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SCALAR ONE-LOOP INTEGRALS
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Institute for Theoretical Physics*, — University of Utrecht, Netherlands
Received 16 January 1979

The completely general one-loop scalar one-, two-, three- and four-point functions
are studied. Also an integral occurring in connection with soft bremsstrahlung is consi-
dered. Formulas in terms of Spence functions are given. An expansion for Spence
functions with complex argument is presented. The whole forms a basis for the cal-
culation of one-loop radiative corrections in the general case, including unstable parti-
cles and particles with spin.

1. Introduction

With the advent of gauge theories, field theory, and in particular perturbation
theory have gained renewed respectability. In weak, electromagnetic and strong
interactions, even in gravitational interactions, diagrams are written down and cal-
culated, and not without success. However, the complications of gauge theories are
formidable and it is very hard to go beyond the simplest cases. Past experience is
mainly in the domain of quantum electrodynamics and very beautiful work has
been done in that domain. However most calculations of radiative corrections
concern essentially static quantities which allows the use of methods (such as
numerical integration over Feynman parameters) that are for one reason or another
not applicable in the general case. Further there exist calculations of e.m. cor-
rections to u-e scattering [1], e'e > x"u ", e’e »e’e and similar processes
[2, 3]. The diagrams occurring there are special in the sense that some of the
internal masses are zero, while other internal masses are equal to certain external
masses.

To cope with the complications of weak interactions the general case must be
considered. It is the aim of this article to derive a complete set of formulas needed
for the evaluation of one-loop diagrams with arbitrary internal and external masses.
Evidently, this is a quite technical subject, but that cannot be avoided. The lit-
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erature on this subject, in particular the four-point function, is rather limited. Wu
[4], studying the analytic properties of this function, quotes an explicit formula, but
we have not compared this with our results.

In successive sections we will deal with the expressions for the scalar one-loop
diagrams with one, two, three and four external lines. Diagrams with more external
lines can be reduced to linear combinations of these cases. For completeness an
integral occurring in connection with bremsstrahlung is also given. In various
appendices a number of technical details is given. In particular appendix A quotes
an expansion useful for the computation of Spence functions with complex
arguments. Appendix E gives some equations for special cases.

Particular emphasis is given to the required analytic structure of the amplitudes.
Since there are in general many (logarithmic) branch points there are cuts that must
be defined in a precise way. In regions of momentum space where no cuts ever
occur (such as Euclidean space) the expressions are simple to derive. In principle
the rest can be obtained by analytic continuation but in practice that is hard.
Therefore we use different expressions for different regions of momentum space,
some of which are considerably lengthier than others.

2. Preliminaries

In this section we will describe a few tricks and establish some conventions.
First there is an identity that holds for products of propagators. Consider the
expression

1

g+ +m)(q+p+hy+md)’ e
Multiplication of nominator and denominator with

(1-a)((g+p)*+mi) +allg+p+k)+m3)
leads to the identity

2 ,

((q+p1z+mhuz+p+k}2+m§}:f§1 1_{q+f}2+M21(t}:+:'+s,-?+M?)’ >
with

I=p+ak, M’ =a(l-a)k’+ami+(l-a)mi,

AM=a, s1=—ak, M,=my,

A=1-a, s;=(1-a)k, M=m. 23
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This identity can be used in several ways. If k is spacelike* then Af”can be made
zero with real a. If one of the masses is zero then things may be arranged such that
one Feynman parameter integral can be done easily. (For example, in eq. (5.2), if
f=m3=0 then the substitution y =xy’ makes the x-integration trivial.) If k or p
are timelike then there are two real solutions a;, > to the equation

P=(p+ak)=0.

The discriminant is (pk)*—p”k>. By going to the restframe of either p or k it is
seen that this is positive.

Thus any diagram can be written as a sum of two diagrams with either some
internal or external mass zero.

The above identity can also be used very effectively to test the correctness of a
computer program, because any one-loop diagram can be written as a combination
of other one-loop diagrams involving a free parameter a.It is important that «is
real because the usual procedure of Feynman parametrization, Wick rotation and
subsequent four-momentum integration works unchanged only for real a. In terms
of the expressions obtained after momentum integration the propagator identity
amounts to a transformation in the Feynman parameters, given below.

Let us now turn to questions concerning real and imaginary parts. Usually the
masses occurring are given a small imaginary part, i.e., m*—m*—ie. The propaga-
tor identity preserves this prescription, since we then also have M?*- M —je. After
evaluating the various integrals we will wind up with logarithms and di-logarithms,
and it is important to establish clearly some conventions concerning the singularities
of these functions.

The logarithms occurring in this paper have a cut along the negative real axis.
With this convention the rule for the logarithm of a product is:

In(ab)=Ina+Inb+n(a,b),

nla, b)=2mi{6(—Im a)f(—Im b)8(Im ab)—6(Im a)8(Im »)8(—Im ab)}. (2.4)
Important consequences are:

In(ab)=Ina+Inb, if Im a and Im b have different sign ,

Ingsin a—Inb, if Im a and Im b have the same sign.
If A and B are real then:

In(AB—ig)=In(A—ig')+In (B—ig/A),

* In our metric spacelike k implies positive k*. Further ks = iko, with k, real for a physical
four-momentum.
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where ¢’ is infinitesimal and has the same sign as . It is through this latter identity
that /e occurs in the final formulas occasionally without a direct association with
some mass.

The di-logarithm or Spence function is defined by

1

Sp{.r}=—J’d

0

; In [lr— xt) , 25)

where x may be complex. Some useful identities and a series development are
given in appendix A.
In working with Feynman parameters certain transformations of variables are
useful. Consider the integral
8(X x—1)8(x1)0(x2)0(x3)8(xs)
I'= -I- d d d d = =z .
B i [ZJ-’R?M*'ZM;'PEXI‘XI'F

(2.6)

—o0

This is actually the Feynman parameter integral for the one-loop 4-point function
to be evaluated later. The projective transformation

Ay

X = ’ (27)
ZA:'“!
(no summation over i) with real A; leads to*
A1A>ASANGS(Y u— 1] 8[(Ai/N)u;
fz_l-dw 1A2A3A, .ZHE‘)H [( zf }izi], 2.8)
lNJ [H;M,- "_Eh:f'q;';'“i“j]

with N=3% Au; and

M?=miAl, qi=@i+m;+m>)AA-miAT-m A}, (2.9

No summation over i and f is intended in the last two equations. To derive this we
first transformed x; = ui/Y uy, xa=A4(1-L w/A)/L uywith i=1,2,3,j =1, 2, 3,
4, and subsequently u; = A;u;. A minus sign due to the reversal of the direction of
integration of u4 with respect to x4 is included. If all A, are positive, one may
replace 8(Au;/N) by 68(u;) while N may be taken to be positive. The expression
assumes then the same form as the original expression. The transformed four-point
function takes a particularly interesting form if we choose A;=1/m;. Then all the
transformed masses are equal to 1, with

2 _pizr":'(mi"mi)z

i

mim;
Note that these A are positive, so no extra logarithms appear (see below).

* Without loss of generality A4 may be taken to be positive.
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If one or more of the A; are negative things are more complicated. First note
that the general transformation may be obtained by successive transformations of
the same type with all A; set to one except one of the A;. Thus consider now this
integral with A; =a <0, A,=A;=A,=1.0mitting the denominator we have:

1 'l—].'1 1=%,~x;
AN Aqu u
J‘dm J dxs j dxanJ‘dqafﬂfsizu—l)ﬂ(—ir—l)ﬂ(ﬁ)....
0 0 a

It is essential to keep track of the direction of integration under this trans-
formation. For instance:

a
0<xl<—l~ correspondsto 0>u;>-o0 and N>0,
-

a
—1<x1<1 correspondsto  ©@>u;>1 and N <0.
=

Also extra - sign in view of usintegration .

The result is:

—o0 1 1—uy l—uy—u,
[ J duﬁjdu{l I dis J dus a
4] o0 a Q
1 1-u, 1—uy=ly o0 1—u, 1-u;—u,
=Jdu1 J dus J dusa— J duy J- dus J dusa.
0 0 i} -0 0 0

The first term may be rewritten in the same form as the original integral. The
second term is new, and generally somewhat easier to evaluate. It gives rise to
logarithms but no Spence functions.

