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Abstract In wireless networks, the notion of compatible set refers to a set of radio
links that can be simultaneously active with a tolerable interference. Finding a com-
patible set with maximum weighted revenue from the parallel transmissions is an
important optimization subproblem for resource management in wireless networks.
For this subproblem, two basic ways of expressing the signal-to-interference-plus-
noise-ratio within integer programming are used, differing in the number of variables
and the quality of the upper bound given by their linear relaxations. To our knowledge,
there is no systematic study comparing the effectiveness of these two approaches to
the compatible set optimization problem. The contribution of the article is twofold.
First, we present a comparison of the two basic approaches, and, second, we intro-
duce matching inequalities that improve the upper bounds achievable with the two
basic approaches. The matching inequalities are generated within the branch-and-cut
process using a minimum odd-cut generation procedure based on the Gomory—Hu tree
algorithm. The article presents results of a numerical study illustrating our statements
and findings.
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Introduction

In radio communications, a compatible set (CS) is defined as a group of radio links
that can be simultaneously active (i.e., they can transmit in parallel) so that the signal-
to-interference-plus-noise-ratio (SINR) constraint is satisfied for each of the active
links. The use of CS is a powerful approach to various kinds of optimization prob-
lems in wireless networks involving transmission scheduling. For example, compat-
ible sets are applied in such papers for optimizing routing, power control and traf-
fic throughput as (Capone et al. 2010a; Elbatt and Ephremides 2004; Viswanathan
and Mukherjee 2006; Li and Ephremides 2007). In Piéro et al. (2011) a max-min
fair flow allocation problem in wireless mesh networks is considered, combining
link rate adaptation with transmission scheduling—the CS subproblem is embed-
ded as the pricing problem in a branch-and-price algorithm for solving the over-
all problem. Our previous work described in Li et al. (2012) develops a simulated
annealing algorithm to generate a sub-optimal solution consisting of several CSs for
the problem of joint link rate assignment and transmission scheduling. The papers
(Bjorklund et al. 2004; Capone et al. 2010b) also treat generating compatible sets
through a pricing problem in column generation for various applications in wireless
networks.

The problem of finding a CS that maximizes a weighted sum of its links—maximum
weighted CS problem (MWCSP)—has attracted a considerable research attention.
For example, the papers (Goussevskaia et al. 2007, 2009) study the complexity of
the problem and point out that it is A/P-hard, also when the background noise is
ignored. The paper (Brar et al. 2006) investigates MWCSP in wireless mesh networks,
proposing heuristic and approximate algorithms; other approximate algorithms for
MWCSP can be found in Xu and Tang (2009) and Kesselheim (2011). The paper
(Andrews and Dinitz 2009) presents a distributed algorithm for MWCSP based on
game theory. As pointed out in Capone et al. (2011), there is not much work on
finding exact solutions for MWCSP. The authors, however, present an exact MWCSP
algorithm based on knapsack lifted-cover inequalities, and the scheme is especially
effective when the link weights are all set to 1.

In this article, we first summarize two different integer programming models for
MWCSP. Then, we strengthen the presented MWCSP models using the results of
matching theory, and make numerical comparisons. The numerical study shows that
the linear relaxation of the enhanced model gives an improvement in terms of the
upper bound. In addition, it turns out that embedding a matching cut generation
procedure in branch-and-bound results in a branch-and-cut algorithm that is more
efficient than applying branch-and-bound to the standard models with no matching
inequalities.
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Optimizing CSs in wireless networks 3

Problem description
Network model and notation

A wireless network can be represented as a directed graph H = (V, .A) with the set of
nodes V and the set of directed radio links (arcs) .A. The originating and terminating
nodes of an arc a € A are denoted by s(a) and ¢ (a), respectively, so for arca = (v, w)
(v, w € V)wehave s(a) = vandt(a) = w. We assume that graph H is bi-directional,
i.e., if arc a = (v, w) is provided (a € A) then so is the opposite arc ' = (w, v)
(@’ € A). The set of all arcs incident to node v is denoted by §(v). The sets 57 (v)
and 6~ (v) denote the outgoing arcs and the incoming arcs of v, respectively, so that
S(v) =8T(v) Us (v).

