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A new modeling approach for large-eddy simulati¢hES) is obtained by combining a
“regularization principle” with an explicit filter and its inversion. This regularization approach
allows a systematic derivation of the implied subgrid model, which resolves the closure problem.
The central role of the filter in LES is fully restored, i.e., both the interpretation of LES predictions
in terms of direct simulation results as well as the corresponding subgrid closure are specified by the
filter. The regularization approach is illustrated with “Leray-smoothing” of the nonlinear convective
terms. In turbulent mixing the new, implied subgrid model performs favorably compared to the
dynamic eddy-viscosity procedure. The model is robust at arbitrarily high Reynolds numbers and
correctly predicts self-similar turbulent flow development. 2003 American Institute of Physics.
[DOI: 10.1063/1.1529180

Accurate modeling and simulation of turbulent flow is a principle,” a filter L and its(formal) inverse operator denoted
topic of intense ongoing researtModern strategies for tur- by L~1.3
bulent flow are aimed at reducing the dynamical complexity A regularization principle expresses the smoothing of the
of the underlying system of partial differential equationsdynamics of the Navier—Stokes equations through a specific
while reliably predicting the primary flow phenomena. In proposal for direct alteration of the nonlinear convective
large-eddy simulatioLES) these conflicting requirements terms. This modeling differs significantly from traditional,
are expressed by coarsening the description on the one hal&$s direct approaches, e.g., involving the introduction of ad-
and subgrid modeling on the other hand. The coarsening iditional eddy-viscosity contributiorfsThe latter are clearly
achieved by spatial filterifgwhich externally specifies the ©f a different physical nature and do not fully do justice to
physical detail that will ideally be retained in the LES solu- the intricate nonlinear transport structure of the filtered
tion. Maintaining the dynamical properties of the resolvedNavier—Stokes equations. The regularization principle gives
large scales is approached by introducing subgrid modelin§S€ t0 & basic mixed formulation involving both the filtered

. . . . 71
to deal with the closure problem that arises from filtering the@d unfiltered solution. Application éfandL "~ then allows
nonlinear terms. to derive an equivalent representation solely in terms of the

In the filtering approach to incompressible flow the filtered solution. This provides a unique identification of the

specification of the basic convolution filtér is all that is  IMPlied subgrid model without any further exterriad hog

required to uniquely define the relation between the unfilinPut or mathematical-physical considerations of the closure

tered and filtered flow field as well as the closure problem fOIprobIem. The regularization modeling approach 'S not _only
the so-called turbulent stress tensgr. This situation is in theoretically transparent and elegant, but it also gives rise to

. ._accurate LES predictions. In particular, we consider the im-
sharp contrast with actual present-day large-eddy modeling;. . . ) o
. . . . lied subgrid model that arises from Leray’s regularization
in which the specification of the subgrid model fgy as well

. . ) . . __principle® A comparison between the Leray model and dy-
as the comparison with reference direct numerical S|mulat|0|9 P P y y

. . namic subgrid modelinge.g., Ref. 6 will be made for tur-
giﬂsgh:)eiigltos} Lig;[{g;_med largely independent of the SP€hulent mixing flow, both at moderate and at high Reynolds

In thi ill formulate an alternati pumbers.
N fis paper we Wil formuiate an afternative approac In the filtering approach one assumes any normalized

to large-eddy simulations which completely restores the WO volution filter L: U—U; where (u;) denotes the fil-

cerltral roles of thg pasic _filtdr, e, pr_oviding an interpre- tered (unfiltered component of the velocity field in thg,
tation of LES predictions in terms of filtered DNS results as ;.o tion. Filtering the Navier—Stokes equations yields
well as fully specifying all details of the subgrid model. The

key elements in this new formulation are a “regularization Ui+ 9,(U;U;) + 3;p— (1/Re) ;U= —;7;j , (1)

dauthor to whom correspondence should be addressed: Telephonélyh(:"re the turbulent stress tensgy=u;u;—Uu;u; represents

+31-53-480-4125;  fax: +31-53-489-4833; electronic  mail. the closure problem and Re denotes the Reynolds number.
b.j.geurts@math.utwente.nl Both the relation between; andu; as well as the properties
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of 7;; are fully specified by.. In actual subgrid modeling for  the convective fluxes are replaced by, u;, i.e., the solu-
LES, the next step is to introduce a subgrid maue{u) to tion u is convegted with a smoothed velocity Conse-
approximater;; . A variety of subgrid models has been pro- quently, the nonlinear e_ffects are r_educed by an amou_nt gov-
posed to capture dissipative, dispersive, or similarity proper€™ed by the smoothing properties &f The governing
ties of r;; . equations in the Leray formulation can be writteRl as
Many subgrid models are arrived at through a physical 9U;=0; AU+ U;d;u;+ 3 p— (1/Re 9;;u;=0. 2)
or mathematical reasoning which is only loosely connected . . , .
to a specific filterL. As an example, the well-known Smago- Uniqueness and regularity of the solution to these equations

rinsky modef is given by mﬁZ—(CsA)2|Sﬁj(ﬁ)|Sj(U) have 'been estqblished rigorou%l;Ihe Leray formulatiorj '
where the rate of strain tens@;=d0;+d;U; and |S”-|2 contains the unfiltered Navier—Stokes equations in the limit-