Another important transformation of variables is the following. Consider the
integral

1 x

1
d Jd 5 5 .
J. = “Tlax*+by*+cxy+..]
0 0

This is just another version of the Feynman parameters. Now make the substitution
y =y +ax. The result is

1 (1—cx)x

( 1
d dy ;
J- : -I J'[by2+{.: +2a)xy+...]

0 —ax
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where a is chosen such that ba”+ ca +a = 0. Further

1 (1—a)x 1 1—a)x 1 —xx
}‘dx j dy=j‘dx J- dy—de J’ dy
0 —ax a Q o Iy}
{1—a) 1 -0 1
= J dy J clx—J‘ dy J‘ dr.
0 vi{l—a) 0 —va

Trivial transformations lead to the same integration as before, but now with x and
y interchanged. However the term x” has disappeared from the integrand, and the
x-integration becomes easy. Actually this transformation is the Feynman parameter
equivalent of the propagator identity given above. Here it is evident that this
transformation requires either « real, or (more precisely) that there are no
singularities in the complex y plane in the triangle (0, —ax, (1 —ea)x), which is
evidently true if « is real.

The last equations in this section are meant as an illustration of the problems
involved with the integration of complex functions. Consider

1

![a,b)=J 2

ax+b'’

0

for arbitrary complex a and b. The primitive of the integrand is @ 'In (ax + b), and
if for 0<x <1 the argument can be negative real one must actually split the
integral. It is easier to first divide out a:
1 1
. 1 J‘ dx 1 b
I(a,b)=— ~—1n(x+2)|.
(6, 5) alx+bla a L
0 4]

No matter what the sign is of Im (b/a) the argument of the log never crosses the
cut for real x. Thus the answer is

I(a, b)z—l-[ln (l+£)-ln é:I ;
a a a

Since 1+b/a and b/a have the same sign for the imaginary part we may combine
the two logs to get
; 1 +b
I(a,b)=—In"=,
a b
which is in fact the standard result. The difficulty with the careless "direct" deriva-
tion is that it would give In (a+b)-In b which is not always the correct answer.
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3. The one-point function

The one-point function is given by

1 im"? t
—=—s3—731(1-3n).
Tmi—ie (M) (1-3n)

Alm*) = I dng—
q

As evidenced by this equation we used the dimensional regularization method.
Around » =4 we have:

A(m®) = —Am*=ir*m*+ir°m* In (m>—ie),
with
2700 5 \
A=- U ‘+t'§, d=m"(y=-Inm), ¥
n—4

The quantity & contains factors arising from the development of #"'*and I'(1—3#)

around n =4. The above equation may be considered also as the defining equation
for A.

4. The two-point function

The one-loop scalar two-point function is given by

1
(@ +mi—ie)(q+k)+mi—ie)

BWJm,mﬂ=Jdﬁ

1
=A—in’ J dx In (—k2x2+x(kX+mi—mD)+mi—ie).
(4]

Let now x; and x> be the roots of the quadratic expression occurring as argument
of the log. We have:

Bk, mi, ma)=A—im’[x In(—k*=ig)+(x—x1) In (x —x1)

+(x=x2) In (x —x2)—2x 15

=A—f:r2[ln(—k2—fs)+z In (1-x;)~x In > 1—1”,
with the same quantity A as defined in sect. 3. We used the fact that x;and x;
have opposite signs for their imaginary parts. If k* =0 there is only one root, and
In (= k*—ig) should be replaced by In (ma>—mi—ie). If in addition m; = m3 there
are no roots, and the expression in square brackets is simply In (m7 —ig). If also
mi=0 we have an infrared-divergent expression, to be treated in the appropriate
way.
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5. The three-point function

The one-loop scalar three-point function is given by
1
(¢ +mD)((q +p1)" +m3)(g +p1+p)* +m3)’
(GN))

C(p1, p2, my, Mz, m3) = J d.g

where we omitted the is. This is a function of 6 variables, i.e., pi p%, (prt pz)?,
m3, m3 and m3. Introducing Feynman parameters we get:
1 ®
C=ir" J’ dx j‘ dy [ax>+by* +exy +dx +ey +f7, (52)

0 0

a=-p3, b=-pi, c¢=-2ppa)=—(pr+p)’+pi+p3,
2
1

d=m3-mi+pi, e=mi-mi+pi+2(pps), f=mi—ie.

Performing the shift y = y'+ ax as described before we get
1

l-«a

d ;
i .[ y(c+2ab}(1—a)y+d+ea

0

b(1-a)’y*+(1—a)c+2ab+e)y+d+ea+f

X]n{b{l-—a}2+{c+2ab](1—a)}y2+{e(1—a)+d+ea}y+f

1
+_[d a bazyz—a(c+2ab+e)y+d+ea+f
; n . : ;
Y —(c+2ab)ay +d+ea {azb—r(c +2ab}a}y2+{ea+d—ea}y+f

0
(5.3)

with @ one of the roots of the equation
ba’+ca+a=0.

For the moment we suppose that a, b and ¢ are such that « is real. Then f is the
only complex quantity, having a negative imaginary part. Next we make the substi-
tutions y=y'/(1—-a) and y = —y'/a respectively, and note that the upper terms in
the logarithms become identical as well as the factors in front. Subsequently we
split up the logarithms with the result

l—a

1 »
Jl dy E{ln [by”+ey+f+N]-In [by3+eyc.+}‘]}

- 4

&
G D
i
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l—o

1
= J dy—{ In [:by2+ey +f+—LN]—ln [by§+ey0+;’]}
N l-a
0

o

+ J dy%{ In [by+ey+f—iN]—ln [by§+eyn+f]}, (5.5)
i o
0
N=(c+2ab)y+d+ea, yo=—(d+ea)/(c+2ab).

We have introduced an extra term in each of the integrals; this extra term is the
same for all integrals so that the total contribution of this term is zero. Since yqis
that value of y for which N is zero we have achieved that the residue of the pole
due to 1/N is zero, which will enable us to study the behaviour for complex a.
However, still taking a to be real, we first make the substitutions y=y'—a, y=
(1—a)y’ and y = —ay' in the three integrals respectively. Working out the
arguments of the logarithms we get:

1
=l
i’ J- y[c+2ab}y+d+ecr+2a+::a
1]}

[ln{by*+(c+e)y+a+d+f}

—In{oyi+ic+elyita+d+f}]
1

1—~a
- | +h+ely? .
'[dy{CTEQb_}{l—a}y-i-d—i-ea[n{m b+c)y +le+dy+f}

0

~In{(a+b+c)ys+(e+d)ya+f}]
1
a

= ld
j‘ y —(c+2ab)ay+d+ea

0

(n{ay*+dy+fi-In{ays+dys+f}l. (5.6

In here yi, y» and y; are the values of y for which the denominators in front
become zero, i.e., ¥1=yo+a, y2=yo/(1—a)and ys= —yo/a. Of course the terms
with y1, y2 and ys are still equal to In (by§+eyg +7),but the above way of writing
is slightly more convenient for the evaluation in terms of Spence functions. This
derivation is given in appendix B.

The arguments of the logarithms are very similar to that encountered for the
two-point function and correspond to the three possible cuts of the triangle
diagram. Substituting the expressions in terms of momenta and masses for a, b, ¢
etc., we have:

by*+(c+e)y+a+d+f=—ply*+(pi+mi—md)y+m3 —ie,
(@+b+e)y* +(e+d)y+f=—(p1+p)’y* +((pr+p2)* +mi—md)y + mi—ie,

ay*+dy+f=—p3y*+(pi+mi—mi)y+mi—ie. (5.7)
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Fig. 1.

We must now investigate the domain of validity of the above expression. The
derivation is valid for real a.Now « is given by

(P1p2) £V (p1p2)° —pip3

-pi ’
and this is real if p; and/or p, and/or p;+ p; are timelike. Equation (5.2) shows
that C is continuous if p% and p% become Euclidean, because due to the iethe
denominator can never become zero, all other terms being real.

