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Motivated by a quaternionic formulation of quantum mechanics, we discuss quater-
nionic and complex linear differential equations. We touch only a few aspects of
the mathematical theory, namely the resolution of the second order differential
equations with constant coefficients. We overcome the problems coming out from
the loss of the fundamental theorem of the algebra for quaternions and propose a
practical method to solve quaternionic and complex linear second order differential
equations with constant coefficients. The resolution of the complex linear Schro
dinger equation, in the presence of quaternionic potentials, represents an interesting
application of the mathematical material discussed in this paper20@L Ameri-

can Institute of Physics]DOI: 10.1063/1.1360195

[. INTRODUCTION

There is substantial literature analyzing the possibility to discuss quantum systems by adopt-
ing quaternionic wave functioris14 This research field has been attacked by a number of people
leading to substantial progress. In the last years, many artiti®sreview paper§—3* and
books®%" provided a detailed investigation of group theory, eigenvalue problem, scattering
theory, relativistic wave equations, Lagrangian formalism and variational calculus within a quater-
nionic formulation of quantum mechanics and field theory. In this context, by observing that the
formulation of physical problems in mathematical terms often requires the study of partial differ-
ential equations, we develop the necessary theory to solve quaternionic and complex linear dif-
ferential equations. The main difficulty in carrying out the solution of quaternionic differential
equations is obviously represented by the noncommutative nature of the quaternionic field. The
standard methods of resolution break down and, consequently, we need to modify the classical
approach. It is not our purpose to develop a complete quaternionic theory of differential equations.
This exceeds the scope of this paper. The main objective is to include what seemed to be most
important for an introduction to this subject. In particular, we restrict ourselves to second order
differential equations and give a practical method to solve such equations when quaternionic
constant coefficients appear.

Some of the results given in this paper can be obtained by translation into a complex
formalism>13!Nevertheless, many subtleties of quaternionic calculus are often lost by using the
translation trick. See, for example, the difference between quaternionic and complex geometry in
quantum mechanic&;**generalization of variational calculds®the choice of a one-dimensional
quaternionic Lorentz group for special relativitythe new definitions of transpose and determi-
nant for quaternionic matricés. A wholly quaternionic derivation of the general solution of
second order differential equations requires a detailed discussion of the fundamental theorem of
algebra for quaternions, a revision of the resolution methods and a quaternionic generalization of
the complex results.
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The study of quaternionic linear second order differential equations with constant coefficients
is based on the explicit resolution of the characteristic quadratic equtithwe shall show that
the loss of fundamental theorem of the algebra for quaternions does not represent a problem in
solving quaternionic linear second order differential equations with constant coefficients. From
there, we introduce more advanced concepts, like diagonalization and Jordan form for quater-
nionic and complex linear matrix operators, which are developed in detail in the recent
literaturé?~3and we apply them to solve quaternionic and complex linear second order differen-
tial equations with constant coefficients.

As an application of the mathematical material presented in this paper, we discuss the com-
plex linear Schrdinger equation in the presence of quaternionic potentials and solve such an
equation for stationary states and constant potentials. We also calculate the relation between the
reflection and transmition coefficients for the step and square potential and give the quaternionic
solution for bound states.

This work was intended as an attempt at motivating the study of quaternionic and complex
linear differential equations in view of their future applications within a quaternionic formulation
of quantum mechanics. In particular, our future objective is to understand the role that such
equations could play in developing nonrelativistic quaternionic quantum dyniaaridshe mean-
ing that quaternionic potentiafs'® could play in discussing CP violation in the kaon systém.

In order to give a clear exposition and to facilitate access to the individual topics, the sections
are rendered as self-contained as possible. In Sec. Il, we review some of the standard concepts
used in quaternionic quantum mechanics, i.e., state vector, probability interpretation, scalar prod-
uct and left/right quaternionic operatdrs>>*?>~**Section Ill contains a brief discussion of the
momentum operator. In Sec. IV, we summarize without proofs the relevant material on quater-
nionic eigenvalue equations from Ref. 31. Section V is devoted to the study of the one-
dimensional Schidinger equation in quaternionic quantum mechanics. Sections VI and VIl pro-
vide a detailed exposition of quaternionic and complex linear differential equations. In Sec. VIII,
we apply the results of previous sections to the one-dimensional @ogey equation with quater-
nionic constant potentials. Our conclusions are drawn in the final section.

Il. STATES AND OPERATORS IN QUATERNIONIC QUANTUM MECHANICS

In this section, we give a brief survey of the basic mathematical tools used in quaternionic
quantum mechanic¥ %" The quantum state of a particle is defined, at a given instant, by a
guaternionic wave function interpreted as a probability amplitude given by

W(r)y=[fo+h-f](r), (1

whereh=(i,j,k), f=(f;,f,,f3) andf,:R*—=R, m=0,1,2,3. The probabilistic interpretation of

this wave function requires that it belong to the Hilbert vector space of square-integrable func-
tions. We shall denote by the set of wave functions composed of sufficiently regular functions

of this vector space. The same functidn(r) can be represented by several distinct sets of
components, each one corresponding to the choice of a particular basis. With each pair of elements
of F, W(r), and®(r), we associate the quaternionic scalar product,

(\If,CI))=J A3 (r)d(r), )

where
W(r)=[fo—h-fI(r) 3)

represents the quaternionic conjugatelofr).
A quaternionic linear operatot);;, associates with every wave functidih(r) e 7 another
wave functionOyW (r) e F, the correspondence being linear from the rightthn
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Ol Wa(r)di+Wa(r)a]=[Og¥1(r)]ar +[On¥2(r) a2,
g€ H. Due to the noncommutative nature of the quaternionic field we need to introduce com-
plex and real linear quaternionic operators, respectively, denote@ tand Oy, the correspon-
dence being linear from the right dhandR
OdWV1(r)z;+Wy(r)z,]=[OcW1(r) ]z +[OW (1) |25,
Or[W1(NN+Wo(r)A =[O (1) N +[OpWa(r) JA2,
z1,e Candhy e R.

As a concrete illustration of these operators let us consider the case of a finite, say
n-dimensional, quaternionic Hilbert space. The wave funcitqm) will then be a column vector,

v,
Quaternionic, complex and real linear operators will be representaeckinyquaternionic matrices
M [A® O], whereO represents the space of real operators acting on the compone#itsiod
A=(A;,Ac, Ar) denote the real algebras,
Ay o {1, L, R, L*R}yg,
A: {1, L, Ry, LR}s,
Ag 1 {1, L},
generated by the left and right operators,
L:=(L;i,Lj,Le), R=(R,Rj,Ry), 4
and by the mixed operators,
L*R:={L R}, p,a=i,j k. (5)
The action of these operators on the quaternionic wave fundtigs given by
LY=h¥, RV=Vh.
The operatord andR satisfy the left/right quaternionic algebra,
Li=Lf=Lf=LL L =R’=R’=R{=RRR;=—1,
and the following commutation relations:
[Lp,Rq]=0.
Ill. SPACE TRANSLATIONS AND QUATERNIONIC MOMENTUM OPERATOR

Space translation operators in quaternionic quantum mechanics are defined in the coordinate
representation by the real linear anti-Hermitian operftor,

d=(0y,dy,9,). (6)
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To construct an observable momentum operator we must look for a Hermitian operator that has all
the properties of the momentum expected by analogy with the momentum operator in complex
quantum mechanics. The choice of the quaternionic linear operator,

P.=-Liha, (7)

as a Hermitian momentum operator, would appear completely satisfactory, until we consider the
translation invariance for quaternionic Hamiltoniaf,. In fact, due to the presence of the left
acting imaginary unit, the momentum operat@7) does not commute with thgk-part of 7.

Thus, although this definition of the momentum operator gives a Hermitian operator, we must
return to the anti-Hermitian operatérto get a translation generat¢@,7,]=0. A second pos-
sibility to be considered is represented by the complex linear momentum operator, introduced by
Rotelli in Ref. 44,

Pr=—Rihd. 8)
The commutator ofPg with a quaternionic linear operat@?;; gives
[Pr,OI¥=1[0O,d]Vi.
Taking Oy; to be a translation invariant quaternionic Hamiltonidg, we have
[Pr,Hql=0.