Let S (S C A) denote the set of all active arcs at an arbitrary time instant of
network operation. P,,, represents the power signal received by node w when node
v is transmitting. The arcs in S can be active simultaneously only if an appropriate
SINR condition is satisfied for each arc in S, as formulated in (1) where Vg is the set
of active transmitting nodes in S: Vs = {s(a):a € S}. For a given arc a, the SINR
condition implies that the ratio between the signal received at the end node # (a) to the
sum of the noise N plus the signals received from the nodes other than s(a) should
meet a certain threshold denoted by y.

Psayt(a)
N+ 2 evg\ist) Por@

>y aeS (1)

To simplify the analysis, we assume that all nodes in the considered network use
the same frequency. At a time instant, a node v can either transmit or receive, and only
one arc incident to v can be active. For any set of active arcs we thus have

ISNs@)| <1 veV 2)

A subset C C A is called a CS if it satisfies constraints (1) and (2).

Problem formulations

MWCSP is given in formulation (3). It consists in finding a CS C that maximizes
> ucc Ca for the given arc weights ¢, > 0,a € A. Our model for MWCSP uses

binary variables Y = (Y,,a € A) and X = (X,, v € V) to represent, respectively,
whether or not arc ¢ and node v are active.

max ZaeA caYy (3a)
Zaea(v) Y, <1 vey (3b)
D s Ya =X vevy (3c)

@ Springer



4 Y. Lietal.

Psayt )
>vY, ac A (3d)
N+ 2 enisa) Por@ Xo
Y binary, X continuous. (3e)

The objective is to find a maximum weighted sum of arcs. If ¢, = 1 forall a € A,
then the objective is to maximize the cardinality of a CS. Constraint (3b) assures that
at most one arc a incident to node v is active. Constraint (3c) states that node v is
active if, and only if, one of its outgoing arc is active. Constraint (3d) represents the
SINR condition which is active only when arc a is active, i.e., when Y, = 1. In the
model, Y are binary variables while variables X are forced to be binary by constraints
(3b) and (3c¢). Clearly, the CS C resulting from an optimal solution Y* of (3) is defined
asC={acA: Y;=1}.

Constraint (3d) is nonlinear. There are (at least) two ways to linearize it (Piéro et al.
2011; Capone et al. 2011). One is to introduce variables Z,, that express the product
Y, - X, (we will call the resulting model the Z-model), while the other is to introduce
a big constant M (the M-model).

In the Z-model, the following constraints are used to make the additional variables
Zgy express the products Y, - Xy:

Zaw 2 Ye+ Xy —1 acAveV (4a)
Zav < Ya, Zay < Xy, Zay >0 acAveV (4b)

where Y, and X, are binary. Constraints (4a) and (4b) imply that Z,, = Y, X,, i.e.,
Z4y = 1 if both Y, and X, are equal 1, and O otherwise. Then the SINR constraint
(3d) is expressed in a linear way as:

14 (NYa + ZveV\{s(a)} Pvt(a)Zav) < Psayta) a € A (5)

The Z-model is obtained when (3d) in model (3) is replaced by (4a), (4b) and ().
Another way is using a “big M” to express the SINR condition:

Y (N + ZUEV\{s(a)} Pvt(a)XU) = Ps(a)t(a) + Ma(l — Ya) a e ./4 (6)

where My = y (N + 2 e\ (s(a)) Por@) = Ps@r s a € A-WhenY, = 1, inequality
(6) expresses the SINR condition for arc @ € A. For Y, = 0, the inequality holds
trivially due to the use of “big M” on the right-hand side of (6). Replacing constraint
(3d) in model (3) by (6) results in the M-model.

Note that setting M, = y(N + ZveV\{s(a)} Pyt(a)) — Ps(a)r(a) accounts for the
worst possible interference condition when all nodes V \ {s(a)} generate interference
att(a). This is not a very likely case as the transmissions originated at these nodes are
subject to the constraints of MWCSP as well. Finding the minimum and a valid value
of M, for the M-model is however not practical, as it requires solving one MWCSP
per arc.
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Optimizing CSs in wireless networks 5

As will be illustrated in Sect. 4, inequality (5) is in general stronger than inequality
(6) in terms of the upper bound produced by the corresponding linear relaxations. That
is, the solution of the linear relaxation of the Z-model gives a better (i.e., smaller) upper
bound than the solution of the linear relaxation of the M-model.