Suppose now that p1 is spacelike, i.e., pi positive, and p3 timelike. Then « is
real and our formula is correct. Next we move p, through the light cone (where
is still real) into the spacelike region. According to eq. (5.2) we should not meet
any singularity in performing this analytic continuation, i.e., no pole should cross an
integration contour and also no cuts should be crossed in the logarithms. Consider
eq. (5.5). If @ becomes complex the integration contours move into the complex
y-plane, and in the process the pole due to the factor 1/N may move through the
integration contour. However, since the residue of this pole is evidently zero this is
of no consequence. Next, if & is made complex also ygbecomes complex, and it
may happen that the argument of the logarithms containing yo cross the negative
real axis. Let us now insert yo from eq. (5.5) into by%+ey(, -+ f. First we write

c iw —_—
a=a1+a,, Gymors =g w=+Vdab—c*,
d+eay+ie(w/2b) d+ea; e
y(!:—- : == = RN
iw iw 2b

Then

e
5}'{2! teyotf= b}'o[ Yo +b_} +F
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Apart from f=f—ig this is real, independently of the magnitude of a. Thus byg+
eyo+ f never crosses the negative real axis. Moreover, since b is negative the real
part is positive.

Finally there are the other logarithms. As is clear from eq. (5.6) the arguments
are independent of «, and there is never any crossing of the negative real axis
because the imaginary part is never zero. We conclude that eq. (5.6) is also correct
for spacelike pf and p% (and (p, +p2)2).

The situation is more complicated if the internal particles are unstable, i.e., if
the m” have a negative imaginary part. As long as « is real there are again no
problems, but if @ is complex then there are difficulties.

If the masses become complex then again the arguments of the logarithms
containing yo may cross the negative real axis. That in itself is only of consequence
if at the same time the location of the pole ygis within the triangle 0, —e, 1—ain
the complex y-plane, because otherwise the jumps across this cut in the three
integrals still compensate each other. We thus must show that, if ygis within the
triangle region, the quantity byg+ eyo+f never crosses the negative real axis. To
see this we parametrize y =A(u —a), with A and w between 0 and 1, and consider
next

by2+e_v+f+AN,
This coincides with byg+ cyo+/for y = y,. In terms of A and  we obtain
bACu*+ar +eA’p+dr +ehu +f.
*Substituting a, b etc., we find
P2A%u(1-w)+p2A (1= V)= )+ (pr+p2)An(1=A)+ miru + m3A(1- )
+m3(1-2).

For spacelike pf, pi and (p;+ pgjz the real part of this expression is always posi-
tive. Thus, if yo is within the triangle, then by +eyo+f never crosses the negative
real axis, even for complex masses as long as the real part of the masses is positive.
If we consider eq. (5.2) as the defining equation for the three-point function C
then there is still a domain where the result eq. (5.6) may be incorrect. This is the
region where a and b are positive, with ¢”—4ab <0.This corresponds to timelike
momenta, but such that {plpz}z—pfp§<0. If p1 and p; are real momenta (in the
sense that the spatial components are real, and the time component purely
imaginary) then this cannot happen. Thus the domain indicated corresponds to the
case where either p; or p, or both are complex even when embedded in the
Minkowski space. But then also the derivation of eq. (5.2) from eq. (5.1) is no
more valid since at some point the integration momentum ¢ is shifted by a complex
momentum P, where P is a linear combination of p;and p,.Thus the forbidden
domain of our result eq. (5.6) is within the domain where the derivation of eq. (5.2)
is invalid. In other words, it is conceivable that eq. (5.6) is a better representation
of the three-point function eq. (5.1) than eq. (5.2). However, it must be noted that
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for such values of the momenta the three-point function (5.1) is not unambiguously
defined since interchange of external lines would correspond to a shift of the
integration variable ¢ in complex space. The —igin the propagators then no longer
specify unambiguously which way the poles of the propagators should be passed by
the integration contour. The transition to (5.2) is then also not necessarily correct.
We could perhaps just as well use (5.6) as a definition of the three-point function in
such a region.

We close this section with the observation that anomalous thresholds correspond
to the situation where simultaneously the denominator as well as the arguments of
the logarithms can be zero. In that case there is a logarithmic singularity in the
imaginary part and a jump in the real part of the right-hand side of eq. (5.6). There
is no pole, or crossing of a cut associated with this; the logarithmic singularity is
maximally equal to In g, and the jump arises because the argument of some
logarithm moves very rapidly around the cut.

In conclusion, (5.6) is correct for all relevant values of masses and momenta.
The integrals are of a standard type and are converted into Spence functions in
appendix B.

6. The four-point function

The expression derived for the three-point function is about as nice as one could
wish. It is valid for spacelike, lightlike and timelike external masses, and also if the
internal masses have a constant imaginary part of a certain sign, which is precisely
the sign needed for the case that the internal particles are unstable. Thus, insofar as
the momentum dependence of the decay width is neglected, also unstable internal
particles can be admitted. Finally the formula is quite compact, there are only 12
Spence functions which appears to be the minimum possible.

The four-point function is not only much more complicated, but moreover there
seems to be no simple formula covering the whole domain described above, inclu-
ding complex masses. If the masses are real one can in most cases construct equa-
tions giving the four-point function in terms of 24 Spence functions. We will
indicate how this can be achieved. However if the masses are complex an untrans-
parent collection of logarithms must be added.

First we will derive an equation valid if for some permutation of the momenta a
certain condition holds while all masses are real. In particular this will apply if one
of the external momenta or sum of momenta is spacelike. The final result contains
in that case 24 Spence functions, in fact it is a sum of two three-point functions. If
the condition is not met, a formula in terms of 48 (with some more work 36)
Spence functions can be derived using the propagator identity. If also masses are
complex then these derivations become untransparent, and we will for that case
derive an expression containing 108 Spence functions, but with some limitations on
the values of the external momenta.
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The one-loop four-point function is defined by

-D(p'h P2, D3, Pa, My, My, M3, n)

1
= dn 3 ? .
j‘ VG +mDg+pr) +m3)(@+pr+02) +ma)(@+p1+pa+p3) +m3)
6.1)
Using Feynman parameters this may be rewritten in the form quoted in sect. 2:

. S u—1)0(u1)0(uz2)0(us)8(us)

D=in" J dau - 6.2

S T T ©2

Here p;: is the square of the difference of the four-momenta flowing through pro-
pagators i and j. Thus for instance pi, = p7, pis = (py +p2)’, etc. Introducing vari-
ables z, x, y this may be cast in the form

1 x ¥

D ; o
- 2=dejdyj’ dz [ax*+by? + gz’ +cxy + hxz +jyz +dx +ey +kz +f]77,
i

0 (4] 4]

(6.3)

with

a=-pis=-p3, b=-pi=-pi, g=-pi=-pi,

¢=—p3a+pas+p3a=—2(p2p3), h=—pls—pis+pis+p2s = —2(ppa),

I= —pis+piz +P%3 =-2(p1p2) ,

d=m3—mi+pia=mi—mi+p3,

e=m5—m3+pss —p3a =m3—m3+2(p2p3) +p3,

k =mi—m3+pis—p3a=mi—m3+2(py, p2+ps)+pi,

f=mi—ie. (6.4)
An intermediate equation will be useful for later use. From (6.2), with x = us, y =
u3 and z = uy, one has

1 1-x 1—x—y

%= -[ dx J dy J- dz [(a+b+c)x*+by*+gz°+(2b+c)xy — (h+))xz

tr
0 0 0

—jyz—{e+d+2a+b+c)lx—2b+c+e)y+(k+h+j)z+a
+h+c+d+e+f2. (6.5)
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From this equation, eq. (6.3) follows after the substitutions x=1-x', y=x'—y’,
z =7 Conversely, eq. (6.5) obtains from eq. (6.3) by substituting x=1—-x', y =
I-x"-y,z=2z"

Now assume all masses to be real. Performing a projective transformation onto
eq. (6.2) we obtain again an equation of the form (6.3), (6.4), but with qﬁ- and M7
instead of the p and m, with

qi=(ph+mi+mHAA -miA} —mlA7,
M} =miA?. (6.6)

We now choose A, Az, Asand A, in such a way that the coefficients of zl. xz
and yz disappear. Thus we require:

fi%z=0, qu =r?%3, fﬁn =q§4- 6.7)

Solving this for the coefficients A we find:

é_l’lg:tvflz'—4mlmz

As 2mi ’
A3=m§A::2_—-mfA?" 4:m§A§—mfAf 68)
l3As— 1134, baAs—114A41° '
with the notation
ly=pi+mi+mj . 6.9)
For the moment we will assume Ay, ..., A4 to be real and positive. The extension

to negative A's is possible and will be indicated later. The extension to complex A
is very intricate, and we have not done it. In principle it should be possible, and
result only in the addition of certain logarithms.
After this transformation the calculation becomes trivial. The z-integration gives
an expression of the form
1 x

D 1 i
2= A142434, J dx f dy;[{a.rz'fby‘ﬂxy +dx+ey+f}"
m

(4] (4]

—{ax®+by*+cexy+dx+(e+k)y+f/"], (6.10)

where a-f are as in eq. (6.4) but with ¢ and M instead of p and m. This is pre-
cisely the sum of two three-point functions, and we can straight away use the
equations of sect. 5. Subsequently the coefficients a, b etc., may be expressed in
terms of the p, and with the help of the identities

—bLuAsAs= — 14 A1 As+ m%A% = m%A% 5
—l3A,A3= ‘Z13A1A3+m%A:f—m§A%, (6.11)
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the following result obtains:

l-a 1
% [ i j o (c+2ab)(l-a)y+d+ea In La(y) =In Lae(y1)} - R2s

L=

(23

—(c+2aB)ay +d +ea {ln Laa(y)=In L34()’2]}+R§4

= dy

L= %

1
+|d In Lys(y)=InL + R
y(C+2ab)y+d+ea+ca+2a{n 23(y)=1In Las(y3)}+ R

l—a 4
+d In Lya(y)~1 +R
| B epror o s om o Ul

0

o

1
e i - '
_[ dy —(€+2ab)ay+d+[e+k'}o:{ n Lia(y)—In Lag(ys)}—R3s
0
1

1
‘Id” (c+2ab)y +d +(e+Kk)a+ca+2a
0

{In Lia(y)=In Lys(ye)}—RT»
+3(—A1A2}SJ i (6.12)

Li(y)=(=lAA; +miA? +m] AD)y* + (1, AA; - 2m A )y +mP AT —ie .
(6.13)

The y; are the values of y for which the denominator in front becomes zero. The
Rfj and 5 are zero when A,, ..., A4 are positive. As shown in appendix C they are
given by:

= =]

—0(-AAy) 1
424 J‘ % {ln Lij(y)=1n Li(ye)}

—c0

k
R(J:=

8(— A,
= —i—wﬁ"-)[w% im0(Im ye {2 In (ye —y-)=In (yi =y Nyx =y )}

—imf(=Im y {2 In (yx —y+)=In (v =y )y —y)H. (6.14)
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In here y-, y+ are the roots of the quadratic equation L;(y)=0, with y, havinga
positive imaginary part (in case the roots are real this imaginary part arises from
the /e in f). The function 5 is non-zero if A; and A, have opposite sign; it is given
by:

s
§= 5(3—1—5%){9(@44)5& =~ AsAN S+ 550, (6.15)
2 ny

with

§2, = . — i {in(xrl)_ln(rzrl)},
q3a(x;—x2) Xy X2

where the x; are the solutions of
2 ) 2 3
~q3ax" +(q34 + 24 —q33)x —q2a —ie =0,

and similarly for the other 5. The function £(A) is as usual, ie., e(A)=+1if A >0
and —1 if A <0,

What is the domain of validity of eq. (6.12)? The situation is precisely as in the
case of the three-point function. Also the extra terms R (and 5) are evidently free
of discontinuities if & becomes complex, again because L;(yx)never crosses the
real axis. Thus eq. (6.12) is valid provided Ay, ..., A4 are real. If the masses are
real then this is the case provided the root occurring in A, is real. The allowed
domain is therefore given by

2 2 212 2 2
(pla+mi+m3) >4mim3.

Possibly after a permutation we thus have a formula in case that at least one of the
pi; is such that

(ph+mi+mi) =dmim; . (6.16)

This is true in particular if this momentum is spacelike. In scattering processes
often the momentum transfer is spacelike, or else the c.m. energy is large, i.e.,
above the threshold for producing the intermediate state [s = —pf_q =—(p1+p2) >
(my+ms3)*]. In such cases the equation can be exploited.

There is one gap in the above reasoning, namely we do not know if the quan-
tities a, b and ¢, given by the qz that are complicated functions of the pz, are such
that ¢>=4ab >0 if one of the corresponding ¢is timelike. That is, we want to
know if there exist real momenta g,, g5 (in the Minkowski sense) such that a =
~q§, b= —qﬁ and ¢ = —2(q.qs). The answer is yes, it is possible to write down
certain linear combinations of the original momenta p with real coefficients that
satisfy these relations. See appendix D.

Thus eq. (6.12) has the forbidden domain defined by the non-validity of eq.
(6.16) for any choice of i and j. In principle analytic continuation from the allowed
into the forbidden domain should be possible, giving rise to some extra logarithms.
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We have not done this as it seems quite complicated. We will not dwell here on
this subject, nor involve ourselves into alternative derivations, since to our know-
ledge the complications by far exceed the advantages.

If we allow to deviate from the path of "least number of Spence functions" then
things are very easy. Assume that all momenta are inside the forbidden region.
Then they are all timelike, and we can use the propagator identity to write the
four-point function as a linear combination of two four-point functions each having
a lightlike external momentum:

D(p3, p3, P3P, (p1+p2), (p2+pa)’, mi, m3, m3, m3]

AD[P, s%, 2, pi, (1+5)%, (s +1)°, m}, M*, m*, m3], (6.17)

1

I = 1o

!
with
[=pi+ap,, iifzzcr[l—a]p%-fam%-i-(l—a}mg,

while for f =1

A=a, 5= —aps, t=p>+ps, m=ms,
and for f=2
A=1—a, s=(1-a)p:, t=ps, m=ms.

This equation is valid for any real . If p, and/or p, are timelike then « can be
chosen such that /*=0.Then eq. (6.12) is valid for each of the terms in the right-
hand side of eq. (6.17) with A;= A, in both cases.

Finally we consider the case that also the masses are complex, but always with
negative imaginary part. The we can no more use projective transformations, but
must rely on the other methods mentioned.

We start from eq. (6.3). First make the substitutions y =xy’, z = xz".The result
is

J dx J‘ dy J dz X2 [x*(by* + gz7 +jyz) +(ex +ex®)y + (kx + hx Pz + ax* + dx

17
The y-z integral is the same as eq. (5.2) divided by — i7r” and differentiated with
respect to f. We can then use the result eq. (5.6), by differentiating with respect to
f, and providing a minus sign. At this point, to keep things reasonably transparent,
we drop the ambition to write down a formula valid for all situations, and we limit
ourselves to the case of real «, i.e., at least one timelike momentum. Then the
subtraction logarithms in eq. (5.6) can be dropped. Substituting the values of the
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various coefficients as given by comparing with eq. (5.2) we obtain:

1 x

3 1
== d J d i
ir” ELJ ’ yGx+Hy+1Ax2+By2+ny+Dx+Ey+F—fg
(1] (1]
We also performed the substitution y = y'/x. The values of the various coefficients
are given in table 1.

(6.18)

Table 1

b 1 2 3
A a+b+c a a
B g b+g+j b
o j+h c+h c
D d+e d d
E k e+k ¢
) f f f
G c+2b+ha+ja ¢+ ha ¢+ ho
H j+2ag  (j+2ag)l-a) —(j+2ag)a
5 e+ ka e+ ke e+ka
K -1 11— @

a solution of ga”*+ja+b=0, or

—j £V ~4bg

i E——————
2

Eq. (6.18) can be worked out by using the integration shift technique. Thus we shift
y=y+Bx, B such that Bﬁ'2 +CB+A=0. The result is:

., jr-4bg=4(pip.)*—4pip3.

1 (1—@)x
D 32 K
E?'Eljdx J (G+BH)x +Hy +J—ie
0 —Bx
X[By*+(C+2BB)xy+(D+BE)x+Ey+F—ig] . (6.19)

We have provided a term —ig in the first denominator, which is of no consequence
if @ is real. For real 8 we have:

1 (1-81x 1 {(1—-8)x 1 —Bx
de J. dy=jdx J dy—J-dx J dx
0 —-B8x 0 0 ] 0

1-8 1 = 1

=de J‘ dx—jdyjdx.