However, this second definition of the momentum operator has the following problem: the com-
plex linear momentum operat@y does not represent a quaternionic Hermitian operator. In fact,
by computing the difference

(¥, Pr®)— (P, PrY),
which should vanish for a Hermitian operat®g, we find
(‘Pa’PR(D)_(,PR\I,!(I)):ﬁ[I1(\1,10q))]7 (9)

which is in general nonvanishing. There is one important case in which the right-hand side of Eq.
(9) does vanish. The operat@Py gives a satisfactory definition of the Hermitian momentum
operator when restricted to@mplex geometr? that is acomplex projectiorf the quaternionic

scalar product, ¥, Pr®) . Note that the assumption of a complex projection of the quaternionic
scalar product does not imply complex wave functions. The state of quaternionic quantum me-
chanics with complex geometry will be again described by vectors of a quaternionic Hilbert space.
In quaternionic quantum mechanics with complex geometry observables can be represented by the
quaternionic Hermitian operatoH, obtained taking thespectral decompositich of the corre-
sponding anti-Hermitian operato, or simply by the complex linear operatotr,AR;, obtained

by multiplying A by the operator representing the right action of the imaginaryiuriihese two
possibilities represent equivalent choices in describing quaternionic observables within a quater-
nionic formulation of quantum mechanics based on complex geometry. In this scenario, the com-
plex linear operatofPy has all the expected properties of the momentum operator. It satisfies the
standard commutation relations with the coordinates. It is a translation generator. Finally, it rep-
resents ajuaternionic observableA review of quaternionic and complexified quaternionic quan-
tum mechanics by adopting a complex geometry is found in Ref. 34.

IV. OBSERVABLES IN QUATERNIONIC QUANTUM MECHANICS

In a recent papet: we find a detailed discussion of eigenvalue equations within a quaternionic
formulation of quantum mechanics with quaternionic and complex geometry. Quaternionic eigen-
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value equations for quaternionic and complex linear operators require eigenvalues from the right.
In particular, without loss of generality, we can reduce the eigenvalue problem for quaternionic
and complex linear anti-Hermitian operatds M [ A;® O] to

AV =V A, M=12...,n, (10

where\ ,, are real eigenvalues.

There is an important difference between the structure of Hermitian operators in complex and
quaternionic quantum mechanics. In complex quantum mechanics we can always trivially relate
an anti-Hermitian operatoA, to a Hermitian operatot{, by removing a factor, i.e.,A=iH. In
general, due to the noncommutative nature of the quaternionic field, this does not apply to quater-
nionic quantum mechanics.

Let {¥,} be a set of normalized eigenvectors Afwith complex imaginary eigenvalues
{iNm}. The anti-Hermitian operatdk is then represented by

n

A= Wi/, (12)
r=1

whereW =W, It is easy to verify that

n n

AV =D W NIV =D U\ i8m=T i
r=1 r=1

In quaternionic quantum mechanics with quaternionic geoniétitye observable corresponding
to the anti-Hermitian operatoh is represented by the following Hermitian quaternionic linear
operator:

n

H=> ¥\ W (12)
r=1

The action of these operators on the eigenveciofsgives
HY =Y A

The eigenvalues of the operatdrare real and eigenvectors corresponding to different eigenvalues
are orthogonal.
How to relate the Hermitian operatét to the anti-Hermitian operatagk? A simple calcula-
tion shows that the operatoksH andHL,; does not satisfy the same eigenvalue equatiof.dh
fact,

n n
LiH«Pm=[Li(Z \Ifrxrqr,*”\pf@ WAV =i N
r=1 r=1
and
n n
HLi\Ifmz[(E ‘Pr)\r\P:)Li}\szz A2V I
r=1 r=1

These problems can be avoided by using the right opeRjtorstead of the left operatdr; . In
fact, the operatoHR; satisfies the same eigenvalue equatioi\ pf

n n
HRi\Ifm={(r21 wrx,\pj) Ri:|q,m:r21 WA =W N
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The eigenvalues of the operaterAR; are real and eigenvectors corresponding to different eigen-
values are orthogonal. The right hermiticity of this operator is recovered within a quaternionic
formulation of quantum mechanics based on complex georiétry.

When the space state is finite-dimensional, it is always possible to form a basis with the
eigenvectors of the operatdisand— AR, . When the space state is infinite-dimensional, this is no
longer necessarily the case. So, it is useful to introduce a new concept, that of an observable. By
definition, the Hermitian operatold or — AR, are observables if the orthonormal system of
vectors forms a basis in the state space.

In quaternionic quantum mechanics with quaternionic geometry, the Hermitian operator cor-
responding to the anti-Hermitian operatdrof Eq. (11) is thus given by the operatdi of Eq.

(12). By adopting a complex geometry, observables can also be represented by complex linear
Hermitian operators obtained by multiplying the corresponding anti-Hermitian opetatoy

—R;. We remark that for complex eigenvectors, the operateks, HL;, HR; and A reduce to

the same complex operator,

n

iH=i> AW, P
r=1

We conclude this section by giving an explicit example of quaternionic Hermitian operators in
a finite two-dimensional space state. Let

o 7]
A=ly (13

be an anti-Hermitian operator. An easy computation shows that the eigenvalues and the eigenvec-
tors of this operator are given by

o [210305)

It is immediate to verify thatA andAi are characterized by complex eigenvalues and so cannot
represent quaternionic observables. In quaternionic quantum mechanics with quaternionic geom-
etry, the quaternionic observable corresponding to the anti-Hermitian operator @3 given

by the Hermitian operator,

3 k
EERSVARER PV L v 3] (14)

Within a quaternionic quantum mechanics with complex geometry, a second equivalent definition
of the quaternionic observable corresponding to the anti-Hermitian operator (£3ds given by
the complex linear Hermitian operator,

H= ! J R 15
3] i H (19
V. THE QUATERNIONIC SCHRODINGER EQUATION

For simplicity, we shall assume a one-dimensional description. In the standard formulation of
guantum mechanics, the wave function of a particle whose potential enev@y,iy must satisfy
the Schrdinger equation,

ﬁZ

| @}, =H (X =| = 5 Dt VXD | D(X,1). (16)
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Let us modify the previous equation by introducing the quaternionic potential,
[V+h-V](x,t1).
Thei-part of this quaternionic potential violates the norm conservation. In fact,

+ o0 N +
(?tJ dx<D<I>:J dx

ho— N
%(DIo"qu)—%(ﬁqu))lq)—gq){l,h}'vq)

2 + o0 J—
= gfﬁw dXCDVl(D

The j/k-part of h-V is responsible for T-violatioA.To show that, we briefly discuss the time
reversal invariance in quaternionic quantum mechanics. The gquaternionidBc@oequation in
the presence of a quaternionic potential which preserves norm conservation, is dien®s$

i o ®(x,t)=[H—jW]D(x,t), 17
whereW e C. Evidently, quaternionic conjugation,
— 1 3D (x,0)i =H D(x,)+D(x,1)j W,
does not yield a time-reversed version of the original Sdimger equation
=i h 0 Pr(X,—t)=[H—]W]D(x,—t). (18

To understand why the T-violation is proportional to fik-part of the quaternionic potential, let
us consider a real potentidl. Then, the Schidinger equation has a T-invariance. By multiplying
Eqg. (17 by j from the left, we have

—ihd ) P(X)=[H—jW]j D(x,t), WeR,
which has the same form of E¢L8). Thus,
D(x,—t)=] D(X,t).
A similar discussion applies for imaginary complex potentl&k i R. In this case, we find
D(x,—t) =k D(x,t).

However, when botlV, andV; are nonzero, i.e\We C, this construction does not work, and the
quaternionic physics is T-violating. The system of neutral kaons is the natural candidate to study
the presence déffectivequaternionic potentiald/+h-V. In studying such a system, we need of

V, andV, 3z in order to include the decay rates KW§/K, and CP-violation effects.