Reformulation based on the matching polytope

Recall that the network graph H = (V, A) is bi-directional, i.e., if (v, w) € A, then
also (w,v) € A. Now consider the undirected graph G = (V, &) with the undi-
rected edges e € & corresponding to the respective pair of bi-directed arcs of A
in the original graph H. Let the two oppositely directed arcs corresponding to edge
e € & be denoted by a’(e) and a”(e). We observe that constraints (3b) and (3e)
imply that a CS in fact induces a matching in graph G (for the notion of match-
ing see Korte and Vygen 2006; Schrijver 2003). This observation leads to enhanced
MWCSP formulations. Below we shall extend the Z-model and the M-model by
adding matching inequalities. This, as will be illustrated in Sect. 4, improves the upper
bound.

Reformulations

Let x = (x.,e € &) be a vector of binary variables defined for the edges of an
undirected graph G = (V, £). For any F C &, let x(F) denote the sum >°,_p X.. A
set of edges WW(x) specified by the characteristic vector x, W(x) = {e € £ : x, = 1},
is called a matching if |x(6(v))| < 1 for all v € V. A basic result of the matching
theory states that the convex hull of all x corresponding to matchings in G, known as
Edmond’s matching polytope, is defined as follows (Korte and Vygen 2006; Schrijver
2003):

> k=1 vev (7a)
e€d(v)
U] —1
x(E[U]) < > UeOW) (7b)
x. > 0 and continuous eef (7¢)

where O(V) denotes the family of all subsets of ) with an odd cardinality greater
than 1 (odd-sets), and E[U] denotes the set of all edges in £ with both ends
inU.

Inserting inequalities (7), among which inequalities (7b) are called matching
inequalities, to the Z-model, we obtain the ZC-model (8) that is formulated below.
Note that additional constraints (8d) relate edge selection x to arc activation Y:
edge ¢ € £ must be selected (x, = 1), if one of its arcs a’(e) or a”(e) is
active.
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6 Y. Lietal.

max Z caYy (8a)
acA

Z Xe <1 veV (8b)

e€d(v)
Ul—1

> xe < | |2 UeOW) (8)
ecE[U]
Yore) + Yar(e) < Xe ec&  (8d)

Z Y, =X, veV (8o
aedt(v)
Zavzya‘f‘Xv_l UGV,aE.A (8f)
Zav < Ya, Zagy = Xy veV,ae A (Sg)

1

NYa+ Z:ueV\{s(az)} Pvt(a)Zav = ;Ps(a)t(a) acA (8h)
Y binary, x, X, Z continuous, x,Z > 0. (81)

Similarly, the matching inequalities can be added to the M-model by replacing (8f),
(8g), (8h) in the ZC-model with (6); doing so results in the M C-model.

Generating matching inequalities

The number of matching inequalities (8c) is exponential in |)|. Therefore, in the
process of solving the linear relaxation of the ZC-model and the M C-model, we
need to generate them on-the-fly. Below, following Piéro (2011), we describe how
to generate the most violated matching inequality (8c) by means of a minimum odd-
cut procedure. In the sequel, for a given undirected graph G = (V(G), E(G)) with
the set of nodes V(G) and the set of edges E(G), g(v) will denote the set of all
edges in E(G) incident to node v € V(G). (We will skip subscript G only when it is
clear what graph is considered). Besides, instead of a vector x = (x,, ¢ € E(G))
where 0 < x, < 1, e € E(G), we will make use of the notion of edge “capacity”
function x : E(G) — [0, 1]. In fact, we will use the function x and the vector
x = (x., e € E(G)) interchangeably. Let U be a subset of V(G). Recall that a cut
induced by a set U is defined as the set of all edges in E(G) such that each edge in the
cut has one end in U and the other in the complementary set V(G) \ U. We denote
such a set of edges, i.e., the cut, by §g(U). For a given set of nodes T (T € V(G))
with an even number of elements, a cut g (U) is called a T-cut if |7 N U] is an odd
number. As before, Eg[U] will denote the set of all edges of E(G) with both ends in
U. Finally, forany F C E(G), x(F) = > ,.p x(e).