0 v/(1-8) 0 -v/B
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The x integral is now simple:

Jd‘l I_Jd'l{S_U}
*x+TUx+V ) FSV-TU\Sx+T Ur+V
1, Sx+T

= n

SV-TU Ux+V’
S=G+BH, T=Hy+J—ie,
U=(C+28B)y+D+BE, V=By*+Ey+F—ie,
B solution of BB*+CB+A=0.

For real g8 there is never any problem with the logarithms, since all factors have an
imaginary part of the same sign. At this point we still assume real masses; other-
wise f may be complex with a positive imaginary part. In that case one simply
multiplies numerator and denominator of eq. (6.18) with — 1. Neither G nor H
contain masses. Thus for real « there is no limitation here with respect to complex
masses. Recombining the terms coming from the upper limit 1 for x we get

(6.20)

1-8 =8
D—%[ J oo K TS J R T +S8y/(1-B)
L ISV-T0 VU YSv=1U " V+Uy/(1-p)
—8 0
-8
. K T=S}’/ﬁ]
' Jd}'sv—m'” V-Uy/Bl’ 020

Q
It is instructive to realize that §V —TU can be obtained by taking the second
denominator in eq. (6.19), inserting that x for which the first denominator is zero,
ie., x=—(Hy+J)/(G+BH), and multiplying with G + BH. Further, if one makes
in eq. (6.21) the substitutions y =y'—B, y=(1—p8)y" and y = —pgy' then all
integration limits become 0 and 1, while the S dependence vanishes from the
arguments of the logarithms. All this is very similar to what happens in the case of
the three-point function. The various factors containing V are then also free of a,
and become of the very familiar type as shown in eq. (5.7). The factors containing
T are not directly related to any cut of the four-point function, and furthermore
contain a.

Eq. (6.21), with the cascade of notations given in eq. (6.20), table 1 and eq.
(6.4) is valid for real @ and 8. We must now try to extend the domain of validity.
To this purpose we first note that the denominator $V —TU is a quadratic function
in y, and can be decomposed into two terms, (y—y.)”" and (y—y_)~". For both
y=y+ory=y_wehave SV = TU. Next we subtract terms in such a way that the
residues of the poles become zero. At the pole we have

T+S _I( 1+SfT) T

v+U vauzuv)T v (622)
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Thus from the terms with y. we subtract In (7/V')in the point y.,and similarly for
the terms containing y_. At the pole the subtraction terms are equal for all terms
in eq. (6.21), so together they give no contribution.

Next we move 3 into the complex plane. Just like in the case of the three-point
function we need to show only that the subtraction terms do not cross any cut. To
see that this indeed never happens consider

T+AS i v o< &i
nope  Mthy=A@-g), 0<Apsl. (6.23)

This defines y to be in the triangle 0, — B, (1—8). Moreover, at the pole this is
equal to In (77 V). Working this out we find:

T+AS=HA(u~B)+J+A(G+BH)=HAu+AG+J,

V+AU =BA%u>+ A\ +CA\’u+Eu + DA +F. (6.24)
None of these expressions contain 8. The imaginary part of 7'+ AS§ arises solely
from masses in f, and this is made negative as indicated before. The expression
V+AU can be worked out for the cases f=1, 2 and 3 with the result:

i=1: V+AU=piA’u(l-p)+(p2+ps)’A(1-2)(1-u)

+(pl+p2+p3}2.&,u(l—)()+mh,u+m§).{1—p)+m§{1 —A)~ig,

j=2: VHAU=(p1+p2) A °u(l—p)+p3A(1—-2)(1-p)

+(pr+patpaAn(1=A)+miap + mIA(1—p)+m3(1-A)—is,
=3 VHAU=p3A u(l=p)+p5a(1-2)(1-p)
+(pat+pa)an(l=X)+marp+miA(1—p)+mi(1-A)—ie.
Note that for each of these cases the corresponding S8 becomes complex only if the

momenta occurring in these expressions are all spacelike. In any case, the

imaginary part is always negative, also if the masses obtain a negative imaginary
part. We therefore can write

T+AS
- V+AU

] =ln(T+AS)—In(V+AU), fory=A(u—28), OsA,u<l1.

(6.25)

Furthermore none of the arguments of these logarithms crosses the negative real
axis for y in the region indicated.
We conclude that if y. or y_ are in the triangle 0, —f3, 1—gthen the subtrac-

tion logarithms never cross a cut, even for complex masses provided their imaginary
part is negative.
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For completeness we write down the result in terms of A, B etc.

XI: mn {l Hy+G-v—J_:'€ - (“ _ " “)}

=By, \ "By’ +(E+C)y+A+D+F—ig "' I TIn*F
—-n(1-B) { (H+G)y+T—ie , }

1 - ~Tnv=1 gy

=B~y \ A+ B+ C + @+ D)y F—is L ¥=2u1=F))
-3 'ﬁfﬁ { G}: +J—ig . oL }]

+ o - —— ' 5
5 P Dy F o B Y=~ /E") (6.26)

In here the y,, are the solutions of the quadratic equation SV —TU =0, while X is
given by

X=y{y+—y), ¥ coéfficiént of yz in SV —TU divided by K.
Further

BR*+CB+A=0,

A, B, Cetc., given in table 1 ,

a, b, c etc., given in eq. (6.4) ,

ga +ja+b=0.

If J complex with positive imaginary part then the whole expression must be given
a minus sign, and further one must replace G, H, J by -G, -H and - f.

The factor X is the same for all terms, for all j, apart from possibly a minus sign
(depending on how one chooses the roots y,, ). It is given by the square root of the
following expression:

X*= 10054 + 13054 +11al23
=2Uhalisbaalsa+ hialialaalaa+ lialalaslas)
+4(m3lalaalza+ m3hahalas+ milahalaa+milialials)
—4(mim3 B, +mim3Bs + mimil3s + mim3lis + mimilis + mimili;)
+16mimamims,
with
li=py+mi+m;. (6.27)

As a consequence the formula for the four-point function (and also that for the
three-point function) reduces to a sum (or difference) of Spence functions with a
common factor in front. In addition there may be certain logarithms.
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Eq. (6.26) is valid with only one restriction, namely a must be real. If this
restriction is to be lifted one must also consider the subtraction logarithms in going
from (6.17) to (6.18). This gives rise to terms containing logarithms of H, G and f.
The imaginary parts of the terms containing H, G and f is now a function of y, and
nothing can be said on the sign. The split up of the logarithms as done in the
foregoing is then no longer possible. Here we will not consider this special case any
further.

7. Bremsstrahlung

In computing soft bremsstrahlung one encounters an integral that is essentially a
phase-space integral for photons with an energy less than some specified value. This
integral has been worked out before [1,2], but both the derivation and the result
simplify considerably by the use of techniques inspired by the foregoing. For this
reason we present it here, although rather sketchy.

The basic integral is:

. fedk 1 e T
ﬁJ ———s, Ryl L, [H<e. (7.1)

ko (pik)(pk)’

The accent at the integral denotes the region |k|<w.In here A is the photon mass,
and p; and p; refer to four-momenta of the particles that emit the photon. Thus
they are timelike. The case that p; is a multiple of p; is special (and easy) and is not
considered.

The trick is to introduce again a parameter a much like we did before. We write

w . [(dsk 1 B B
#y=a ko (ko)ke)' P70 TR

and next choose a such that (p—¢)*=0, ie., p—g lightlike. There are two solu-
tions with different sign for po—qo, and we choose that solution that gives the same
sign to po—qo as that of q.

The next step is to introduce a Feynman parameter x, to combine the two
factors in the denominator, and to do the integral over k. Neglecting terms that go
to zero as the photon mass A goes to zero gives the result:

Fy=—-2na(R1+R,),

1
1 20\> 1, ¢*+20vl, [2w\’
R =J‘d, —«—in(—) =—1In 5 ln(—-) ;
' rq“+2n}! A 20l q” A

1 uo HU—|“|

n >
u”lul " uo+|ul’
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with
u=q+x(p-q), I=po—qo==xlp—gq|,

(@p-a)_p'-4

[ 21

We now go over to the integration variable ug=go+x(po—gqo);in terms of this
variable we have

2 2
u?=2vuy-2vq0+q°,

3. 2, 2 8 2
U =u"+ug=up+2vuo—2vq0+q" .