A. Quaternionic stationary states

For stationary states,
V(x,t)=V(x) and WI(x,t)=W(x),
we look for solutions of the Schdinger equation of the form
D(x,t)=P(x)L(1). (19

Substituting(19) in the quaternionic Schdinger equation, we obtain

iAW) =[H=] W) TP )LL) (20
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Multiplying by —\I_f(x)i from the left and bf(t) from the right, we find
7 OO =T 0L~ HA+K WOOTW ()% ()2, (21)

In this equation we have a function bbn the left-hand side and a functionxbn the right-hand
side. The previous equality is only possible if

R L0 (0] 2= W (x)[~i H+k W)W (x)/| ¥ (x)[2=g, (22

where q is a quaternionic constant. The energy operatdarH+k W(x) represents an anti-
Hermitian operator. Consequently, its eigenvalues are purely imaginary quateohsk. By
applying the unitary transformatioum,

Uh-Eu=—iE, E=\EJ+E3+E;3,

Eq. (22) becomes
hU'g(t)Z(t)u/|§(t)|2=U\?(x)[—i H+k W(x) W (x)u/|¥(x)|?=—iE. (23

The solutiond (x,t) of the Schrdinger equation is not modified by this similarity transformation.
In fact,

O(X,H)—T(X)uul(t)=¥(x)(t).

By observing that®(x,t)|?2=|¥(x)|?|£(t)|?, the norm conservation implies(t)|? constant.
Without loss of generality, we can chodggt)|?= 1. Consequently, by equating the first and the
third term in Eq.(23) and solving the corresponding equation, we find

{(t)=exd —iEt/A]£(0), (24)

with £(0) unitary quaternion. Note that the positionD) in Eq.(24) is very important. In fact,
it can be shown thaf(0)exd —iEt/#] is not solution of Eq(23). Finally, to complete the solution
of the quaternionic Schdinger equation, we must determini(x) by solving the following

second ordefright complex linear differential equation,

2
[i T VOO kWO W ()= ¥ (1 E. (25)

B. Real potential

For W(x)=0, Eq.(25) becomes

ﬁZ
[mﬁxx—V(X) {[YCO)le=iliY Ol =i{[V(x)]c=i[iV(x)]cH E. (26)
Consequently,
72 ]
ﬁ 3xx_V(X)_ [V(X)]c=—[Y(X)]E,
and
72 ]
_ﬁaxx_v(x)_ Y0 ]e=[Y(X)]cE.
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By solving these complex equations, we find

2m 2m )

W(x):exp{\/F(V—E)x kl+ex%—\/F(V—E)x Ko+ j
2m 2m

x[ex;{\/F(VJrE)x k3+ex;{—\/?(v+E)x k4},

wherek,,, n=1,...,4, arecomplex coefficients determined by the initial conditions.

C. Free particles

For free particlesY(x) =W(x) =0, the previous solution reduces to

Y p p
k1+eXF{—I%X ex;{zx k3+exp{—%x k4},

wherep=+2mE. For scattering problems with a wave function incident from the left on quater-
nionic potentials, we have

\P(x)zexp{i gx Ky+j

P o P
+rexp{—|gx +jT exp{zx

where|r|? is the standard coefficient of reflection affdexd (p/4) x]|* represents an additional
evanescent probability of reflection. In our study of quaternionic potentials, we shall deal with the
rectangular potential barrier of width. In this case, the particle is free far<O, where the
solution is given by(27), andx>a, where the solution is

\I'(x)=exp{i %x : 27

. (28

o~ p
+Jtex;{—%x

Note that, in Eqs(27) and(28), we have, respectively, omitted the complex exponential solution
exd —(p/t)x] and exjp(p/h)x] which are in conflict with the boundary condition thE{x) remain
finite asx— —o andx—c°. In Eq. (28), we have also omitted the complex exponential solution
exf —i(p/f)x] because we are considering a wave incident from the left.

v(x)=t ex;{i gx

VI. QUATERNIONIC LINEAR DIFFERENTIAL EQUATION
Consider the second order quaternionic linear differential operator,
Dy=dyxt(agtL-a)dy+bgtL-be Ay®O.
We are interested in finding the solution of the quaternionic linear differential equation,
Dy ¢(x)=0. (29
In analogy to the complex case, we look for solutions of exponential form
e(x)=exd gx],

whereq e H andx e R. To satisfy Eq(29), the constant] has to be a solution of the quaternionic
quadratic equatioff

a2+ (ap+h-a)q+by+h-b=0. (30
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A. Quaternionic quadratic equation

To simplify our discussion, it is convenient to modify E§O) by removing the real constant
ay. To do this, we introduce a new quaternionic constadefined byp=q+ ay/2. The quadratic
equation(30) then becomes

p2+h-ap+coth-c=0, (31

wherecy=by— a§/4 andc=b— (ay/2)a. We shall give the solution of E¢31) in terms of real
constantc, and of the real vectora andc. Let us analyze the following cases:

(i) aXc=0,
e a#0,c#0: (i) a-c=0,
(iii) aXc#0+#a-c;
*a=0, c#0;
e a#0,c=0;
e a=c=0.

* (i) aXc=0. In this case andc are parallel vectors, so E(1) can be easily reduced to a
complex equation. In fact, by introducing the imaginary uhith-a/|a] and observing thal-c
=7 «a, with a e R, we find

p2+Zlap+co+Za=0,

whosecomplexsolutions are immediately found.
« (ii) a-c=0. By observing thaf, c andaXc are orthogonal vectors, we can rearrange the
imaginary part ofp, h-p, in terms of the new basisa(c,aXc), i.e.,

p=pot+h-(xa+yc+zaXc). (32

Substituting(32) in Eqg. (31), we obtain the following system of equations for the real variables
Po, X, Y andz:

R: Po— (X +x)]al®~y?[c]?—2[al?|c|*+ =0,
h-a: po(1+2x)=0,

h-c: 1+ 2 poy—z|al?=0,

h-aXc: y+2pyz=0.

The second equatiomy(1+ 2 x)=0, impliesp,=0 and/orx=—3. For p,=0, it can be shown
that the solution of Eq(31), in terms ofpgy, X, y andz, is given by

1 1
p0=0, x=—§t\/K, y=0, Z:Hz, (33)
where
NS
= Co— =0.
47 a2\ 70 [al?
For x=— 3, we find
2pg 1
y:

- , z= , (34
4p5+|al? 4 pg+|al?

and
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po=4l= 2 Veg+[d*~2co—al?].

It is easily verified that

|al?
A<0= c§+|c|2—co/7;

thus

Po== 1\ 2(VeZ+ o2 —co)—|al?. (35)

Summarizing, forA #0, we have two quaternionic solutiorns, # p»,

A>0 : pe=0,
x=— =4,
y=0,
1
Z=W; (36)

A<0 : po== 2\2(\cH]P-co)-al?,

x=-1
yo— 2P0
4pg+a?’
1
—— (37
4pg+|al

For A=0, these solutions tend to the same solufigs p, given by

1

1
A=0 : po=0, X==3, y=0, Z=HZ. (38

e (iii) aXc#0+a-c. In discussing this case, we introduce the vederc—dya, dg=a
-¢/|al? and the imaginary part g in terms of the orthogonal vectoes d andaXd,

p=pot+h-(xat+yd+zaXd). (39

By using this decomposition, from E31) we obtain the following system of real equations:

R: D3~ () |af? - y2 02~ 2% af? df*+ co=0,
h-a: Po(1+2Xx)+dy=0,

h-d; 1+2poy—2zl|a?=0,

h-aXd: y+2 pyz=0.

The second equation of this system(1+ 2 x) +dy=0, impliespy# 0 sincedy# 0. Therefore,
we have
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x=—&do y=——2—2p0 z= —2—1 (40
2po 4pg+|al®’ 4pg+|al®’
and
|al*

16w3+ 8[| al?+ 2co]w?+ 4| |a|?(co—d3) + |d|?|w—d3|al*=0, (41)

4
wherew= pé. By using the Descartes rule of signs it can be proved that4ghas only one real
positive solution’® w=a?, aeR. This impliesp,=* «. Thus, we also find two quaternionic
solutions.