Given a graph G and a capacity function x, the most violated matching inequality
is defined by any odd-set U* that maximizes the quantity

Ul -1

CWU) =x(E[U) — >

©)
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1

X(1 (3)

2 X(2)

Fig. 1 Graphs G and QO

over all odd-sets U € O(V(G)). If C(U*) > 0, then the inequality

|U* -1

X(EWTD = —

(10)
defines the most violated matching inequality for the current solution x of the linear
relaxation of (8). Otherwise, if C(U*) < 0, then x is an element of the matching
polytope (7).

Let us call the odd-set U* maximizing the value of (9) the maximum odd-set. To
give the basic result characterizing the maximum odd-set in an undirected graph G
for a given edge capacity function x, we need to consider an extended graph G° =
(V(GY), E(GY)), which is obtained from graph G by adding one extra node v° and by
linking the new node v0 to each node in V(G) by an extra edge. That is, V(g% =
V(G) U {1 and E(G%) = E(G) U {{v, v°} : v € V(G)}. The edge capacity function
x¥ in the extended graph is defined as

) = {x(e) ife € E(G) an

1 —x(@g(v)) ife={v,v"} andv € V(G)

Figure 1 shows an example of graph G and its extended graph G°.
In the following, we formalize the equivalence between maximum odd-sets and
minimum 7 -cuts.

Proposition 1 Define set T (composed of an even number of elements):

- ’V(g) if 1V(G)|is even "

V@ U R if VG)lis odd

A set U* is a maximum odd-set with respect to x in graph G if, and only if, 5go(U™)
is a minimum T -cut with respect to x° in graph G°.

Proof By the construction of the extended graph G°, x0(8go (v)) = 1forallv € V(G).
Hence, for any set of nodes U in V (G) wehave |U| = >°, . xO((Sgo (v)), and therefore
the equation

1U| = x2(8g0(U)) +2x°(Ego[U) (13)
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3 Y. Lietal.

holds for any U < V(G). Since xO(Ego[U]) = x(Eg[U]), equation (13) directly
implies that
1 x%@g0(U))

CU)=~- -

2 2 14

where, as specified in (9), C(U) = x(Eg[U]) — % Hence, for any subset U C
V(G), C(U) is maximized when x0(8go (U)) is minimized.

Now assume that U C V(G) and |U]| is odd, i.e., U € O(V(G)). It can be easily
checked that a minimum cut in (G, x°) of the form 3go(U) over all odd-sets U €
O(V(G)) is a minimum T-cut in G°. By (14), any such minimum 7'-cut Sgo(U™)
defines a maximum odd-set U* in the original graph G. O

A minimum 7 '-cut in a graph can be obtained from the Gomory—Hu tree (GH-
Tree in short). Recall that a GH-tree for (G, x) is a tree 7 = (V(7), E(7)) span-
ning the set of all nodes of graph G (i.e., V(7) = V(G)) with an edge capacity
function u : E(7) — Ry, such that for any two nodes s,¢t € V(G), the value
of the minimum (with respect to x) cut separating s and ¢ is equal to u( ) where
9 = argmin{u(f) : f € Py} where Py, is the unique path between nodes s and
t in 7, see Korte and Vygen (2006) and Schrijver (2003). Moreover, the minimum
cut in question is defined by the two connected components, obtained from 7 by
deleting edge f°. Such a cut is called a fundamental cut. By the Padberg—Rao the-
orem (see Korte and Vygen 2006, Theorem 12.17) the set of all fundamental cuts
of the GH-tree contains a minimum 7 -cut for any even set of nodes 7 C V(G).
Hence, a maximum odd-set for graph G can be easily found from a GH-tree of
graph G°.

For a graph with n nodes and m edges, algorithms for constructing a GH-tree run
in time O(n - t) where ¢ is the time to perform one max-flow computation between
two nodes in the graph. Depending on the algorithm, 7 is O(n - m*) (Edmonds and
Karp 1972), O(nzﬁ) (Goldberg and Tarjan 1988), or even better (see Chapter 8 in
Korte and Vygen 2006). Hence, the running time to construct a GH-tree is not worse
than O(n3/m).

Numerical efficiency of the Gomory—Hu algorithm and its modification due to
(Gusfield 1999) were investigated by Goldberg and Tsioutsiouliklis (1999). They
devised efficient implementations of both algorithms, providing them with heuristics
to speed them up (Tsioutsiouliklis 1999). Their general conclusion is that the original
Gomory—Hu algorithm outperforms the Gusfield version, although the former is more
complicated to implement.