=§;S;j/2. The only explicit reference to the filter, made in ing_caseL—>|d,_ €9, aSAHQ (id degot_es the identily The
this model, is through the filter widtlA. In actual simula- unfiltered solution can readily E)legllmmated frd@) by us-
tions A is specified in terms of the grid spacihgather than |t_ng th2e mverEmn o_;;)terat_oljt: L—(u;). After scirr]ne chlsculta
in terms ofL. Furthermore, the Smagorinsky consténis on (,,) can be written in the same way as the em-
determined independent df, which further reduces any plate” (1) in which 7;; on the right hand side is rep'a"e‘ﬂ by
principal role for the filter. The situation is comparable fortr;ser?sbymmetnc, filtered similarity-type Leray modef;
the “tensor-diffusivity” model m/°= CrpAZdU;ayU; , with 9 y

Ay the filterwidth in thex,-direction/ The coefficientCrp is miLJ. =L(uL W) _qu:m_jjji _ 3)

usually related to the normalized second momentxf) . ) . L
—x2)/AZ? of the filter L. For various popular filters such as Tr_nls model requires the explicit application of bdthand
L™ . The tensom;: is not symmetric. However, the flow is

the top-hat or the Gaussian filter one findsp=1/12, i.e., ij

independent of the actual filter used. The role of the filter jsgoverned by the_‘ divergenagmy Wh'Ch can be Sh‘?W” to
in principle fully explicit in Bardina’s similarity modetnﬁ transform covariantly under Galilean transformations and

U —dd 8 In actual simulations. however one fre- under a change to a uniformly rotating reference frame, as
S . e L. . doesd; 7;; . For properly chosen filter, Leray solutions of the

quently adopts a wider explicit filter or a filter of a different 1 : . .

type, to enhance smoothing properties of this mdddbre- regularized Navier—Stokes equations behave better Wlth re-

over, the model is sometimes multiplied by a consiagt spect to smoothness and boundedness. Correspondingly, the

which is specified independently of any presumed fier. subgrid model(3) can be expected to yield similar benefits in

nally, the successful dynamic subgrid modeling requires only large-eddy  context. The straightforward - modt,

_ A Y YA T TR ; T
the explicit specification of the so-called test filtefo re- _L(Lh.(u‘)l‘d I(UJ()j) Uil dgfsuggt provide sqgflmenth h
tain the central Germano identity the test filter can in prin-SM0°thing and leads to unstable on coarse grids, at hig

ciple be chosen independentlgfmainly requiring the speci- Re.l h | ider i tibl ical q
fication of the filterwidth of the test filter relative td. n he sequel we consider nvertible numerical quadra-

Additional averaging over homogeneous directions “clip-ture approximating_ the_top_—hit filter. In one dimension the
ping” steps to stabilize actual simulations, and the fact thaﬂ:::e”cal convolution filteringi= G*u corresponds to ker-
the assumed base models are themselves only loosely con-
nected toL, also make the dynamic procedure rather insen-
sitive to the specific assumed filter.

In contrast to these popular LES models, the regulariza- , ) o ,
tion approach involves the introduction of a pair, . 1) to In particular, we consider three-point filters witly=1
fully specify the implied subgrid model as well as the inter- ~ % zill:/;_lh% ﬁlz and ZO:(?’ Zl:S'_ z_le/Z.dHere wef H
pretation of LES predictions in terms of reference DNS re-US€a=1/5 Which cOrresponas to Simpson quadrature of the
sults. The selection of any other pai£,~ 1) directly leads top-hat filter. In actual simulations ’EIhe resolved fields are
to its corresponding DNS interpretation and the associateh??_vyrl‘ only on aselt gf grid pomlt{s<m}mzo. The a%pllcanor_l
subgrid model consistent with the regularization principle.c.) d to a(ljlgeneraF Iscrete so ?t'qm).(mr%r}iacan € spect-
This modeling strategy has a number of important benefi'[s,Ie using discrete Fourier transtormatiori-as

addressing directly the nonlinear convective contributions n (a_1+ T_za)li

G(z)=2, a;8(z—z); |z|<Al2. (4)

Um+rj/2
(1-2a)"