« a=0 andc#0. By introducing the imaginargomplexunit Z=h-c/|c|, we can reduce Eq.
(31) to the following complexequation:

p2+cy+7Z]c|=0.

* a# 0 andc=0. This case is similar to the previous one. We introduce the imagowmplex
unit Z=h-a/|al and reduce Eq31) to thecomplexequation,

p2+7T|ap+cy=0.
e a=c=0. Equation(31) becomes
p2+C0:0.

For co=—a?, acR, we find two real solutions. Far,=a?, we obtain aninfinite number of
quaternionic solutions, i.ep=h-p, where|p|=|a|.

Let us resume our discussion on a quaternionic linear quadratic equatioa=Roand/orc
=0 and foraXc=0 we can reduce quaternionic linear quadratic equatiomeneplexequations.
For non null vectors satisfying- c=0 oraXc# 0+ a. ¢, we haveeffectivequaternionic equations.
In these cases, we always find two quaternionic soluti86s (37) and(40)—(41). Fora-c=0 and
A =0, these solutions tend to the same soluti®®). Finally, the fundamental theorem of algebra
is lost for arestrictedclass of quaternionic quadratic linear equations, namely

q2+ a?=0, ack.

B. Second order quaternionic differential equations with constant coefficients

Due to the quaternionic linearity from the right of E@9), we look for general solutions
which are of the form

e(X)=@1(X)C1+ @a(X)Cy,

where¢,(Xx) and ¢,(Xx) represent two linear independent solutions of &§) andc, andc, are
guaternionic constants fixed by the initial conditions. In analogy to the complex case, we can
distinguish between quaternionic linear dependent and independent solutions by constructing a
Wronskian functional. To do this, we need to define a quaternionic determinant. Due to the
noncommutative nature of quaternions, the standard definition of the determinant must be revised.
The study of quaternionic, complex and real functionals, extending the complex determinant to
quaternionic matrices, has been extensively developed in quaternionic linear 4fjébia.a

recent papet® we find an interesting discussion on the impossibility to obtain a quaternionic
functional with the main properties of the complex determinant. For quaternionic matvices,

real positivefunctional,|detM|=defMM'], which reduces to the absolute value of the standard
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determinant for complex matrices, was introduced by Sthidpd its properties axiomatized by
Dieudonne®? The details can be found in the excellent survey paper of AslaksEhis functional
allows us to construct a real positive Wronskran,

W) = ‘ de1< <.P1(X) ﬁPz(X)) ‘
e1(X)  @a(X)
=[@1(X)|@2(X) — @1(X) 01 H(X) @2(X)]
=] 02X @1(X) — @2(X) 03 1 (X) @1(X)]
=101 @2(%) = @1(X) &1 1(X) @o(X)|

=] @) @1(X) = @2(X) &3 1(X) @1(X)].
Solutions of Eq.(29),

Qp

qol,z<x>=exqql,zx]=exp[ ( Pro— 5 |X

are given in terms of the solutions of the quadratic equaidh p; », and of the real variable.
In this case, the Wronskian becomes

WI(X)=|p1— Pl exd q.x]|| exd gzx]|.

This functional allows us to distinguish between quaternionic linear dependént)) and inde-
pendent {V+0) solutions. A generalization for quaternionic second order differential equations
with nonconstant coefficients should be investigated.

For p,# p», the solution of Eq(29) is then given by

{exd py x]ci +exd pa X]c,} (42)

@(x):ex;{ - %x

As observed at the end of the previous subsection, the fundamental theorem of algebra is lost for
a restricted class of quaternionic quadratic equation, i@+ «?=0 whereaeR. For these
equations we find an infinite number of solutions=h- a with |a|?=a?. Nevertheless, the
general solution of the second order differential equation,

P(x)+a® @(x)=0, (43)
is also expressed in terms o linearly independent exponential solutions,
e(X)=exdi ax]ci+exd —i ax]c,. (44

Note that any other exponential solution, fxpax], can be written as a linear combination of
exdi ax] and exp—i aXx],

exdh-ax]=%{exp{i ax](a—ih-a@)+exd —iax](at+ih-a)}.

As a consequence, the loss of the fundamental theorem of algebra for quaternionsotioes
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represent an obstacle in solving second order quaternionic linear differential equations with con-
stant coefficients. To complete our discussion, we have to examine th@gage. From Eq.

(38) we find
B . hXa 1 h-ax| b dp
pl—pz—_T"‘W rax{b-->al,
Thus, a first solution of the differential equati¢20) is
B H aXb a| ap
&(X)=ex . W E ? X

For aXb=0, we can immediately obtain a second linearly independent solution by multiplying
exd — (a/2)x] by x, n(x)=x &(x). ForaXb+0, the second linearly independent solution takes a
more complicated form, i.e.,

h-a
n(X)=| X+ W) £(x). (45)

It can easily be shown thaj(x) is a solution of the differential equatiq29),

7(X)+an(x)+b 7(x)

) h-a 5 h-a
x(q +aq+b)+2q+a+W(q +aq)+bW &(X)

h-a
=|2g+a+ b'W )g(x)
a .
:(zh.—2—|a| +|h-b, a >§(X)=O.

Thus, forp,=p,=p=h-((aXb)/|a]?> —a/2, the general solution of the differential equati@9)
is given by

ag h-a
qo(x)=ex;{—7x [ex;{p x]cy+| x+ Hg) exdp x]cz]. (46)

C. Diagonalization and Jordan form

To find the general solution of linear differential equations, we can also use quaternionic
formulations of eigenvalue equations, matrix diagonalization and Jordan form. The quaternionic
linear differential equatiori29) can be written in matrix form as follows:

D(x)=M ®(x), (47)

where

@(X)

and ®(x)= o(X)

0
M= —b

By observing thak is real, the formal solution of the matrix equatitfiv) is given by

O (x)=exgM x]P(0), (48
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where® (0) represents a constant quaternionic column vector determined by the initial conditions
©(0), ¢(0) and expM x]==_,[(MX)"/n!]. In the sequel, we shall use right eigenvalue equations
for quaternionic linear matrix operators equations,

Md=2> q. (49)

Without loss of generality, we can work witbomplexeigenvalue equations. By setting
=du, from the previous equation, we have

MV =Mdu=> qu=duuqu=" z, (50

whereze C andu is a unitary quaternion. In a recent papewe find a complete discussion of the
eigenvalue equation for quaternionic matrix operators. In such a paper was shown that the com-
plex counterpart of the matrikl has an eigenvalue spectrum characterized by eigenvalues which
appear in conjugate paifg,,z;,2,,Z,}. Let ¥, andW¥, be the quaternionic eigenvectors corre-
sponding to the complex eigenvalugsandz,,

MW¥,=¥,z; and MWV,=V¥,2z,.

It can be shown that fdiz;| #|z,|, the eigenvector¥ ; and¥, are linearly independent di and
consequently there exists a<2 quaternionic matrixs=[¥; ¥,] which diagonalize,

1_

( exd z:X] 0
0 exf zoX]

z; O -
exd M x]=Sex 0 2z X|S

In this case, the general solution of the quaternionic differential equation can be written in terms
of the elements of the matric&andS™* and of the complex eigenvalueg andz,,

Siit ¢(0)+ S5 ¢(0)
S31 @(0)+ S5, »(0)

@(X)
o(x)

B ( S;iexdzix]  Sp exp[zzx])
| Syexzix]  Spexdzx]

Hence,
¢(x)=S1exf 2y X][Sp1* ¢(0) + S5 $(0)]
+S,exg 2, X][ Sy @(0)+Sy; #(0)]
=extd S1121(S1) M XISu[ St @(0) + S5 #(0)]
+exS1222(S12) M XIS1d So1” ¢(0)+ S5 9(0)]
=ext Spu(S1)  XISulSiit ¢(0) + S5 9(0)]
+ X S S12) M XIS1d Syt ¢(0)+ S5 9(0)]. (51)

We remark that a different choice of the eigenvalue spectrum doemodify the solution(51).
In fact, by taking the following quaternionic eigenvalue spectrum:

{01,020 ={U121u1,Uz2,U5},  [a1]#[ 2, (52
and observing that the corresponding linearly independent eigenvectors are given by
{@1=Vu;, Pr="Y5uy}, (53

we obtain
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M=[®; ®,]diagq;,q,}[ P, P,] *
=[Wu; Vou,]diagu; zg Uy Uz} WUy Wouy] t

=[WV, ¥,]diagz;, 2.} [V, V,] L.