Let LR-ZC denote the linear relaxation of the ZC-model, i.e., formulation (8) with
variables Y relaxed. Algorithm 1 gives the procedure for solving LR-ZC through
minimum odd-cut generation. Below, T is defined by (12), and LR-ZC({/) denotes a
restricted version of LR-ZC with constraint (8c) substituted by

Ul—1
er§| '2 Uel (15)

for a given family of odd-sets U/ € O(V (G)).
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Optimizing CSs in wireless networks 9

Algorithm 1 solving linear relaxation LR-ZC

Step 1: U := 0.

Step 2: Solve LR-ZC'(U). Denote the obtained optimal solution by .

Step 3: Construct (G°,z%) from (G, ).

Step 4: Construct a GH-tree for (G°, z°) and find a minimum T-cut dgo(U)
(U C V(G)) among its fundamental cuts.

Step 5: If 2°(dgo (U)) > 1 then STOP; LR-ZC has been solved. If z° (60 (U)) <
1, U :==UU{U} and go to Step 2.

Algorithm 1 can also be applied to solve the linear relaxation of the MC-model
(LR-MC) by replacing LR-ZC (/) with LR-MC(U), a restricted version of LR-MC.

It is important to note that, while generating maximum odd-sets, we can usually
substantially decrease the problem size by deleting from the initial graph G all edges
with x, = 0 and with x, = 1 (in the latter case we also delete the nodes incident to
the edge). This is justified by the following result.

Proposition 2 Assume x satisfies (7a) and (7¢). Suppose U C V(G) is an odd subset
of nodes in graph G. Consider graph G’ obtained from G by deleting all edges with
x, = 0, and with x, = 1 together with their end nodes. Then the set U' C V(G')
corresponding to the set U in V(G) maximizes C(U’) = x(Eg/[U']) — lU/% inG'if.
and only if, U maximizes C(U) = x(Eg[U]) — % ingG.

Proof Clearly, deleting an edge with x, = 0 does not change the value of C(U).

Deleting an edge e € Eg[U] with x, = 1 together with its end points does not change

the value of C(U) either, as then x (Eg[U]) decreases by 1, and |U| decreases by 2.
O

Numerical study

In this section we compare the effectiveness of the four described MWCSP models,
i.e., M, Z, MC, ZC, through computational experiments. The network instances were
generated assuming the basic radio channel model for wireless networks discussed
in Goldsmith (2005). The nodes are located randomly in a square area of 800 m by
800m. The transmitting power for each node is set to Pr = 1 mW, and the noise
power to N = 10713 W. The SINR threshold is y = 2.24. The received power is
calculated as Pr = Py x d—* where d is the distance from the potential transmitter to
the potential receiver. For each pair of nodes, if Pg > y x N, i.e., the signal-to-noise
ratio condition is satisfied, then the two arcs connecting the nodes can be used (if
needed). The weights ¢ for objective (3a) are generated randomly between 0 and 1.

We used the implementation of the GH-tree algorithm from Tsioutsiouliklis (1999),
and embedded it into our procedure of generating matching inequalities, as described
in Sect. 3. The algorithms were implemented in Python. The GH-tree algorithm was
compiled to a dynamic-link library so the resulting function inside it could be called
from Python. For the linear relaxations, the Gurobi solver was used. All the computa-
tions were executed on a Windows XP computer equipped with a dual core Intel 2.53
GHz CPU and 1.93 GB RAM.
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10 Y. Lietal.

A comparison of the quality of linear relaxations

Table 1 shows running times (in seconds) and optimality gaps for the linear relaxations
(LR) of the four considered models. The optimality gap measures the quality of the

upper bound of a LR and is defined as % x 100, where MIPO denotes the
optimal objective value of MWCSP, and LRO is the optimal objective value of its LR.
In the table, the two columns named “cuts” give the number of matching inequalities
generated in the solution process of the M C and ZC models. The Gurobi MIP solver
was applied to compute the values for MIPO using, for computation time comparisons,
both the M-model and the Z-model. It turned out that with Gurobi the M-model was
on the average faster, but it did not systematically outperform the Z-model.

