is as follows:

[ay,by]xq+-+[agbrlxe+[ags1,Dr41]
[c1,dq]xs++[cp,di)xr+[Chs1,dr+1]

Minimize

S.t
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A1X1 + e + Akxk S b,
x120,..,x, = 0. P (4)

it has also been assumed that
[c,dq]xg + -+ [c di Xk + [Crar, dies1] > 0 for all xT = (xy, ..., x;) € X, where X
is
the compact feasible region of problem (4).
For solving problem (4), we introduce variable
1
[c1,da]xq++[ck, Al X+ [Cht 1,k +1]
and then we have:

Minimize [aq, b]x1Z + -+ + [ay, b]xkZ + [ 41, Dr+1]Z
S.t
[er, dilxyz + -+ [en, diclxz + [crp1, disalz = 1,
Aixz+ -+ Apxpz— bz <0,
x4 20,..,x,20,z=0. P (5)

By introducing variables y; = x;z for i =1,...,k the problem (5) is transformed into
the
following equivalent problem:

Minimize [ay, bilys + -+ + [ak, brlyi + [Aks1, br+1]z
S.t
[cr, dilys + - + [cp, dilyi + [cher, dis1]z = 1,
A13’1 + o+ Ak}’k - bZ < 0,
y1=20,..,y,=20,z=0. P (6)

The linear combination of each interval yields to the following problem:

Min [Ma; + (1 —A)bylys + -+ [Akar + (1 — A)bi]yk + [Akr1ak41 + (1 —
Ak+1)bis1]z

S.t A1y1+"'+Akyk_bZS 0,

[Bici + (1 — B)dq]ys + -+ [Brex + (1 = B)dilyk + [Br+1Ck+1 + (1 — Bry1)dis1]z =
1,
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Y120,.,9,>0,2z>0,0<A,<1,.0<B<1fori=1,..k+1.
P (7)

The equality constraint in P(7) can be further reduced to

[B1y1(c1 —dq) + -+ By (ck — di) + Br412(Cher — Aer)] + diys + -+ dyy +
derz=1, (8)

since
y; =0 for j=1,.,k ,z=20,0<8;<1,(dj—c;))=0fori =1,..,k+1.

Therefore (8) can be written as:
11+ [Byi(dy —c) + -+ By (di — ) + Brs12(disr — k1) < 1+ y1(dy — ) +
et Vi (dye — ) + 2(djey1 — Cr1)
)

Combining (8) and (9) results:

1<dyy,++dpye +de1z <1+ y,(dy — ) + -+ yi(dy — i) + 2(dgs1 — Crs1)

(10)
which further reduced to:
d1y1 + o+ dkyk + dk+1Z >1 (11)
and
C1y1+ oty + i1z <1 (12)

Therefore on using (11) and (12), the problem (7) is transformed into the following
equivalent
problem.

Minimize [Mag + (1 —A)bylys + -+ [Akar + (1 — ) bilyk + [Aks10k41 +
(1 = Ag41)br41lz

S.t
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C1y1+ o+ Y + Cry1Z < 1,
diy: ++dpyr Hdiyz2 1,
Ay + -+ Ay — bz <0,
v120,..,7.=20,2z20,0<A4, <1 fori=1,...k+1.
P (13)

In addition, if we let (¥4, ..., Yk, Z) be a point of feasible region of problem (13), with
0<2;<1,(aq; —b;)) <0 fori=1,..,k+1, then the objective function in problem
(13) can be written as:

Ai(ay — b)yy + -+ (@ — b)Y + A1 (@1 — bri1)Z + biyy + -+ bV + bpyaz 2

(ay = by + -+ (ag — b)Yk + (k1 — bry1)Z + by yy + -+ by + by Z =
Gy, + o+ Ve + a2z

The right hand side of the above equality can be considered as a lower bound for the
objective function of the problem (13). Therefore, the problem (13) can be equivalently
written as:

Minimize  a;y; + -+ apYr + Ag412

S.t
C1Y1+ -+ Vi + Cry1Z < 1,
diy: + -+ dgyr T dg1z 2 1,
Ay, + -+ Ay — bz <0,
y120,...,y.,20,z=0. P (14)

The optimal solution (y;%, ..., V", z*) of the above linear programming problem is
same as the
optimal solution of the problem (3) which can be easily obtained by

v i
(Xl*, ...,xk*) = (Zl* B ,?)

Proposition: According to the fact that each fixed number a can be equivalently
written as interval [a, a], we can claim that linear fractional programming is a special

case of linear fractional programming with interval coefficients in the objective
function.



Solving linear fractional programming problems 3449

Proof: Problem (1) can be equivalently written as follows:
las,ailxs++lapaplxXe+[ar+1,00+1]
[cr,c1lxg++cpCrlxp+[Crr1,Ch+1]

Minimize
S.t
A1x1 + -+ Aka S b,
x1=20,..,x, =2 0. P (15)

The problem (15) is a linear fractional programming problem with interval coefficients
in the objective function which is transformed into the following problem:
Minimize a1y, + -+ agyr + ag12
S.t

C1y1 + o+ Vet 12 = 1,

C1y1 + o+ Vi t k12 2 1,

Ay + -+ Ay — bz <0,

¥y1=20,..,y,=20,z=0.

The combination of the first two constraints causes the following problem which is
same as P(3):

Minimize ays + o+ agyr + ags12
S.t
C1y1 + o+ GVt G2 = 1,
Ay, + -+ Ay, —bz <0,
y120,..,y, =0, z=0.

3. Numerical example

Consider the following linear fractional programming problem with interval coefficients
in the objective function:

[_3,—1]X1+[2,4]x2+[—2,_5]
[.5,1.5]x1 +[.5,1.5]x5+[3,5]

Minimize
S.t
—Xq + Xy < 2,
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2%, + 3%, < 14,
Xl—xz SS,
X1 Zo,xz > 0.

First of all, the above problem is transformed into the problem (14). Therefore we have:

Minimize =3y, + 2y, — 2z
S.t

S5y; +.5y,+3z< 1,
1.5y, + 1.5y, + 5z = 1,

-y +y,— 2z <0,

2y, + 3y, — 14z <0,
y1—y2—5z<0,
y1=20,y, =20, z=0.

The optimum solution of the above problem is y;* = .9091 ,y," = 0 , z* =.1818
with

The optimum objective function value = -3.0909.

For the sake of surety of the methodology, we select an arbitrary point within each
interval and solve the problem, we will show that the solution of these arbitrary points is
not as well as the optimum solution of the problem.

See the next numerical example:

_le+3xZ—125

Minimize
X1+x,+4
S.t
—x1 +x, <2,
2% + 3x, < 14,
X, — %y <5,

x120,x220.

The above problem is transformed into the problem (3) as below:
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Minimize -2y, + 3y, — 1.25z
S.t
yi+y, +4z =1,
-y +y,—2z<0,
2y, + 3y, — 14z < 0,
yi—Y,—5z<0,
yp=20,y,=20, z=0.

Now on solving above LPP we get the optimum Solution of the problem as:
y:* = 0.5556 ,y," = 0, z* =0.1111
With the optimum objective function = -1.25.

4. Conclusion

In this paper, we introduced a method to solve a linear fractional programming problem
with interval coefficients in the objective function. In the proposed method, on using
convex combination of the first and the last points of intervals instead of intervals and
also using variable transformation, the initial problem is transformed into a nonlinear
programming problem which finally is changed into a linear programming problem
which has two more constraints and one more variable compare to the initial problem.
The method is designed in such a way that each an every points of the intervals
examined for achieving the best possible solution for the problem.
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