Let us now discuss the cafg|=|z,|. If the eigenvector§¥ ,, ¥}, corresponding to the eigen-
value spectrun{z,z}, are linearly independent o, we can obviously repeat the previous dis-
cussion and diagonalize the matrix operalbrby the 2<2 quaternionic matriJ=[{W¥,W¥,].
Then, we find

e(x)=exdU112(U1) " x]U1 U1y ¢(0)+ U1y #(0)]
+exfU1,2(U1n) " x]U1d Uy @(0)+ Uz (0)]
=ex{Upi(U1) " XIUs 11" ¢(0) + U5 (0)]
+exg Upi(U1) " x]U1f Uat ¢(0)+ Uz, #(0)]. (54)
For linearly dependent eigenvectors, we cannot construct a matrix which diagonalizes the matrix

operatorM. Nevertheless, we can transform the matrix operitoto Jordan form,

_ (Z 1) 1
M=3|, | (55

It follows that the solution of our quaternionic differential equation can be written as

B (z 1)
D(x)=Jex 0 X

Thus,

I @(0)+315 »(0)
Jom @(0)+ 355 p(0)]

Ji1 X1+ dp
Jo1 X Jp1+J5

J1(D(O)=( exd zx]

e(x)=Jexgz X[ I;1 ¢(0)+3;; #(0)]
+(x It I exd 2 XI[ 1t ¢(0) + 355 9(0)]
=exfJ112(31) X1 I11t ¢(0) +355" #(0)]
+[x+ 3151 Hexd I 2(31) 1 x]
x 3110351 @(0) + 35, $(0)]
=exfJ21(J10) " X]Iul I11t ¢(0) +335' 9(0)]
+ [+ 3150310 " Hlexd Ipi(J1) " x]
X J1 51 @(0)+355 ©(0)]. (56)

The last equality in the previous equation follows from the use of(&8g).and the definition oM.

Finally, the general solution of the quaternionic differential equatZ® can be given by
solving the corresponding eigenvalue problem. We conclude this section by observing that the
guaternionic exponential solution, gxpx], can also be written in terms of complex exponential
solutions,u exz Xju™?, whereq=u z u™ 1. The elements of the similarity transformatic®sU or
J and the complex eigenvalue spectrumvbidetermine the quaternianand the complex number
z. This form for exponential solutions will be very useful in solving complex linear differential
equations with constant coefficients. In fact, due to the presence of the right acting oprator
we cannot use quaternionic exponential solutions for complex linear differential equations.
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VIl. COMPLEX LINEAR QUATERNIONIC DIFFERENTIAL EQUATIONS

Consider now the second order complex linear quaternionic differential operator,

De=[agatL-a+ (boat L -bo)RiJdxx
+[ap+L-ag+ (boitL-by)Ri]dx
+aggtL-ag+ (bggtL-bg)R,
S AC® O,
and look for solutions of the complex linear quaternionic differential equation,
D¢ ¢(x)=0. (57)
Due to the presence &, in (57), the general solution of the complex linear quaternionic differ-

ential equation cannot be given in terms of quaternionic exponentials. In matrix forn{58gq.
reads as

D(X)=M P (x), (59
where

" (O 1
v —be —a¢

The complex counterpart of complex linear quaternionic matrix opefdtoihas an eigenvalue
spectrum characterized by four complex eigenvalimsz,,z3,z,}. It can be shown thal . is
diagonalizable if and only if its complex counterpart is diagonalizable. For diagonalizable matrix
operatorM ¢, we can find a complex linear quaternionic linear similarity transformagjowhich
reduces the matrix operattt . to diagonal fornt*

®(X)
@(x)

and ®(x)=

21t2, 7,-7,
af2n 0
2 2i R

M‘U:SU — — SEl

It is immediate to verify that

(ol (ol [2)- 5]

are eigenvectors of the diagonal matrix operator,

21+2, 7,-17,
=
2 2i

R 0

Z3+24 23— 2
48 =
2 2i

R

with right complex eigenvalues , z,, zz andz,. The general solution of the differential equation
(57) can be given in terms of these complex eigenvalues,
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21+2, 2,-7
LA
2 2i

[S:11¢(0)+S:19(0)]

)

@(X):Scuexr{

Z3+24 232

2 "2 [S:210(0)+S; 2, (0)]

)

+Sc12 ex;{

=u, exd z; x]k; +u, exd z, X1k,
+ ug exf z3 X]ks+ uy exd z, x]K,, (59
wherek,, are complex coefficients determined by the initial conditions. This solution holds for
diagonalizable matrix operatdi . For nondiagonalizable matrix operators we need to find the

similarity transformation); which reducesVi . to the Jordan form. For instance, it can be shown
that for equal eigenvalueg; =z,, the general solution of the differential equati@Y) is

e(X)=uexd z x]k,+ (u x+TU)exd z x|k, + ug exd zz X]kz+ us exg z4 XK, . (60)

A. Schro dinger equation

Let us now examine the complex linear Safirmer equation in the presence of a constant
guaternionic potential,

ﬁZ

ﬁaxx_v_’_]— W

V(x)=i ¥(x)i E. (62)

In this case, the complex linear matrix operator,

0 1
M[;:(—bc 0), b(‘:V_]W+|ER|,

represents a diagonalizable operator. Consequently, the general solution of théirgehrequa-
tion is given by

@(X)=uy exfd z; X]Kky + Uy exd z, X]ky+ ug exd zz X]Kg+u, ex z, X]Ky . (62

The quaternionsi,, and the complex eigenvalues are obtained by solving the eigenvalue equa-
tion for the complex linear operatdl .. We can also obtain the general solution of Egfl) by
substitutingu exp 2m/%2 z X] in the Schrdinger equation. We find the following quaternionic
equation:

uzZ—(V=—jW)u—iEui=0,
whereu=z,+j7Z,. This equation can be written as two complex equations:
[22—(V—E)]z,— WZ,=[22— (V+E)]Z,+ W z,=0.
An easy calculation shows thatsatisfies the complex equation,
=2V 2+ V?+|W|?—E?=0, (63
whose roots are
Z3,=*+ VV— \/mz +*z. and zz,=* \/rmz +z,. (64)

By Setting @1’2)L;=(—ju3’4)(;=1, we f|nd
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w W
u=|1+j——=——=| and u,=|——=——=+]|. (65
( ’EWEZ—IWF) ' (E+JE2—|W|2 ') !
The solution of the complex linear quaternionic Sclinger equation is then given by
2m 2m
PY(x)=u_{expg \/5zz_X|ki+exg — \/5=2z_ x|k,
h i
2m 2m
+u, jex 772+ X ks+exg — 572+ X Kgp. (66)

Equation(63) can also be obtained by multiplying the complex linear Sdimger equatior{61)
from the left by the operator,

ﬁ2
ﬁﬂxx—v—j W.

This gives

2

| R .
\P(x)zl[ﬁéxx—VﬂW

—E2¥(x).

T (x)i E

ﬁ2 2 h2
(ﬁ) Ayxxx— 2 ﬁv Oyt V24 |W|2

By substituting the exponential solutianexd 2m/%2z x] in the previous equation, we imme-
diately re-obtain Eq(63).

VIIl. QUATERNIONIC CONSTANT POTENTIALS

Of all Schradinger equations the one for a constant potential is mathematically the simplest.
The reason for resuming the study of the Sclimger equation with such a potential is that the
qualitative features of a physical potential can often be approximated reasonably well by a poten-
tial which is pieced together from a number of constant portions.