Subsequently we take the new variable m = uo—|u/. Then, after some simple
algebra:

po—lpl
R2=_ J' EE[ 1 7+ R 1 5. ] 1]
2Wlm+v m—(2vgo—q°)/v m
qo—lal
m+uv m
v m—(2v40—q")/v

Apart from a term 2/(m + v) the factor in square brackets is just the derivative
of the logarithm with respect to m. We add and subtract a term 2/(m + ), and the
first part can be integrated giving the square of a logarithm. The second part
(integral of 2/(m + v) times the logarithm) is a sum of Spence functions. Using

+v
In(m—-a)=1 ( Bt ) i
n(m—a)=In|(1 o +In(-v-a),

and

L st mo))=—

di m+Uln(1—-A(m+uj},

where Sp(x) is a Spence function, see appendix A, we find

1 5
R2=[——ln2 m(mi—v) ——-I—inz{— 2u(m+z,) 2}
4lv  2vq0—q —mv 2 v +2vg0—q

1 [ m+v vim+v) PR
B () ()]
wl P\ . v’ +20gq0—-q°

m=qo—lq|
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After some simple algebra, using the equation relating Sp(x)to Sp(1/x)we obtain
the final result for %;; defined by eq. (7.1):

21 2 2w\’
Fi=— Fm[—l; np—zln (_a;)
q A

ol L°
+{.l_ In2 Hu—lu!+s (L-""Hu"'i“|)+s (vﬂfu-lui)}”:”] -
B u(]+|u| p v ' p v iy 3 ( . )
p=ap;, q:P,h IZPO"?G.- {!:%’

a’pi —2a(pp;)+p; =0,
@ such that (ap; — p;)o same sign as p;q .

The approximation of small photon mass A has been used in deriving the inter-
mediate result eq. (7.2).

8. Conclusions

In this article the basic equations for the evaluation of all one-loop diagrams
have been given. Cases where there are momenta in the numerator can be reduced
to linear combinations of the integrals given in the foregoing, and also five-point
and higher scalar one-loop integrals can be expressed in the ones given here. For
the five-point function this goes as follows. There are five denominator factors,
involving the four momenta py, ..., pa. The scalar products (gp;) as well as q:’ can
be expressed in terms of the propagators, masses and external momenta squared,
for instance:

2(gp1)=(q+p)°+m3—(g"+m)+mi—m3—pi.

Consider now the five-component (ensor ps,e.sys Antisymmetrizing in all five
indices gives evidently zero because one cannot have an antisymmetrical five tensor
in four dimensions. Subsequently we multiply with pi.p2sP3.4s and finally with
PanErsnl1aD2s03x4, Using the well known decomposition of the product of two
epsilon tensors in terms of §-tensors one obtains an identity among the various
propagators. Inserting this identity in the numerator of the five-point integral one
obtains an identity for the five-point function.

Our equations cover the whole range of possible external momenta, allowing
also negative imaginary parts for the masses. There is one small limitation: the
formula for the four-point function requires at least one timelike momentum (more
precisely: @ must be real). Even that can be cured, at the expense of some further
complications, but we have not involved that.
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In practical applications it is of importance to know something about the order

of magnitude of various parts contributing to the final answer. Generally speaking
the following can be said. If one or more of the external quantitiepi- is large with
respect to all masses then certain roots of quadratic equations become very small,
very nearly equal to one, or very nearly equal to each other. Thus it becomes
difficult to compute precisely the arguments of the Spence functions. This can be
overcome by computing these arguments in sufficient precision. But after that there
are then no more troubles: there are no particular cancellations among the various
Spence functions.

If on the other hand internal masses are very large then the values of the Spence
functions are much larger than their sum, the final answer. To deal with that situa-
tion would require computation of these Spence functions in high precision, which
seems not an easy thing to do. Moreover, even if the basic functions given in this
paper are computed correctly, then the expressions for the form factors, i.e., the
integrals involving momenta in the numerator, still suffer strong cancellations.

The solution to the large-mass problem is to start from the beginning and
develop approximations such as for instance given in ref. [5]. This gives rise to a
great number of formulae, not to be quoted here.

One of us (M.V.) wishes to acknowledge the warm hospitality of the IHES,
Bures-sur-Yvette, where part of the work reported here was initiated. Helpful dis-
cussions with Dr. Epstein are also gratefully acknowledged.

Appendix A
Spence functions

The properties of Spence functions or dilogarithms are given in the literature
[6], and we will present only a few equations.
The defining equation is
1
In (1—xt)
Sp (x) = —J = (A1)
]

where the cut of the logarithm is along the negative real axis, implying for the
Spence function a cut along the positive real axis starting at the point x = 1.
Two basic equations, valid also for complex argument, are:

Sp(x)==Sp(1-x)+e7"=In(x)In(1-x), (A2)

) 1
SpLx}=*Sp(;)—%wz-%ln (—x). (A3)
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We now want a series expansion for this function. With the help of the above
equations the argument may be put within a circle with radius 1 in the complex
plane, and moreover with the real part less than 0.5. Next we note that the cut of
the Spence function is in the same region as the cut of In (1—x}, so obviously it is
of advantage to use In (1—x) as expansion parameter. We get:

x =In{1-x)
3p(x)=—_|‘]n“[_”dr= J‘ e“if-ldu’
0 0

where we used the transformation r=1-¢"“ Expanding the argument of the
integral we obtain

[

- praveen. | . | ) M ",
Bﬁ_lr Bl_'—2! -B?."és 34__30! Bﬁ'_42! BS__ 0s
- PR - ] R g — 43867
Bio=%, Biz=—z730, Bis=5, Bi=-510, Bi=770 .

Computing the series up to and including n = 14 gives about 13 decimals accuracy
in the worst case.

Appendix B
Reduction to Spence functions

We start from the expression

1

S3=J-dy :

¥=¥p

{In (ay®+by +c)—In (ays +byo+c)}, (B.1)

where a is real, while b, ¢ and y, may be complex, with the restriction that the
imaginary part of the argument of the first logarithm has always the same sign for
O=sy=<l

Lete and & be infinitesimal quantities having the opposite sign to the imaginary
parts of the arguments of the two logarithms. That is, we assume signs as given by
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—ig and —id. Then

1

S's:J‘dy

[In (y =y )(y —y2)=In (yo—y1)(yo—y2)]
Y=Yo

i yo—1
—-q(a—zs, ,)In( d
a-—id Yo

with # defined in eq. (2.4). Next we split up the logarithms, and note that the sign
of the imaginary part of (y —y;)(y —y2)is equal to that of yyy>=c/a:

53=J-d}v‘

0

——{In(y—y1)—In (yo—y1)+1n (y = y2) = In (yo— y2)}
Y~—VYo

=T = —¥a)— — - — — 1 E
I:T.-'( Y1, =¥2)=n(yo—y1, yo—¥2) n(a is’a—iﬁ)J In i (B.2)

Consider now

1

R=J-dy

(1]

{In(y —y1)—In(yo—y1)}
Yy—%Yo

1-y,
J‘ d ; {Iny=In( )}
= ——lny- — p
Jr’y_y”_”’,1 ) Yo— ¥
—¥1

The residue of the pole is zero. The cut of the logarithm is along the negative real
axis, thus outside the triangle 0, —y;, 1—y:. We may therefore write

1-y, 1-y, =¥y
J dy= J dy - J dy.
-¥1 0 0

Making the substitutions y =(1—y)y" and y = y;y' we obtain:
1

d
R=J‘dy{5ln(1+y

1-y
Yi—Yo

)b y(1 -y -1n (o)

;
~0j dy{—d;ln (l-yy,nyo)}{‘““Pyl)“" (yo—yu} -
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Since y is real and positive there is never any crossing of the cut for any of the
logarithms. After partial integration we obtain

; _l ) _.
R:sp(“ )—Sp(}l 5 );m L s (=t i)
1

Y1= Yo Yo Yi—Yo
— Yo

Yi=Yo

~In {In (=y1)=In (yo—y1)}.

