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Abstract.

In this paper, we prove some sharp maximal function estimates
for the commutators related to certain generalized fractional
integral operator with general kernel and the BM O and Lipschitz
functions. As an application, we obtain the boundedness of the
commutators on Lebesgue, Morrey and Triebel-Lizorkin spaces.
The operator includes fractional Littlewood-Paley operators,
Marcinkiewicz operators and Bochner-Riesz operator.
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1 Introduction

As the development of singular integral operators(see [9][24][25]), their com-
mutators have been well studied(see [6][22][23]). In [8][22][23], the authors
prove that the commutators generated by the singular integral operators and
BMO functions are bounded on LP(R"™) for 1 < p < oco. Chanillo (see [2])
proves a similar result when singular integral operators are replaced by the
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fractional integral operators. In [3][10][19], the boundedness for the commu-
tators generated by the singular integral operators and Lipschitz functions
on Triebel-Lizorkin and LP(R")(1 < p < o0) spaces are obtained. In [1],
some singular integral operators with general kernel are introduced, and the
boundedness for the operators and their commutators generated by BMO
and Lipschitz functions are obtained(see [1][11]). In this paper, certain gen-
eralized fractional integral operators with general kernel are introduced, and
the sharp maximal function estimates for the commutator related to the oper-
ator and the BMO and Lipschitz functions are obtained, as an application,
we obtain the boundedness of the commutator on Lebesgue, Morrey and
Triebel-Lizorkin space. The operator includes fractional Littlewood-Paley
operators, Marcinkiewicz operators and Bochner-Riesz operator.

2 Preliminaries

First, let us introduce some notations. Throughout this paper, @) will denote
a cube of R" with sides parallel to the axes. For any locally integrable
function f, the sharp maximal function of f is defined by

# _
M*(f)(x) Z%B\@r/'f ~ faldy.

where, and in what follows, fo = |Q|™" [, f(z)dz. It is well-known that (see
[9][24])
MA@~ sint o [ 17(0) el

an ceC

We say that f belongs to BMO(R") if M#(f) belongs to L>(R") and define
1 fllBaso = [|M#(f)||z. It has been known that (see [20])

|f = fargllBMo < CE|| fllBmo-

Let
M(f)( —sup|Q|/|f )/dy.

Q3

For > 0, let M, (f)(x) = M(|f[")/"(x).
For 0 <np<nand 1 <r < oo, set

1 1/r
My (f)(z) = 21;1; <|Q|1—m/n/Q|f(y)| dy) :
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The A, weight is defined by (see [9])

4, - {w  Lhti) w1 / wwie) (o / w<x>-1/<p—”dx)pl < oo} ,

for 1 < p < oo and

Ay ={well (R"): M(w)(z) < Cw(zr),a.e.}.

loc

For B > 0 and p > 1, let Ff’OO(R”) be the homogeneous Triebel-Lizorkin

space(see [19]).

For 8 > 0, the Lipschitz space Lipz(R") is the space of functions f such that
[f(x) = f(y)

ipg — — < Q.
HfHLlPB wsylign ]x—y]f’ o0
z#y

In this paper, we will study some integral operators as following(see [1]).
Definition 1. Fixed 0 < § < n. Let F%!(x,y) be the function defined on
R™ x R™ x [0,+00) and b be a locally integrable function on R", set

FOUH ) (z) = / F'z,y) f(y)dy

n

and

Fi(f)(x) = / (b(x) — b(y)) F™ (z, y) f (4)dy

n

for every bounded and compactly supported function f.
Let H be the Banach space H = {h : ||h|| < oo}. For each fixed x € R", we
view F'(f)(x) and F'(f)(x) as the mappings from [0, 4+00) to H. Set

T () (@) = 1 (f)(@)]],

which Ty is bounded on L?(R"). The commutator related to F°! is defined
by

Ty (f)(2) = 15" () ()]
and F%! satisfies: there is a sequence of positive constant numbers {C},} such
that for any k& > 1,

[ Uty - Pl 1P o) — Pl e < C,
2ly—z|<|z—y|

and

1/q
( / (F (2, ) — F(a, 2)[] + 1Py, 2) — F“(z,xm)qdy)
2k|z—y|<|z—y|<2kt1]z—y|
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< Cp(28]z —y) 77,

where 1 < ¢ <2and 1/¢+1/¢ = 1.
Definition 2. Let ¢ be a positive, increasing function on R and there exists
a constant D > 0 such that

©(2t) < De(t) for t > 0.