A. The potential step

Let us consider the quaternionic potential step,

0, x<0,

V(X)—jW(x)= .
()= W(x) [V_JW, =0,
whereV and W represent constant potentials. For scattering problems with a wave function
incident from the left on the quaternionic potential step, the complex linear quaternionic- Schro
dinger equation has the solution

p
_ P el e ]
x<0: EXF{IﬁX +rexp{ |ﬁx +Jrexp{ﬁx,
W (x) = 2m ~ 2m
(x) x>0: u_tex 522X +u,texp — 7772+ X [E>VZ+]W[?],
5 5 (67)
m - m
u_tex;{—\/?z_x +u+texp{— \/Fz+x [E<JVZ+|W[7],
\

wherer, T, t andt are complex coefficients to be determined by matching the wave function
WP (x) and its slope at the discontinuity of the potentiat 0.
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For E>\V2+ |W|2, the complex exponential solutions of the quaternionic Sdinger equa-
tion are characterized by

z_=i VVE?—|W|?-VeiR and z,=VVE?—|W|?+VeR.

The complex linearly independent solutions,

2m 2m
u_exg — FZ‘X and u, ex Ferx,

have been omitte,=k;=0 in (66), because we are considering a wave incident from the left
and because the second complex exponential solutiofiy8rp%2 z, x], is in conflict with the
boundary condition tha¥ (x) remain finite asx—. The standard result of complex quantum
mechanics are immediately recovered by consideViiig0 and taking the complex part of the
quaternionic solution.

For E<VZ+[W]|?, the complex exponential solutions of the quaternionic Stihger equa-
tion are characterized by

z_.=VV—VE?—|W|?, z,=VV+VE?=|W|]? eR [E>|W|],

6 J|W|?—E?
zi=(V2+|W|2—E2)1/4eXF{ii§, tanéh% eC [E<|W].

The complex linearly independent solutions,

2m 2m
u_ ex Fz,x and u, ex FZ+X

have been omitteds; =k;=0 in (66), because they are in conflict with the boundary condition
that ¥ (x) remain finite ax— oo,

A relation between the complex coefficients of reflection and transmission can immediately be
obtained by the continuity equation,

ap(X,1)+aJ(x,1)=0, (69)
where
p(X,) =D (x,1)D(x,1),

and
J(x,t) = %{[axd_)(x,t)]i D(x,1) = D(x,1)i G P (X, 1)}

Note that, due to the noncommutative nature of the quaternionic wave functions, the position of
the imaginary unii in the probability current density(x,t) is important to recover a continuity
equation in quaternionic quantum mechanics. For stationary statdgx,t)

=W (x)exd —i (E/4)t](0), it can easily be shown that the probability current density,

J(x,t)= ;L—mZ(O)ex;{ i gt {[3,P()]i ¥(x)—T(x)i 3, ¥(x)} ex;{ —i %t }5(0),

must be independent of, J(x,t)=f(t). Hence,
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=,

f — — E — E

= {[P )1 ¥(X) =P (x)i oW (x)}=exg —i—t|L(0)f(t){(0)exp it

2m h h
wherea is a real constant. This implies that the quantity

p — — ..
J= ﬁ{[ﬁx\l’(x)]l W (x)—V(x)i d,¥(x)},
has the same value at all points In the free potential regions<<0, we find
P2
J-=(1=|rf?).

In the potential regionx>0, we obtain

2 W ?

0 [E<yVZ+|W|?].

Finally, for stationary states, the continuity equation leads to

E2_TWwWiZ_ 2
|r|2+w - %'W ]|t|2=1 [E> W2+ W2,
J’_ —

(69

Irl?=1 [E<VZ+|W|?].

Thus, by using the concept of a probability current, we can define the following coefficients of
transmission and reflection:

VEZ-[W2-V W] ?
Rl T — | e [ 1V

R=[r|2, T=0 [E<VZ+|W[?].

These coefficients give the probability for the particle, arriving foom—, to pass the potential
step atx=0 or to turn back. The coefficien® andT depend only on the ratids/VV and|W|/V.
The predictions of complex quantum mechanics are recovered by Sétting.

B. The rectangular potential barrier

In our study of quaternionic potentials, we now reach the rectangular potential barrier,

0, x<0,
V(x)—jW(x)={ V-jW, 0<x<a,
0, x>a.

For scattering problems with a wave function incident from the left on the quaternionic potential
barrier, the complex linear quaternionic Satlirmger equation has the solution
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P
x<0: exr{ I

. _ In ]
%X +rexp{—| +]I’€XF{XX

2m 2m

O<x<a: u_jex —=Z_X|kit+exp— \/57Z_ X
h h
2m

eX ?—Z+X

L~ p
+jtexp{—gx

S o]

o
2m
k3+ex;{ - \/FL X k4) ;

W(x)= (70)

X>a: tex;{i%x

The complex coefficients, T, t andt are determined by matching the wave functiiix) and
its slope at the discontinuity of the potentied=0 and will depend onfw|.

By using the continuity equation, we immediately find the following relation between the
transmissionT=|t|2, and reflectionR=|r|?, coefficients

R+T=1. 72

C. The rectangular potential well

Finally, we briefly discuss the quaternionic rectangular potential well,

0, x<0,
V(X)—jW(x)=4¢ —V+jW, 0<x<a,
0, x>a.

In the potential region, the solution of the complex linear quaternionic Satger equation is

then given by
2m 2m
P (X)=u_ {exp{ VFZ‘ X k1+ex;{— \/?z_ X

2m 2m
+uy exp{\/ﬁhx k3+ex;{— \/?Lx k4], (72
where
u_=|1- , U= ———Y——,
Ve VB W M= = vy
and

z_=i VVE2=|W|?+V, z,=VVE?—|W|?>-V.

Depending on whether the energy is positive or negative, we distinguish two separate cases. If
E>0, the particle is unconfined and is scattered by the potenti&l<i0, it is confined and in a
bound state. We limit ourselves to discussing the &s®. For|W|<|E|< \VZ+|W]?, solution

(72) becomes
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ka

2m 2m

u_{exp[i \/?\/\/EZ—|W|2+VX kﬁexp[—i \/?\/\/E2—|W|2+VX
2m 2m

+u, |expgi ﬁ\/v—\/Ez—|W|2x ky+exg — i ?\/V—\/E2—|W|2x

J

(73
For |E|<|W]|, the solution is given by
2m O+ 2m 07
u_jex ?pex ITX kl+ex - Fpex ITX k2
2m m—0 2m O+
+u, | ex Fpex IT X| ks+exp — Fpex _ITX Kats (74

wherep=\V?+|W|?—E? and targ=\|W[?—E?/V. In the region of zero potential, by using the
boundary conditions at large distances, we find

2m _ . [2m
Xx<0: ex F|E|X Citjexpg —| ?|E|X

2m ) ) 2m
x>a: exg — \/7z[E[x|datjexg i\ 7z [E[x

The matching conditions at the discontinuities of the potential yield the energy eigenvalues.

Cy,

P (x)= (75

ds.

IX. CONCLUSIONS

In this paper, we have discussed the resolution of quaterni@hje(x) =0, and complex,

De o(X)=0, linear differential equations with constant coefficients within a quaternionic formu-
lation of quantum mechanics. We emphasize that the qobternionic quadraticequation in-
volved in the study of second order linear differential equations with constant coefficients is given
by Eq.(30) following from Dy; ¢(x) =0. Due to the right action of the factorin complex linear
differential equations, we cannot factorize a quaternionic exponential and consequently we are not
able to obtain equaternionic quadraticequation fromD ¢(x)=0. Complex linear differential
equations can be solved by searching for quaternionic solutions of thedfesz x|, whereq

e H andze C. The complex exponential factorization gives@mplex quartieequation. A similar
discussion can be extended to real linear differential equatibpsp(x)=0. In this case, the
presence of left/right operatods and R in Dy requires quaternionic solutions of the form
gexdAx], whereqe I and A e R. A detailed discussion of real linear differential equations
deserves a further investigation.

The use of quaternionic mathematical structures in solving the complex lineard8ueo
equation could represent an important direction for the search of new physics. The open question
of whether quaternions could play a significant role in quantum mechanics is strictly related to the
whole understanding of resolutions of quaternionic differential equations and eigenvalue prob-
lems. The investigation presented in this work is only a first step towards a whole theory of
quaternionic differential, integral and functional equations. Obviously, due to the great variety of
problems in using a noncommutative field, it is very difficult to define the precise limit of the
subject.
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APPENDIX A: QUATERNIONIC LINEAR QUADRATIC EQUATIONS

In this appendix, we give some examples of quaternionic linear quadratic equations; see cases
(i)—(iii) and find their solutions.

o (i): p2+v2(i+j)p—1—2v2(i+j)=0.