In Table 1 we examine five groups of networks that differ in the number of nodes.
Each group contains five instances. The number of nodes varies from 20 to 60. This
range is consistent with the scenarios considered in the literature (e.g., Bjorklund et al.
2004). We observe that the Z-model is superior (has smaller gaps) than the M-model.
Adding matching inequalities improves both models. However, the M C-model is still
worse not only than the ZC-model but also than the Z-model. The ZC-model gives
the smallest gaps. The gap tends to grow, however, with the number of nodes |V|,
whereas within each network group of the same |V, there is no clear trend of the gap
behaviour with respect to |.A|. The running time grows in || for all the models. For
the M-model, however, the LR optimum is reached in a very short time for all the
instances. Clearly, the more cuts generated, the longer the running time for the M C
and ZC models—although the time for generating one cut is very short, the relaxations
of the models must be solved for each new cut added.

Figure 2 depicts the average optimality gap for the six network groups with differ-
ent numbers of nodes. The quality of the gap for the four models always obeys the
following order: ZC (the best), Z, MC, M (the worst). Matching inequalities improve
the M-model and the Z-model to a similar degree, and this improvement is not sen-
sitive to the network size. A general observation is that the differences in the gap are
not significant. Still, as we will soon see in Table 2, these differences are important
for the efficiency of the considered models.

Figure 3 illustrates the effectiveness of the process of adding cuts to reach the LR
optimality for the M C-model and the ZC-model. The presented curves correspond to
one selected representative instance from each group. The horizontal axis shows the
number of the generated cuts, and the vertical axis shows the normalized objective

current LR objective
> optimal LR objective"
approaching the optimum of LR at the initial steps and this effect decreases substan-
tially with the number of executed steps (i.e., with the number of generated cuts).
This indicates that stopping adding cuts after several steps can potentially improve the
efficiency of branch-and-cut.

value We note that adding cuts gives a significant effect on

The efficiency of solving the MIP models for MWCSP

To make comparisons of the potential of the methods fair, we have implemented our
own branch-and-bound (B&B) algorithms BBM and BBZ for the M and Z models,
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Fig. 2 Average gaps for network instances of different sizes

and branch-and-cut (B&C) algorithms BCM and BCZ for the M C and ZC models,
respectively. Depth-first search is applied, and the branching rule is to use “the most
fractional” (nearest to 0.5) variable. For B&C, the generated cuts are used globally.
Each time we solve a B&B node, the generated cuts are added to a global list used for
all the subsequent nodes.

Table 2 shows the running times and the number of processed B&B nodes of the
algorithms, as well as the number of cuts for BCM and BCZ. Label “3h*” indicates
that an optimum could not be reached in 3h. As we can see, the M-model and the
M C-model visit more B&B nodes than the other two models, due to their poor qual-
ity of linear relaxations. On the average, the ZC-model and the M C-model need
less number of B&B nodes than the Z-model and the M-model, respectively. For
some network instances, however, the B&B tree size for the ZC-model is larger than
that for the Z-model. Similar cases are observed for the MC and M models. This
happens typically when the matching inequalities improve the upper bound only mar-
ginally.

For small networks, when the time for solving one B&B node of the M-model is
very short, it happens that the time for solving the M-model and the M C-model is
shorter than that for the other two models. For large networks, however, solving the
Z-model and the ZC-model requires shorter time in comparison with the other two
models since they need much more B&B nodes to reach the optimum. It is interesting
to observe that the ZC-model can find an optimum for network instances for which
the other models are not able to do that in 3h.

Conclusions

We have considered the important problem of maximizing the weighted revenue
from parallel link transmissions in wireless networks. We have investigated two basic
approaches of modeling the SINR constraint, and showed that the model with auxiliary
variables eliminating bi-linearity provides better upper bound (optimality gap) than
the “big M” model.
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Fig. 3 The effect of cuts

Then, we have introduced matching inequalities to the models and developed a
minimum odd-cut generation method based on the Gomory—Hu algorithm for gener-
ating the matching cuts. This improves the optimality gaps even further. It has been
observed through our numerical study that although the gaps do not differ signifi-
cantly between the models, these differences become profound in the branch-and-
bound algorithm, making the model with the smallest gap perform visibly better than
the others.

An extension of the current work would be modeling MWCSP for variable node
transmission power to examine to what extent this new dimension of freedom can
improve the number of parallel transmissions. Another extension would be the use
of the improved models to calculate the compatible sets for different optimization
problems in wireless communications considered previously.
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