Let f be a locally integrable function on R™. Set, for 1 < p < o0,

1 1/27
pp = su — Pd s
1711z zempd>0(¢(d) /Q ) y)

where Q(z,d) = {y € R" : |x — y| < d}. The generalized Morrey space is
defined by
Lp,go(Rn) = {f € Ll (Rn) . HfHprp < OO}

loc

If p(d) = d°, § > 0, then LP?(R") = LP°(R"), which is the classical Morrey
spaces (see [20][21]). If p(d) = 1, then LP?(R",w) = LP(R"), which is the
Lebesgue spaces.

As the Morrey space may be considered as an extension of the Lebesgue
space, it is natural and important to study the boundedness of the operator
on the Morrey spaces (see [4][7][8][12][17]).

It is well known that commutators are of great interest in harmonic analysis
and have been widely studied by many authors (see [22][23]). In [23], Pérez
and Trujillo-Gonzalez prove a sharp estimate for the commutator. The main
purpose of this paper is to prove the sharp maximal inequalities for the com-
mutator 7. As the application, we obtain the LP-norm inequality, Morrey
and Triebel-Lizorkin spaces boundedness for the commutator.

3 Theorems and Lemmas

We shall prove the following theorems.

Theorem 1. Let T? be the integral operator as Definition 1, the sequence
{Cy}el'; 0 < B <1,¢ <s<ooandb € Lipsg(R"). Then there exists a
constant C' > 0 such that, for any f € C°(R™) and Z € R",

MA(T())(@) < Cllbllzips (Ma+s5(£)(F) + Mps(T°(1))(@)) -
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Theorem 2. Let T° be the integral operator as Definition 1, the sequence
{2} el 0< B <1, ¢ <s<ooandbe Lips(R"). Then there exists a
constant C' > 0 such that, for any f € C§°(R") and © € R",

. 1 - -
o Hclf|Q|1—+ﬁ/n/Q |5 (f)(2) — ¢ dx < Ol|bllnip, (Mss(f)(&) + M (T°(£))(2)) -
Theorem 3. Let T° be the integral operator as Definition 1, the sequence
{kC,} €', ¢ < s <ooand b€ BMO(R"). Then there exists a constant
C > 0 such that, for any f € C°(R") and & € R,

MH(T()(@) < Clbllsymo (Mss()(F) + My(T°(f))(2)) -

Theorem 4. Let T° be the integral operator as Definition 1, the sequence
{Cx}el’, 0<B<min(l,n—90),¢ <p<n/(B+6),1/r=1/p—(B+I)/n
and b € Lipg(R™). Then T} is bounded from LP(R") to L"(R™).

Theorem 5. Let 77 be the integral operator as Definition 1, the sequence
{Ck} €}, 0<D<2"0< B <min(l,n—-29),q¢d <p<n/(B+9),
1/r=1/p—(B+35)/nand b € Lipg(R™). Then T} is bounded from LP¥(R™)
to L"?(R™).

Theorem 6. Let 7? be the integral operator as Definition 1, the sequence
{2"Cyel’, 0<B<1,¢d <p<n/d,1/r=1/p—3/n and b € Lips(R").
Then T} is bounded from LP(R™) to F/>(R").

Theorem 7. Let T° be the integral operator as Definition 1, the sequence
{kCy}y €', ¢ <p<n/d,1/r=1/p—3/n and b € BMO(R"). Then T is
bounded from LP(R™) to L"(R").

Theorem 8. Let 77 be the integral operator as Definition 1, the sequence
{kCy el 0<D<2", ¢ <p<n/§, 1/r=1/p—35/n and b € BMO(R").
Then 77 is bounded from LP**(R") to L™?(R").

To prove the theorems, we need the following lemma.

Lemma 1.(see [1]) Let T° be the integral operator as Definition 1. Then
T? is bounded from LP(R") to L"(R") for 1 < p <n/§ and 1/r =1/p—§/n.
Lemma 2.(see [19]). For 0 < f <1 and 1 < p < oo, we have

~
~

L

1 £l e =

1
S@gpw/@’f(x) — foldx

1
supinf—n/ |f(z) — c|dx
Q> ¢ |Q|1+5/ Q Ly

Lemma 3.(see [9]). Let 0 < p < o0 and w € Uj<pcood,. Then, for any
smooth function f for which the left-hand side is finite,

M(f)(@)w(z)de < C | M*(f)(x)w(z)dz.
R Rn

101
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Lemma 4.(see [2]) Suppose that 0 < <n, 1 <s<p<n/npand 1/qg =
1/p —n/n. Then
[1Myys(P)l|a < ClI ] r-