After some simplification, using (A.2):

) -1 1
=ty -50 (2o e
Yo— )1 Yo—¥1 Yo— )1 Yo— )1

- ! )in B, (B3)

Yo ¥ Yo= M1

This completes the calculation of S3, eq. (B.1).

The evaluation of the expressions encountered in the equation for the four-point
function, eq. (6.26), offers no new difficulties. In working out the subtraction
logarithms some care is necessary with respect to numerical evaluation of the 7-
functions. For instance in eq. (6.26) we encounter

Gy+J

In—t
l1z-ﬂly"+1||_’3‘y+F

to be evaluated for y = y,. Writing this as the difference of two logarithms we also
have an 7-function depending on the signs of the imaginary parts of Gy, +J, Ayg+
Dy, + F, and their quotient. In order to avoid nasty cancellations it is best to
evaluate this sign of the imaginary part of the quotient separately. This can be done
by noting that in the point y = y, the argument of this logarithm is equal to 7/ V =
§/U, which is easier to evaluate, and moreover the same for all three terms in eq.

(6.26).

Appendix C

The extra logarithms

We start from eq. (6.3), and will derive the extra logarithm associated with the
projective transformation for the case A, Az, A3>0and A,<0. After the pro-
jective transformation we have the extra term (note that x is associated with 4, eq.
(6.2); we omitted the factor A, A,A34,):

A x y

Re= j dx[dy[ ; : (o)

d‘. 2 2>
[ax*+by*+cxy+dx +ey +kz +fT

—A 0 0
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to be evaluated in the limit A - co, Doing the z-integration gives

A x
! 1
K% ) &) ey ~(e>e+k)]. c2
k J‘ dlJd}{“X“"f?}'"+cxy+a’.r+gy+f W g”‘)} (C2)
i S

Each of these terms separately is divergent, so some care is necessary. Now we
perform the usual shift y = y’'+ax, and subsequently exchange the x and y integra-
tion:

A X TN A 0 =i
J dx J dy = J dy J dx + f dy J- dx,
—A 0 o v/ —p A —y/

where u is either 1 —« or —a. Proceeding carefully one arrives at:
1 —a

Ri=— I g

Tk } —(c+2ba)ay +d+ea

—co

{In [ayz +dy+f1-In(y = yo)}

o0

1 J I=a . 4
=% dy 1 +bh+e)y +(d g

k }lc+2ba}{1—a}y+d+ea{n[(a cly”+{d+ely+f]
—In (y = yo)}
—(e=e+k). (©3)

This corresponds precisely to replacing the limits, 0, 1 by —o0, c0in those integrals

in eq. (6.12) where the argument of the logarithm contains A,4. This no accident;

we do not want to be involved here in a lengthy discussion (see also below), but

just note that, for instance, the first term of eq. (6.12) simplifies, at least as far as

the logarithm is concerned, if one applies the projective transformation
asy' 1 1

y=— ay=— as=—.
] A4

: , C4
(az—aq)y'+as €4

It is to be noted that in eq. (C.3) the various terms are separately divergent; this
can be cured easily by taking for the integrands the symmetrized expression with
respect to the reflection y = —y.

Before evaluating the integrals in eq. (C.3) we make a short comment on the
case where two of the coefficients A; are negative. The intermediate result, eq.
(6.10), when worked out can be recognized as the projective transform, with

coefficients Az, A3, Ay and A, Az, A, respectively, of an expression that can be
obtained from the starting point, eq. (6.1), as follows. Apply the propagator iden-
tity described in sect. 2, and choose x such that M =0. Then parametrize such that
this M occurs as m3, i.e., as f in eq. (6.3). If =0 then the substitutions y = xy’,
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z =x7' lead to an expression of which the x-integration can be done easily.
Compare also appendix D. We thus understand eq. (6.10) as a projective transform
of something not having extra terms. Thus the extra terms may be understood at
this level, arising from a projective transform with three coefficients. Since a pro-
jective transformation is invariant for changing the A; > —A; we need never
consider more than one negative coefficient.

Now the evaluation of the integrals eq. (C.3). This amounts to evaluating the
integral

1 X 1 _
R=% [ dx{-———]n (Ax*+Bx+C)—-——1In (szfo+C}}, (C.5)
X0 x+a

with real A, B, possibly complex a, and C = C —jg, but otherwise real. The roots
X1, X2 of Ax®+Bx+C have imaginary parts such that Im x> = —Im x;, and we take
x; to be the root with positive imaginary part. The logarithm may be decomposed

and we get:
§ . 1 1
R=3 J dx [ln {A—Ig}{——"—'—}
x—a x+a
1 1 ;
+—nx-x)+In(x—x)}———{In (x +x2)+In (x +x1)}] 9 (C.6)
x—a x+a

Take the case Im a >0, remember Im x; >0. The location of the singularities in the
complex x-plane is shown in fig. 2. The integration is from —c0to o0 along the real
axis. The contour may be closed with a half circle in the upper half plane, and
subsequently tightened such that we get the situation shown in fig. 3. In this way
we find:

X —%z
, : , d d
R=:7rI:]n(A—:s}+]n{a~x1}+in(a—x2); I .. J‘ & },
xX—a X+a
—A+xy —A—x2

(C7)

9
h i
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™

e

A 2

®

Fig. 3.

where the limit A- 20 must be taken. One finds:

R=ir[ln(A-ie)+2In(a—x2)—im], Ima>0. (C.8)
Similarly, if Im a <0:
R=—ir[ln(A-ie)+2In(a—x.)+im], Ima<0. (C9)

We still must subtract from this the term needed to make the residue of the pole in
X=a or x= —a zero, i.e.,

o0

de{ 1 In(Aa2+Ba+C)——1"'1ﬂ{A42+Ba+c)}' (C.10)
£=g x+a

—00

b=

R,=-

Together with eq. (C.8) or eq. (C.9) one obtains
R-R.=ir{ln(a—x2)—In(a—x1)—iw}, Imx,>0. (C.11)

To obtain this result one needs to decompose In (Aa”®+Ba+C —ie). Now, as
shown in the text, the argument is always real, with C = C —je. Thus In (A —ie)
may be extracted. But the decomposition in In (@ —x;)+In (a —x;) may not be true,
and eq. (6.14) is what one obtains if the decomposition is not made. The reader
recognizes that eq. (C.11) may contain a jump if Im @ = +Im x,, while eq. (6.14)
has no such discontinuities. The derivation of the S-term is slightly more intricate.
This term arises if A; and A, have opposite spin, and very roughly speaking it can
be understood as follows. If A is negative, all other A being positive, then there is
an extra term. It can be seen as the integral from —ooto +co of the L4 and L;s
term in eq. (6.12), but then only with respect to the contributions coming from
infinity. Each of these integrals diverges, and S contains the finite piece that derives
from the difference when carefully treated.

The way to obtain these terms is through a regularization procedure. We start
from eq. (6.1), and consider the case that pi, = p? is timelike, and such that
~pia > (mi+m,)’. Now apply the propagator identity to the first two propagators
of eq. (6.1) and choose @ such that M?*=0(see eq. (2.3), with p=0, k=p,)Then
we have two terms, each a four-point function with zero mass. Permute things such
that this zero mass is the last propagator; we then obtain a formula as eq. (6.3)
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with f=M?—ie = —ie. Subsequently make the substitutions y =xy’ and z = xz, a
factor x* in the nominator can be cancelled against a similar factor in the
denominator. Note that x is always positive so that nothing happens to the isterm.
Now the x integral is trivial, and doing it one obtains the result

1

1
(az—ax)us+as—az)ua+a>—ie

D
—=(1-a) [ du, dus dity
i

0

(X u—1)

) ey
(Y pitstt; + miu; —ie |

1

|
+a J duy dus diy - , ,
laz—ayus+las—a)us+a,—ie
0

(X u-1)
[Ep,-z,-u,-uj-km,-zu,-—fe] p

(C.12)

with a;=1/A; and i,j = 2, 3, 4 in the first term and 1, 3, 4 in the second term. The
coefficients A; are precisely those of appendix D, eq. (D.5). We changed from the
variables y, z to the variables u analogously to the relation between eq. (6.3) and

eq. (6.2).