©)

and requiring no additional “external” information such as L’l(Um)=_z

j=—-n o

model coefficients or the width of the test filter. The regular-
ization principle allows a transparent modeling in which thewhere the subgrid resolutian=A/h is assumed to be even.
modeled system of equations can be made to share a numb&n accurate and efficient inversion can be obtained with only
of fundamental properties with the Navier—Stokes equationsa few terms, recovering the original signal to within machine
such as transformation symmetries, Kelvin's circulationaccuracy withn~10. The invertibility of L only refers to
theorem, etc. The implied subgrid model is quite simple toinvertibility on the LES grid. Injection from a fine DNS grid
implement, with some technical complications arising fromto a coarse LES grid is not invertible. At fixe{ variation of
the construction of an accurate inverse operatot. the subgrid resolutiom allows an independent control over
To illustrate the approach we consider the intuitively ap-flow smoothing and numerical representattérSimulation
pealing and particularly simple Leray regularization in whichresults obtained in this way are properly smoothed Kar
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<2m. At constantA the inclusion of modes with higher
wavenumberk in caser>1 allows to approach the grid-
independent solution to the “fixed” problem. However,
the modes wittkk>27/A are not properly smoothed in the
sense of Leray; the Fourier transform of the ker@etloes

not reduce in amplitude for largeA but rather, it oscillates
between fixed limits. To achieve a genuine PDE result, Leray
analysis requires correct smoothing of the filter also at high
wavenumber. The present results are limited to the modes
with KA<27 and in subsequent illustrations we restrict our-
selves to this range.

To assess the Leray model the turbulent mixing layer is
simulated in a volume/® at various Re adopting a fourth
order accurate spatial discretization and explicit Runge—
Kutta time stepping. We compare predictions with those ob-
tained using the dynamic subgrid model, which was shown
to be among the most accurate models in a comparative
study of the same turbulent mixing layer reported in Ref. 6.

A first introductory test of the Leray model is obtained
by studying instantaneous solutions. As a typical illustration
of the mixing layer the DNS prediction of the normal veloc-
ity u, is shown in the turbulent regime in Fig(al. We used
Re=50 based on the initial momentum thickness and free-
stream flow properties. The filterag, can be seen in Fig.
1(b) establishing a significant smoothing due to the “Simp-
son” filter at A=¢/16. The Leray predictiofiFig. 1(c)] ap-
pears to capture the main “character” as well as some of the
details of the filtered DNS solution. A slight underprediction
of the influence of the small scales is, however, apparent.
Further visualization showed that the instantaneous Leray
predictions display much better overall agreement with fil-
tered DNS than the dynamic model, which relative to the
Leray model significantly overpredicts the smoothin@f
course, assessing the quality of LES predictions in this way
is difficult to quantify and we consider more specific mea-
sures next.

The evolution of a crucial mean-flow property such as
the momentum thickness is shown in Fig. 2. The Leray re-
sults compare significantly better with filtered DNS results
than those obtained with the dynamic model or? g@id FIG. 1. Normal velocity component, at timet= 80, (a): DNS, (b): filtered
cells. We observe that some of the discrepancies betwedNS, (¢): Leray on 64: using a filterwidthA = ¢/16. The light(dark) iso-
Leray and filtered DNS results are due to numerical contamisu"faces correspond ©,=0.3(=0.3.
nation. By increasing the resolution at fixdd a good im-
pression of the grid-independent solution to the modeled
equations can be inferred using *6496° grid-cells, i.e., slight, systematic underprediction of the smaller scales re-
A/h=4 to 6% Numerical contamination also plays a role in mains, consistent with the impression obtained from Figs.
the dynamic model. The grid-independent solution corre-1(b)—1(c).
sponding to the dynamic model appears less accurate than A particularly appealing property of Leray modeling is
the corresponding Leray result. the robustness at very high Reynolds numbers, cf. Fig. 4.

A more detailed assessment is obtained from the strean¥his is quite unique for a subgrid model without an explicit
wise kinetic energy spectrum shown in Fig. 3. The dynamiceddy-viscosity contribution. Although comparison with fil-
model yields a significant underprediction of the intermedi-tered DNS data is impossible here, we observe that the
ate and smaller retained scales, particularly for the approxismoothed Leray dynamics is essentially capturedras
mately grid-independent solution. The Leray predictions are= A/h=4.1? The tail of the spectrum increases with Re, in-
much better. On coarse grids, an overprediction of thalicating a greater importance of small scale flow features.
smaller scales is apparent due to interaction with the spatidimproved subgrid resolution shows a reduction of these
discretization method. At proper numerical subgrid resolusmallest scales, consistent with the reduced numerical error.
tion the situation is considerably improved and the LerayAt high Re the spectrum corresponding to the Leray model
model is seen to capture all scales with high accuracy. Aends to contain a region with approximatély>* behavior,
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FIG. 2. Momentum thicknes& filtered DNS(O), Leray model (32: dash— FIG. 4. Streamwise kinetic energy spectriimat t="75 predicted by the

dotted line, 63: solid line, 96: A), dynamic model (32 dashed line, 64 Leray model: Re=50 (64: dash—dotted line, 96 dash—dotted linep),

dashed line, with® ). A fixed filterwidth of /16 was used. Re=500 (64: dashed line, 98 dashed lineA), Re=5000 (64: solid line,

96% solid line, A). A fixed filterwidth of €/16 was used. The dotted line

representsk >3,

which is absent at Re50. Further analySiS showed that the Lagrangian averaged Ngf_rnodei13 which arises in the

solution develops self-similarly at high Re. Euler—Poincardramework for smoothed flow dynamics.
The Leray model was presented to illustrate the new
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