Lemma 5. Let 1 < p < 00, 0 < D < 2". Then, for any smooth function f
for which the left-hand side is finite,

HM(f>HL1W < C||M#(f)||LP#P-

Proof. For any cube ) = Q(zo,d) in R", we know M (xq) € A; for any cube
Q = Q(x,d) by [5]. Noticing that M(xg) < 1 and M(xg)(z) < d"/(|Jz —
xo| — d)™ if x € Q°, by Lemma 3, we have, for f € LP¥(R"),

/ M(f)(x)Pdx = M(f)(z)Pxq(z)dx

'I’L

< M(f)(x)" M(xqQ)(x)dx

Rn

IN

¢ M#( N@)PM(xq)(x)dx

o0

- c / M# ()P M(xo) @)z + Y /WWQM#<f><x>pM<XQ><x>dx)

M# pd M7# P |Q|
[ x+kz /M\M Doy )

C / M#(f) pdm+z )Pz—'mdy>

2k+1Q

IN
Q

VAN

IN

Cl|M*(f) WZ2’“” (2841 d)

o0

ClM#(f)|[700 D (27" D)ep(d)

k=0

IN

< ClIM*(f)lIe(d),
thus
( / M(f de) ( / M#*(f pd:c) "
and

1M (f)l|pre < CIMP(f)]|Lre-
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This finishes the proof.
Lemma 6. Let 7° be the integral operator as Definition 1, 0 < D < 2",
l<p<mn/dand 1/r =1/p—¢&/n. Then

17°(Nllzre < ClIfll e
Lemma 7. Let 0 < D < 2", 1 <s<p<n/pand 1/r =1/p—n/n. Then
1My (Nl Lre < ClIF[|zpe-

The proofs of two Lemmas are similar to that of Lemma 5 by Lemma 1 and
4, we omit the details.

4 Proofs of Theorems

Proof of Theorem 1. It suffices to prove for f € C§°(R") and some constant
Co, the following inequality holds:

ﬁ /Q I T2()@) = Col dz < Clbllins (Mosss(£)(E) + Moo (T(£))(@))

Fix a cube @ = Q(xo,d) and & € Q. Write, for f1 = fxaq and fo = fx20)

FyH(f)(x) = (b(x) —bag) F* (f) () = F¥ ((b—bag) 1) (x) = F*' ((b—bag) f2) (x).
Then

01 LI = (b = 1) o)
1
< — bag) ' (f) () ||dx + — [ [[F**((b—b d
‘Q|/H QP+ | 16— bag) )0
Fgp L I (0 = b)) = F( = bag) o)l
= [1+[2+[3.
For I, by Holder’s inequality, we obtain
SCE bl [
1/s
< g7 5 blo) — hugllQl (/ () o)
1 1/s
< Clbllza,| Q177 12Q17 Q=PI <W/Q|T6(f)(fﬁ)fsdx)
< I, Moo (T°(9))(0)

103
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For I, choose 1 < r < oo such that 1/r =1/s—d/n, by (L®, L")-boundedness
of T° (see Lemma 1), we get

o< (i - e @re) "

< clar ([ 106 - hos@ra)

IN

—1/r n S— n 1 S 1/5
ClQI" (1l aps [2Q17" [2Q] /o4O (W /QQlf(m)\ dl‘)
< Cbllips Mo1s,5(f) (7).

For I3, recalling that s > ¢’, we have

* _ St )
b g ) = bl @I )~ ) s

! / N / 8.t 5.t
Z Fo'z,y) — F(x0,y
‘Q| Q k=1 2kd§|y—$0|<2k+1d|| ( ) <0 )||

1 / Oo/ 5t 5
AT HF’(.%',Z/)—F’(SL'O,Z/)H
@ Q; 2kd<|y—zo|<2t+1d

X|bgkr1g — bag|| f(y)|dydx

IN

C . I,t J,t /e
< & E:(/ ||F’<x,y>—F’<xo,y>||4dy)
|Q| Q =1 2kd<|y—zo|<2k+1d

1/¢
‘ sup |b<y>—b2k+lg|(/ rf<y>|wy) dx
2k+1Q

ye2k+iQ

C o] 1/q
oo [ S lbs = el P54 Ca0) = PG )y
|Q| Q p—1 2kd<|y—zo|<2kt1d

1/q
Y ( / . \f(y)|"'dy) da
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IN