To each of the terms of eq. (6.12) one may apply a projective transformation
involving A», A3, Asand A, A;and A,respectively, and the result is then pre-
cisely eq. (6.10), where one uses A, =(1—a)k and A, = —ak with k given in eq.
(6.4). This derivation of eq. (6.12) has the advantage that the /e prescription is
completely clear up to eq. (C.12).

If now A; and only A, is negative, then we get after the projective trans-
formation the usual extra term in the second term of eq. (C.12), but none in the
first. The resulting integral is not convergent, and we must regularize first. To do
this we rewrite the second term of eq. (C.12):

Jdu&iu—l}{ 1 B 1 > 1 } o
N P P—ie4+ PN P—ig L NPNP]? (C.13)

with

N=(az—a))us+(as—a,)us—ie, P= pﬁ-u,-ul- +miu,
and evaluated in the limit of large A.Now take the first two terms together; after
the projective transformation the extra term is convergent, and leads to the R-

terms in eq. (6.12) as described in the beginning of this appendix, and nothing else
survives in the limit of large A.
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Consider now the last term of eq. (C.13). We perform the projective trans-
formation with coefficients that differ slightly from A;, A;and A4, in such a way
that the extra term takes the form

o0 x
A1 ArAsAL I J 1
pat i ae | oo [ et
k * ) gt
— 00 0

1

X—= 3 i P
ax“+by +exy+dx+ey+f—ie +A*(5x —1—ig)

(C.14)

Next we substitute y =xy' and x = x'/8. For small §, but with 87N still very large
we find:

e} 1

S__A;,43A3A4 j’ d Jd 1 1
I k * }.r+l—t'.-s’.r(b}'2+cy+a}—:'s+.-’x352{x+1}2‘

(C.15)

—o0 (1]

For large A the main contribution to this integral comes for the region around

x = -1. We may therefore put x = -1 in the coefficient of the quadratic form in y.
For the resulting expression we close the x-integration contour with a half circle in
the upper half plane; taking the various poles into account we obtain in the limit of
large A:

1
_AlAgA_'\A.J J _f'Tl'E[.Er}

S ! 5 -
k }b}-"+cy+a~—zs'

(C.16)

0

which can be integrated trivially.

We are left with the question of the sign of &', It is left to the reader to verify
that the sign is such as to give the result quoted in eq. (6.12), and we concentrate
here on the origin of the e-function occurring in eq. (6.15). To understand this we
note the remarkable fact that the replacement of A;by —A;is not an invariance of
our equations. In view of eq. (2.7) this is indeed a very curious fact. In eq. (C.12)
this is however evident; the replacement a; by —a; reverses the ie prescription, and
thus a change of sign of 5, eq. (C.16). The origin of this feature is to be found in
the transformation of eq. (6.3) to a similar expression with however g (and & and j)
zero. The expression is then linear in z; the transformation moves a pole to infinity.
If this pole is in the integration region then we get an extra term. The question is
now which of the two poles (that have opposite imaginary parts) is moved to
infinity; this depends on the choice of the square root in eq. (6.8). The &-function
in eq. (6.15) tests for this sign.
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Appendix D
Projective and conformal transformation
The projective transformations explained in sect. 2 have a direct parallel in

terms of a transformation of the momenta of the corresponding diagram. Consider
eq. (6.1). We define the new variable r by

t.w)I'F
-
1]
|

4. = w="3- D.1)
Here we will not worry about singularities of this transformation, which is free of
trouble in the Euclidean case. Carrying through this transformation we get a Jaco-
bian 1/r°, while for instance for the second propagator we obtain

r 3 'k
(-r—2+ p1) tma=—+
Subsequently we distribute the four factors 7*of the Jacobian over the various
propagators. The p, propagator becomes:

2 2
(pI+mAr+2(p1)+1=(p} +m3 {( PR j) P 1} D3
(pr1+ma)r +2(p1) +1=(p1+m2)i| r Zemd) Y oTemd? (D.3)

This is again of the form of a propagator. We so obtain for eq. (6.1):

1
D=A,A-AzA Jdr = s
R ) T P MD((r + g2 ME)((r +q2)* + M) (r +q)* +M3)
with
1 1 1
A i A3= = = 3
Y mi pi+mi T (pr+pa)+m3
1

T itpatp mi
q1=Axp1, @=As(p1+pa), q3=Aspi+p2+ps),
M} =Alm] .
Consider now for instance g1s:
a3 =q3= A%(Pl +pa)°.
This is equal to the expression
[(p1+p2)* +mi+m3]A1As—m3A5-miAT.

Similarly for the other momenta. In other words, the above transformation cor-
responds to a projective transformation with the A; indicated.
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If m7 is zero the result simplifies considerably, in fact the first denominator
becomes simply 1. The resulting expression is simply the integral for the three-
point function. Now with the help of the propagator identity one can write a four-
point function as the sum of two four-point functions with, however, one of the
masses being zero, and as we see from the above each of those can be transformed
into a three-point function. This is actually precisely equivalent to the work done in
the beginning of sect. 6. In this way one discovers that the momenta q?j of eq.
(6.6), with thecoefficients A; as given in eq. (6.8), are indeed the squares of sums
of certain momenta ¢2, 43, just like the pﬁ- are derived from the p;(see eq. (6.4)),
with:

g2=(1-a)(As—As)p1+Asps,

g3=(l—a)(As—A3)p1 +{As—Az)p2+ Aups, (D.4)
1 1 A 1-
Ar=—5—3, Ar=r—a7—3, —= =
a pi+tmi (1—a) pi+m3 A a
1 1 g Lo
A e R e {r"': ;'.—{-;n!.-ll-m'f"
: (1—a)3+als (1—a)at+aly =0 r
a solution of —a’pi+a(pi+mi—mi)+mi=0. (D.5)

With these ¢ one indeed finds that 435 = g5, g3s =43 and gis = (gs+qs)° are cor-
rectly given by eq. (6.6). The calculation is somewhat cumbersome, but simplifies if
one use the identities:

2 2
1= a

—m:

1

1
(1-a)’pi=—
a)’p A

(1=a)liz—(1=a)lss =‘A";—f23.

(1=a)iz=—=2am3, etc.

This demonstrates that for real coefficients A; the transformed momenta g; satisfy
the properties expected for squares of real (Minkowskian) momenta.
Appendix E
Special cases
In certain cases such as for instance encountered in QED the equations for the

one-loop integrals simplify greatly. In this appendix we quote some of these formu-
las, which are of course already well-known [1, 2].
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(a) 3-point function with one very small mass and two external momenta on-
mass-shell. Thus, referring to eq. (5.1) we have pi=—mi, p3=—m3 and m3=4,
with & small with respect to all other quantities.

The result is:

Cl—m? —m% s,m2, 6, md)=-3ir’(Filn6-F), (E.D)
- -1 -1
Pk {m}“ — } (E2)
s{y1—ya) V1 ¥a
Fy=F,In(~s—ie)— {ln (1=-yy)—31n* (=y1)
S(}’ —¥a)

~3In® (1—-y,)+31n* (—y2)=In (1= y2) In (1-y1)
+In(—yz)In(=yy)

Mty )"Sp( jz)+2sp(yly_1y2)}, E3)

with y; and y, the roots of the equation

+2[n

—sy*+y(s+m3—m3)+mi=0.

Terms of order ¥& have been neglected.
This formula obtains easily through the following steps. The starting point is:
L x

1
— = dxjd - =
i J y*5Y2+2xY(.P1,P1+P2)—P§12+0(1—X)—£E
0o o

Next substitute y = xy', and use
1

x 1 )

dr—F———=-=—1 —-+ J-

J P T v i bl
0

After this the result follows easily.

(b) Four-point function with two small (and equal) masses, and four external
momenta on-mass-shell.

2 2 2 _ 2”7
D(—m3, —m3, —m3, —m3,s, 1, m3, 8, m3,8)=——In

ll (m1+m2}2+s+:\
(m1+m2)2+.§'_4'\

27

t] 1
-—f—ll‘l EI ’Kﬁ[“5+(m1+m2)2],

A=Vs*+2s(mi+m3)+(mi—m3)".
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Again terms of order V5 have been omitted. This equation is valid for negative s,
with —s§>(m; -i-mzjz, and positive ¢, but of course > 4.
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