In solving such an equation we observe that(v2,v2,0) andc=—(2v2,2v2,0) are parallel
vectors,c= —2 a. Consequently, by introducing tltempleximaginary unitZ= (i +j)/v2, we can
reduce the quadratic quaternionic equation to the follovdgomplexequation:

p?+2Zp—1-47=0,
whose solutions arp; ,= —7*2 VZ. It follows that the quaternionic solutions are

i+j
=+V2—(15v2)—.
P12 ( v
o (ii): p?+ip+2k=0, A=0.
We note thata=(1,0,0) andc=(0,05) are orthogonal vectors andi=0. So, we find two
coincident quaternionic solutions given by

= 1h +h-aXc= ]
p=-3h-ath-axe=-—7=

e (i): p?+jp+1-k=0, A>0.
In this casea=(0,1,0) andc=(0,0,—1) are orthogonal vectorsy=1 andA=1/4. So,

Po=0, x=-3*3, y=0, z=1.
By observing that
h-a=j, h-c=—k, h-aXc=-i,
we find the following quaternionic solutions:
p;=—1i and p,=-—(i+j).

e (ii): p?+kp+j=0, A<O.
We havea=(0,0,1),¢=(0,1,0) andcy=0. Thena-c=0 andA=—3/4. So,

po==h, x==} y=}, 2=t
In this case,
h-a=k, h-c=j, h-aXc=-i;
thus, the solutions are given by

P1o=3(x1—iF]—k).

Downloaded 23 Apr 2001 to 143.106.96.190. Redistribution subject to AIP copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



2260 J. Math. Phys., Vol. 42, No. 5, May 2001 S. De Leo and G. Ducati

o (iii): p?+ip+1+i+k=0.

We havea=(1,0,0),c=(1,0,1) andcy=1. In this case-c# 0, so we introduce the quater-
niondy+h-d=1+Kk, whose vectorial pad=c—dgya=(0,0,1) is orthogonal ta. The imaginary
part of our solution will be given in terms of the imaginary quaternions,

h-a=i, h-d=k, h-aXd=-j.
The real part ofp is determined by solving the equation
16pS+24p5—3 p53—1=0.
The real positive solution is given t;yg: 3. Consequently,
Po=*3, X=—3%1, y=%3, z=3.

The quaternionic solutions are

p1=3(1-3i—j—k) and p,=—3(1-i+j—k).
APPENDIX B: QUATERNIONIC LINEAR DIFFERENTIAL EQUATIONS

We solve quaternionic linear differential equations whose characteristic equations are given
by examplegi)—(iii) in Appendix A.

1+k
© D000 +V2(i+ ) e() —[1+2vV2(1+])]e(x)=0, ¢(0)=i, #(0)=—7>~

The exponential eXjp X] is solution of the previous differential equation if and only if the
quaternionp satisfies the following quadratic equation:

p2+v2(i+j)p—1—2v2(i+j)=0,

whose solutions are given by

T
p1‘2=i\/2—(1+ \/Q)E

x] c+ exp|

Consequently,

go(x)zexp{

By using the initial conditions, we find

i+
VI—(1-v2)—
V2

i+
—VI—(14+v2)—
V2

x]cz.

p[ i+ i+j| |
o(X)=exg ———x | cosh [ vV2+ —| x [i.
V2 V2
o o 2+i+k ) 1+i+]
o (i) @(X)+(1+i)e(x)+ 7 e(0=0, ¢(0)=0, ¢(0)=-—75—

We look for exponential solutions of the forg(x)=exdqx]=exd (p—3)x]. The quaterniorp
must satisfy the quadratic equation,

p?+ip+ 3k=0.
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This equation implies
i
P1=P2=—~ 5~
Thus,

1+i+j
e1(X)=expg — 5 X |.

The second linearly independent solution is given by

_ 1+i+j
@z(X)=(X+I>eXp[— > X |-

By using the initial conditions, we find

e(x)={exdqx]+(x+i)exd ax]i }J[1+q (1+iq)i] *
whereq=—(1+i+j)/2.

« (i) e()+(2+])e(x) +(2+] — k) o(x) =0, @(0)=TI, e(0)=].
The exponential solutiow(x) =exdgqx]=exd(p—1)x] leads to
p?+jp+1—k=0,
whose solutions are
p1=—i and p,=—(i+j).
Consequently,
e(x)=exd — x){ exd — i x]cy+exd — (i +])x]co}.

The initial conditions yield

o(X)=exd — x]i exd — ix]#+exp{— (+)x](j—21) .

* (iD): o) Tk o(X)+] e(x)=0, (0)=i+k, ¢(0)=1.
The characteristic equation is
p?+kp+j=0,
whose solutions are
P1o=3(x1-iFj—k).
Thus, the general solution of our differential equation reads as

1—-i—j—k F{ 1+i—j+k
c,texg — ———x

qo(x)zex;{Tx 5 Cy.

By using the initial conditions, we obtain
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1-i—j—k 1+i—j+k
o(X)=1 ex TX +exg — X

2
o (iii): ¢(x) +(i=2)(X) +(2+K) o(x) =0, ¢(0)=0, ¢(0)=].
By substitutinge(x) =exd g X]=exd (p+1)x] in the previous differential equation, we find

i+k
2

p?+ip+1+i+k=0.
The solutions of this quadratic quaternionic equation are
p1=3(1-3i—j—k) and p,=—3(1—-i+j—k).

So, the general solution of the differential equation is

[{ 1-i+j—k
Crtexg— ———5 X

1-3i—j—k
@(X)=ex Tx

Cy.

By using the initial conditions, we obtain
1-3i—j—k
o(X)=1ex TX

APPENDIX C: DIAGONALIZATION AND JORDAN FORM

1-i+j—k |]j—i+2k
—exp — 2 X 6 .

In this appendix, we find the solution of quaternionic and complex linear differential equations
by using diagonalization and Jordan form.

1. Quaternionic linear differential equation

By using the discussion about quaternionic quadratic equation, it can immediately be shown
that the solution of the following second order equation:

e(x)+ (k=) e(x)—] ¢(x)=0,

with initial conditions
0)= K p(0)=1 J
o( )—5, ¢(0)= +2
is given by

p(X)=

k :
X+ E) exdix].
Let us solve this differential equation by using its matrix fo{#7), with

M:(? i—lk)'

This quaternionic matrix can be reduced to its Jordan form,

i1 1
M= VA
JO i J

by the matrix transformation
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, K 3t itk
S 2 . 4 4
s k1o
2 2 2

The solution of the quaternionic linear quaternionic differential equation is then given by
¢()=Jnexdix][ Iy ¢(0)+ I35 (0)]
+(x J11+ I exd i x][Jo1" ¢(0) + 35" (0)]
:(X J11+J12)eX[{i X]

—( x+§ exfix].

2. Complex linear differential equations

Let us now consider the complex linear quaternionic differential equation,
e(X) =] e(x)i=0,
with initial conditions
e(0)=], ¢(0)=k.
To find particular solutions, we sef(x) =g exgz X]. Consequently,
qz—jqi=0.
The solution of the complex linear second order differential equation is
e(x)=3[(i+]j)exd —ix]+ (j —i)coshx+ (k—1)sinhx].