00
C Ch ok 4 —n/q'+d 2k+1Q B/n bl|1i 2k+1Q 1/q'—1/s 2k+1Q 1/s—(8+6)/n
Pg
k=1

1 . 1/s
X (|2k+1Q|1—S(ﬁ+5)/n /2k+1Q £ () dy)

+C Z Hb‘ |Lip,3 |2kQyﬁ/nck(de)—n/q’é|2k+1Q‘1/q’71/s’2k+1Q’1/37(ﬁ+5)/n
k=1

1 . 1/s
X (|2k+1Q|1—s(5+6)/n /2k+1Q £ ()] dy)

< Cl[bllLips Mps.(£)(E) Y Cr
k=1

< Clbl|Lips Mps,s(f) (7).

These complete the proof of Theorem 1.
Proof of Theorem 2. It suffices to prove for f € C§°(R") and some constant
Co, the following inequality holds:

1
[Q[r+B/m /Q T3 (f)(x) = Co| dx < C||bl|ip, (Mo (£)(F) + M(T°(£))()) .
Fix a cube Q = Q(xo,d) and & € Q. Write, for fi = fx2 and fo = fx(20)

Ey'(f)() = (b(2) =bao) F () (@) = F*((b=bag) f1) (x) = By (0—b2q) fo) (2).

Then

e /Q F () (@) — FO((bag — ) fo) (w0 |d

IN

W /Q 1(b(x) = bag) F**(f) ()] |da
+|Q|+5M/Q||F5’t((b—b2Q)f1)($)||d$

1 . y
g P (= ba) (@) — (0= bag) o))l
= IL+11+11s.

By using the same argument as in the proof of Theorem 1, we get, for

105
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l<r<oowithl/r=1/s—4d/n,

15

11,

11

IN

IN

IN

IN

IN

IN

IN

IN

IN

C 1/s
g S b(e) ~ bagllQl' 4 / [7°(f) o)

/ / /5101 e
1-8/n B/n 1-1/s 1/s 6 s
CLQI™ /1Bl |1 12017/ Q1) (,Q‘ / T |dx)
C||b]] Lipy M (T°(f))(),

1 1-1/r s . 1/r
|Q!1—+5/”|Q| (/Rn [T°((b = bag) f1)()] d:v)

¢ 1/s
|Q|1+5/”|Q|1 v (/n |(b(z) — b2Q)f1($)|de)

1 1/s
1-1/r ) B/n 1/s—8/n s
G bl il (i [ )
Clblls Mo (1)E).

|Q|1+ﬁ/n / /(QQ)C )= baall FIIIF*(2,3) = F¥ (o, )] dd

- F(S,t z,y) — F&,t To, Y
o ). Z / o ) = P
X |b(y) — bar+rg|| f(y)|dyda

1 / - / 5.t 5.t
e [ ) F*(z,y) — F*(0,y)
‘Q’lJrﬁ/n Q =1 2kd<|y—zo|<2k+1d H H
X|bgri1g — bagl| f (y)|dydx

C / > < / b b Ve
< [[F* (z,y) — F* (20, y)||"dy
Q|1 +A/m Q ; 2k d< |y—zo|<2k+1d

1/¢
x sup |b(y) — bar+1g) </ |f(y)|? dy) dx
2k+1Q

ye2kt+1Q
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C / =
T byrg — bao
|Q[1+A/m Q; ae

1/q
“(/ 1 (a,) = P )
2k d<|y—wo|<2k+1d

1/¢
“( ) W) e

CIQIP™ 3 Cul2Hd) 1+ 21 QI [ 1, |2 QI 0/

1 1/s

FO1QI™™ Y 11bl|ip, 2°Q17 " Cr(25a) /a0 2E A Q=
k=1

1 1/s
X (l2k+1@’136/n /2k+1Q |f(!E)| daj)

< O[]l ips Mss(£)(2) > 25C

IN

< Clbl| iy Ms s (f)(T). !

This completes the proof of Theorem 2.
Proof of Theorem 3. It suffices to prove for f € C§°(R") and some constant
Co, the following inequality holds:

ﬁ/Q T (f)(x) = Co| da < C||bl| a0 (Mso(£)(F) + My(T°())(F)) .

Fix a cube Q = Q(xo,d) and & € Q. Write, for fi = fx2q and fo = fx(20)
Fy (F)(@) = (b(x) =bag) F () () = F* ((b=bag) f1) () = F*((b—bag) fo) ().
Then

] / 1B (F)(@) = F*((bag — b) fo) (o) | da

IN

‘Q,/H b PN+ iy [ (b~ b))l

‘Q’/HF“ (b= b2q) f2) () — F*'((b — baq) f2) (wo)||dx
— IIL+ 11T, + 11,

107
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For I11,, by Holder’s inequality, we get

i xr)— S dx 5 x v
= (|c2|/Q'b” bual d) <|@|/'T 'd>

< C||bllBmoMs(T°(f))(F).

For I11,, choose 1 < p < s such that 1/r = 1/p—4§/n, by Holder’s inequality
and (L?, L")-boundedness of Tj, we obtain

i< (i [ ((b—bace)fl)(fﬂ)lrdﬂf)w

o ([ o= mawre)”

(s—p)/sp 1/s
Q" ( / o) - bmrp/“-p)da:) ( / ) |f(fﬂ)|sdar)

1 1 (s=p)/sp
c@k“p@ww@(@@/;wm—@mWWﬂm)
2

1 1/s
1/s—d/n s
X [2Q) (—\262\155/" /2Q |f(x)] dx)

— T — n 1 S 1/5
C||bl|paro|Q| /P (]2@]1—35/" /2Q|f($)| dg;)
< C|b||BrmoMss(f)(Z).

IN

IN

IN

IN

For 1113, recalling that s > ¢/, taking 1 < p < oo with 1/p+1/g+1/s =1,
by Holder’s inequality, we obtain

1 o0
m, < & / 3 / 1F (2, ) — F*(z0,)]|
Q1 Jo 5= Jaraspy—wo|<2r+1d

x[b(y) — bagl|f (y)|dyda
1 oo

1/q
—_ Fé,t , _ F(S’t qd
@l Ja ; </2’“dS|y—a:o|<2k+1d £ (. ) (o, y)||"dy

1/p 1/s
" (/Q b(z) = %V’dw) ( / " !f(y)\sdy) da

IN
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< CZCk(de)—n/q’—i—(Sk(de)n/p’|b|’BMO<2kd)n(l/s—5/n)
k=1
< (g [ 00 )
2HHLQ=5/m Joing y)ray

s 1 s Ve
CHbHBMOZka (2k )1V a+1/pr1/s) <W /2k+1Q If(y)] dy)

k=1

IN

< OllbllpmoMss(f)(@) ) kCy

< C|bllpaoMs,s(f)(2).

This completes the proof of Theorem 3.

Proof of Theorem 4. Choose ¢ < s < p in Theorem 1 and let 1/t =
1/p—d/n, then 1/r = 1/t — B/n, thus, we have, by Lemma 1, 3 and 4,

175 ()l < IM(T () < CIUMF TP ()]

Cllbllzips (1.5 (T° ()2 + 1 Mp65()]lr)
Cllbllzips IT° ()12t + 1 £l r)

ClIbl Lips || f 1]z

This completes the proof of Theorem 4.

Proof of Theorem 5. Choose ¢ < s < p in Theorem 1 and let 1/t =
1/p—d/n, then 1/r = 1/t — B/n, thus, we have, by Lemma 5-7,

IN N IA

1T (F)llere < IMTP(F)lzre < CIUMATY () 1re
Cllblips (1Mp,s(T9 ()l zre + 1| Mpys,5()ll e
ClIbl ips 1T ()l ztee + 1fll2re)

ClIbl Lips || f | oo

This completes the proof of Theorem 5.

Proof Theorem 6. Choose ¢’ < s < p in Theorem 2. By using Lemma 2,
we obtain

IN N IA

Il < C |lswp s / IT3(F) (@) = T ((bag — b)) o) da
LT‘
< Ul (LT + 105
< Olla (1T o + 11 ]22)
< 1] gl 15
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This completes the proof of Theorem 6.
Proof of Theorem 7. Choose ¢’ < s < p in Theorem 3 and similar to the
proof of Theorem 4, we have

Ty (Pl < IMTP ()l < CIMP(T) () i
Clbll o (IMo(T°(f)or + 1Mss()ll2r)
ClIollsaro(IT° ()| r + I1f |lzv)

C|[bl|saoll f | e

This completes the proof of the theorem.
Proof of Theorem 8. Choose ¢’ < s < p in Theorem 3 and similar to the
proof of Theorem 5, we have

T3 (/)]
< Clbllsao (IM(T° () zre + (1Moo (£)] e )
< ClBllsaoIT°(F)llzme + 1fllzre)
< Cl|bllzaroll fllLee-

This completes the proof of the theorem.