This solution can also be obtained by using the matrix

" 0 1
iRy o)

and its diagonal form

—-iR; O 71
Mq=S; 0 i ST

where
1-i—j—k 1—i+j+kR 1+i—j+k 1+i+j—k
2 T 2 ‘ > T 2 i
Sc= 1+i+j—k 1+i—j+|<R 1-i—j—k 1—i+j+kR
2 2 N T T h
and

Downloaded 23 Apr 2001 to 143.106.96.190. Redistribution subject to AIP copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



2264 J. Math. Phys., Vol. 42, No. 5, May 2001 S. De Leo and G. Ducati

Lhitjrk Tri-j-k  1-i-j+k 1-i+j-k

L1 2 2 0 > T R
ST itk 1-iojek 1+i+j+k 1+i—j—k
R S I S B

The solution of the complex linear quaternionic differential equation is then given by

@(X)=Sc11exd — i Ry X][S; 11 ¢(0)+S; 1, #(0)]
+S12exf iX]1[S;: 21 ¢(0) +S:2,9(0)]

= %{(1—i+j —k)exd —x]—(1+i—j—k)exgd x]}

i+j )
+Texr[ ix].

1D. Finkelstein, J. M. Jauch, S. Schiminovich, and D. Speiser, “Foundations of quaternion quantum mechanics,” J. Math.
Phys.3, 207—220(1992.

2D. Finkelstein, J. M. Jauch, and D. Speiser, “Principle of general q covariance,” J. Math. £83—-796(1963.

3D. Finkelstein, J. M. Jauch, and D. Speiser, “Quaternionic representations of compact groups,” J. Math4, Phys.
136-140(1963.

4S. L. Adler, “Scattering and decay theory for quaternionic quantum mechanics and the structure of induced T non-
conservation,” Phys. Rev. B7, 3654—36621998.

5A. J. Davies, “Quaternionic Dirac equation,” Phys. Rev.4l, 2628—26301990.

6S. De Leo and P. Rotelli, “Quaternion scalar field,” Phys. Rev4®) 575-579(1992.

’S. L. Adler, “Composite leptons and quark constructed as triply occupied quasi-particle in quaternionic quantum
mechanics,” Phys. Lett. B32 358—365(1994).

8S. L. Adler, “Algebraic and geometric aspects of generalized quantum dynamics,” Phys. R&y6D05-67081994).

9S. De Leo and P. Rotelli, “Quaternion Higgs and the electroweak gauge group,” Int. J. Mod. Phys 48594370
(1995.

103, De Leo and P. Rotelli, “The quaternionic Dirac lagrangian,” Mod. Phys. LetL.1A357—-366(1996.

1S, De Leo and P. Rotelli, “Quaternionic electroweak theory,” J. Phy2231137-11501996.

123, L. Adler, “Generalized quantum dynamics as pre-quantum mechanics,” Nucl. Phy&3 B99-244(1996.

133, De Leo and W. A. Rodrigues, Jr., “Quaternionic electron theory: Dirac’s equation,” Int. J. Theor. Phyis11—
1529(1998.

143, De Leo and W. A. Rodrigues, Jr., “Quaternionic electron theory: geometry, algebra and Dirac’s spinors,” Int. J.
Theor. Phys37, 1707-1720(1998.

15A. J. Davies and B. H. McKellar, “Non-relativistic quaternionic quantum mechanics,” Phys. Rel0, 4209-4214
(1989.

18A. J. Davies and B. H. McKellar, “Observability of quaternionic quantum mechanics,” Phys. Re, 8671-3675
(1992.

17S. De Leo and P. Rotelli, “Representationslbf1, q) and constructive quaternion tensor product,” Nuovo Cimento B
110, 33-51(1995.

8G. Scolarici and L. Solombrino, “Notes on quaternionic groups representation,” Int. J. Theor. hy491-2500
(1995.

193, L. Adler, “Projective group representations in quaternionic Hilbert space,” J. Math. BAy2352—2360(1996.

203, De Leo, “Quaternions for GUTs,” Int. J. Theor. Phy5, 1821-18371996.

21S. De Leo, “Quaternions and special relativity,” J. Math. Ph§%, 2955—-29681996.

22F, Zhang, “Quaternions and matrices of quaternions,” Linear Algebr. ApB1, 21-57(1997.

2G. Scolarici and L. Solombrino, “Quaternionic representation of magnetic groups,” J. Math. B8y$147—1160
(1997.

243, L. Adler and G. G. Emch, “A rejoinder on quaternionic projective representations,” J. Math. 88y4758—4762
(1997.

25T, Dray and C. Manogue, “The octonionic eigenvalue problem,” Adv. Appl. Cliff. ABy341-364(1998.

26T, Dray and C. Manogue, “Finding octonionic eigenvectors usingHemATICA,” Comput. Phys. Commun115,
536-547(1998.

2T, Dray and C. Manogue, “Dimensional reduction,” Mod. Phys. Lett14 99-104(1999.

28T, Dray and C. Manogue, “The exceptional Jordan eigenvalue problem,” Int. J. Theor. B8)2901—-29161999.

293, De Leo and G. C. Ducati, “Quaternionic groups in physics,” Int. J. Theor. P38s2197-22201999.

S0A. Baker, “Right eigenvalues for quaternionic matrices: a topological approach,” Linear Algebr. 28f1303—-309
(1999.

Downloaded 23 Apr 2001 to 143.106.96.190. Redistribution subject to AIP copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



J. Math. Phys., Vol. 42, No. 5, May 2001 Quaternionic differential operators 2265

313, De Leo and G. Scolarici, “Right eigenvalue equation in quaternionic quantum mechanics,” J. B829Y1-2995
(2000.

32|, P. Horwitz and L. C. Biedenharn, “Quaternion quantum mechanics: second quantization and gauge field,” Ann. Phys.
(Leipzig) 157, 432—-488(1984).

333, L. Adler, “Generalized quantum dynamics,” Nucl. Phys4B5, 195-243(1994.

343, De Leo and W. A. Rodrigues, Jr., “Quaternionic quantum mechanics: from complex to complexified quaternions,”
Int. J. Theor. Phys36, 2725-27571997).

35G. M. Dixon, Division Algebras: Octonions, Quaternions, Complex Numbers and the Algebraic Design of Physics
(Kluwer Academic, Boston, 1994

363, L. Adler, Quaternionic Quantum Mechanics and Quantum Figl@sford University Press, New York, 1995

S7F. Glrsey and C. H. TzeQn the Role of Division, Jordan and Related Algebras in Particle Physiasrld Scientific,
Singapore, 1996

38|, Niven, “Equations in quaternions,” Am. Math. Month8, 654—661(1941).

391, Niven, “The roots of a quaternion,” Am. Math. Monthl¢9, 386—388(1942.

40, Brand, “The roots of a quaternion,” Am. Math. MonthK9, 519-520(1942.

413, Eilenberg and 1. Niven, “The fundamental theorem of algebra for quaternions,” Bull. Am. Math580246—248
(1944).

423, De Leo and P. Rotelli, “Translations between quaternion and complex quantum mechanics,” Prog. The®2,Phys.
917-926(1999.

433, De Leo and P. Rotelli, “Odd dimensional translation between complex and quaternionic quantum mechanics,” Prog.
Theor. Phys96, 247—-255(1996.

44p, Rotelli, “The Dirac equation on the quaternionic field,” Mod. Phys. Lett4,/093—-940(1989.

45J. Rembieliski, “Tensor product of the octonionic Hilbert spaces and colour confinement,” J. Phys, 2323—-2331
(1978.

46, L. Brenner, “Matrices of quaternions,” Pac. J. Mafh.329-335(1951).

473. L. Brenner, “Applications of the Dieudonrieterminant,” Linear Algebr. Appll, 511-536(1968.

48E_ J. Dyson, “Quaternionion determinant,” Helv. Phys. AdiB 289-302(1972.

4L, X. Chen, “Inverse matrix and properties of double determinant over quaternionic field,” Sci. China, Ser. A: Math.,
Phys., Astron. Technol. Sc&4, 528—540(1991).

50N. Cohen and S. De Leo, “The quaternionic determinant,” Elec. J. Lin. &JgL00—111(2000.

51E. Study, “Zur Theorie der linearen gleichungen,” Acta Ma#2, 1-61(1920.

52J. Dieudonng“Les determinants sur un corp non-commutatif,” Bull. Soc. Math. Fraf¢e27—-45(1943.

53H. Aslaksen, “Quaternionic determinants,” Math. IntéB, 57—65(1996.

Downloaded 23 Apr 2001 to 143.106.96.190. Redistribution subject to AIP copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