ININ A

e < IM(T(N)lere < CIMF(T(S))

L

5 Applications

In this section we shall apply the Theorems 1-8 of the paper to some particu-
lar operators such as the Littlewood-Paley operators, Marcinkiewicz operator
and Bochner-Riesz operator.

Application 1. Littlewood-Paley operators.

Fixed 0 < d <mn,e>0and p > (3n+2)/n. Let ¢ be a fixed function which
satisfies:

(1) fRn @D({E)dilf =0,

(2) ()] < O+ Jaf) =0,

(3) Wz +y) —d(x)| < Clyl*(1+[a])~ 01+ when 2|y| < |z];

We denote I'(x) = {(y,t) € R : |z —y| < t} and the characteristic function
of I'(x) by Xr(). The Littlewood-Paley commutators are defined by

b = ([ irnerd) ",

s =[f , meoorgt]”
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and

1/2
dydt /

)= [ [ [ Grmy) 1moewrg|

@ = [ (ba) = bw)in(e ~ )7 )y

where

) = [ (bo) =Dy - 2)d:
and ¥y (x) =t (x/t) for t > 0. Set Fi(f)(y) = f * ¢ (y). We also define

dt
1/2
') t”+

_ (//R (=) >|2ffjff> N

which are the Littlewood-Paley operators (see [25]). Let H be the space

_ {h: it = ([~ |h<t>|2dt/t)1/2 < oo}
{h 18] = (// iy dydt/t"“)l/:oo},

then, for each fixed z € R", FP(f)(x) and FP(f)(x,y) may be viewed as the
mapping from [0, +00) to H, and it is clear that

go(N@) = IF D@, go(H @) = IE) (@),
Sp(N@) = [ewF (D@ )], Se(FH) = |[xewFE )G

(;)/ () v)

t+ |z -yl

and

or

and

I

gn(f)(z) = ‘
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(;)Wf’t(f)(y)

5@ = || =y

It is easily to see that gf’p, S& and gz satisfy the conditions of Theorems
1-8(see [13-15]), thus theorems 1-8 hold for g7, S}, and g,

Application 2. Marcinkiewicz operators.

Fixed 0 < § < n, A > max(1,2n/(n +2)) and 0 < v < 1. Let Q be
homogeneous of degree zero on R" with [, , Q(2")do(2’) = 0. Assume that
Q € Lip,(S™'). The Marcinkiewicz commutators are defined by

i@ = ([T IRnE >|2f§)m,

// ) ]
I(z) tn+3

and
Syt ]
= [ Lo (i) o]
where
b Uz —y)
RN = [ o) ) sy
and
b Uy — 2)
(D) = [ 06 g T e
Set A —y)
Fy(f)(z) = / |<tmf(y)dy

We also define N
el = ([ 1B >r2dt) ,

d AN
(] [ ot
B t " - Jdydt\
= //Ri“ (m) 1E () ()l s :

and
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which are the Marcinkiewicz operators(see [26]). Let H be the space

H= {h Jh| = </Ooo ]h(t)|2dt/t3)1/2 < oo}
H=h|h| = </ /R |h(y,t)|2dydt/t"+3> T

Then, it is clear that

o) (@) = ([N @), pa(H)@) = IE) @),
(@) = |[xew F (D@ )], ms(H@) =[|xew P )]

or

and

)

b _ t A2 b T
(1)) = H(—H\x—y\) F(f)(a.)

It is easily to see that pd), & and p§ satisfy the conditions of Theorems 1-8
(see [13-15][26]), thus Theorems 1-8 hold for g, p& and p§.

Application 3. Bochner-Riesz operator.

Let 6 > (n — 1)/2, B()(E) = (1 - 2€P)F(€) and Bi(2) = 1B (/1) for
t > 0. Set

ni/2
a1 () = H (=) B

FL(D@) = [ (00) = b0 Biw ~ ) F )

The maximal Bochner-Riesz commutator is defined by

B3 (f)(x) = sup | B, (f)(2)].

t>0

We also define that
Bs.(f)(x) = sup | B} (f)(x)]

t>0

which is the maximal Bochner-Riesz operator(see [16]). Let H be the space
H = {h: ||h]| = sup |h(t)| < oo}, then
>0
By (f)(@) = |1B5,(F)@)ll, BIf)(x) =B (f)()]].

It is easily to see that B, satisfies the conditions of Theorems 1-8 with
§ = O(see [13]), thus Theorems 1-8 hold for Bj .
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