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Abstract

VT -harmonic maps generalize the standard harmonic maps, with respect to the structure
of both domain and target. These can be manifolds with natural connections other than the
Levi-Civita connection of Riemannian geometry, like Hermitian, affine or Weyl manifolds.
The standard harmonic map semilinear elliptic system is augmented by a term coming from
a vector field V on the domain and another term arising from a 2-tensor 7 on the target.
In fact, this geometric structure then also includes other geometrically defined maps, for
instance magnetic harmonic maps. In this paper, we treat V T-harmonic maps and their
parabolic analogues with PDE tools. We establish a Jager—Kaul type maximum principle for
these maps. Using this maximum principle, we prove an existence theorem for the Dirichlet
problem for V T-harmonic maps. As applications, we obtain results on Weyl/affine/Hermitian
harmonic maps between Weyl/affine/Hermitian manifolds, as well as on magnetic harmonic
maps from two-dimensional domains. We also derive gradient estimates and obtain existence
results for such maps from noncompact complete manifolds.
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1 Introduction

Let (M™, g) be a compact Riemannian manifolds with nonempty boundary d M and (N", g)
a complete Riemannian manifold without boundary. Letd : N x N — R be the distance
function on N and B(144)r(p) == {g € N : d(p,q) < (1 + 0)R} a regular ball in N,

that is, disjoint from the cut locus of its center p and of radius (1 + 0)R < 2”7, where

k = max{0, SUPB |, o0& (p) Ky} and SUPB ., o r(p) KN is an upper bound of the sectional
curvature K of N on B(144)r(p), and o > 0 is any given constant.

LetV e (TM), T e T'(®2TN). We callamapu : M — N a VT-harmonic map if u
satisfies

T(u) +du(V) + Trg T (du, du) = 0, (1.1)

where t(u) = trDdu is the tension field of the map u. This is a generalization the notion of
a V-harmonic map that has been studied in recent years as a common framework including
Hermitian, affine and Weyl harmonic maps into Riemannian manifolds, that is, the domain
possessed a connection different from the Levi-Civita connection, but the target was a Rie-
mannian manifold with its Levi-Civita connection. This generalized the standard harmonic
map system t (1) = 0 to a system of the form 7 (u) + du (V) = 0 with a vector field V on the
domain. Here, we want to consider targets that are of the same type as the domain. That leads
to the system (1.1) with an additional term arising from a 2-tensor 7 on the target. As this
new term Trg 7 (du, du), in contrast to the term du(V), is analytically of the same weight
as the elliptic operator t(«) (which includes the Laplace-Beltrami operator of the domain),
this makes the analysis more difficult and subtle. This is the problem that we are addressing
in this paper.
In local coordinates {x*} on M and {y’} on N, respectively, we can write (1.1) as

u’ dur aui u’ duk
B Ve— 4 T ) — 8% =0, (1.2)

A ri
wu' + D) 50 558 axc 9x% axP

where Ay, is the Laplacian on (M, g), r ik stands for the Christoffel symbols of (N, g),

Vo VaaTa and T : T/’k 3y
system on the manifold (M, g).

As is already the case for V-harmonic maps, in general, (1.1) is neither in divergence
form, nor has a variational structure. Chen et al. [5] established a Jiger—Kaul type maximum
principle for V-harmonic maps by using the method of [8], and combining this with the
continuity method, the existence of V-harmonic maps into a regular ball could be proved.
Therefore, it is natural to ask whether a maximum principle holds for V T-harmonic maps.
However, the case of V T'-harmonic maps is harder to deal with than V-harmonic maps since
we now have an additional quadratic term arising from the tensor 7. Due to this additional
structure, the construction of the elliptic operator in [5] is no longer valid in our case. To
overcome this difficulty, we use another construction as in [7] to compensate this term and
obtain the following maximum principle for V T-harmonic maps:

® dy/ ® dy*. This is a second-order semilinear elliptic

Theorem 1 Letui, ur € CO(M, N) be two V T -harmonic maps into a geodesic ball Bg(p).
For appropriate o and R, there exists a constant Cy depending only on k, o, R and the
geometry of N, such that if

max |VT| + max |T| < Co, (1.3)
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then the function ® : M — R defined by

6 qx(p)
@ (1 +)R) = g (p1))? - (qe((1 + 0)R) — g (p2))?

satisfies the maximum principle, namely

(1.4)

max ® < max ©.
M oM

Here the expression of q, is given in Sect. 2, and p := d(uy, uz), pi :==d(p,u;),i =1,2.
In particular, if uy = uy on the boundary OM, then uy = uy on M.

Remark The explicit expression of the constant Cy in the above and in the subsequent results
canbe seen in (3.5). Importantly, Co — oo for R — 0. Thus, we can also satisfy the condition
on T by making the target ball sufficiently small.

For the heat flow of V T-harmonic maps, an analogous result holds. For T > 0, we set
M7 =M x [0,T]
and denote the parabolic boundary of M7 by
OpMr = (M x {0}) U (0M x [0, T]).
We consider the heat flow of V T-harmonic maps
O = t(u) +du(V) + Trg T (du, du) (1.5)

and have

Theorem 2 Letuy, uy € CO(M, N) be two solutions of heat flow Eq. (1.5) for V T-harmonic
maps into a geodesic ball Br(p). For appropriate o and R, there exists a constant C
depending only on k, o, R and the geometry of N, such that if

max |VT| 4+ max |T| < Co,

then the function ® : Mr — R defined by (1.4) with M replaced by Mt satisfies the
maximum principle:

max ® < max ©.
Mt Mt

In particular, if uy = uy on the boundary 0, M7, then uy = us on Mr.

As an application of the above maximum principle, we obtain the existence of VT -
harmonic maps into a geodesic ball.

Theorem3 Let M, N,V, T, Br(p) be as in Theorem 2. Suppose uy € H*4(M, N)(g > m)
with uo(M) C Bgr(p). For appropriate o and R, there exists a constant Co depending only
on k, o0, R and the geometry of N, such that if

max |VT| 4+ max |T| < Co,
then the initial boundary value problem

Ou = t(u) +du(V) + Trg T (du, du),

2.4 (1.6)
u—up € Hy"(M,N), u(0)=uo, u(M x[0,00)) C Br(p),
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admits a unique global solution u which subconverges to a unique solutionu € H>7(M, N)
of the Dirichlet problem

{ T() + du(V) + Trg T (du, du) = 0, 17

uU—ugy€ Hg’q(M, N),
such that u(M) C Br(p).

Furthermore, based on Theorem 3, we shall also establish the existence of V T-harmonic
maps from complete noncompact Riemannian manifolds by using a gradient estimate and
the compact exhaustion method.

Theorem 4 Let (M™, g) be a complete noncompact Riemannian manifold and (N", g) be a
complete Riemannian manifold with sectional curvature bounded above by a positive constant
k. Let BR(p) be a geodesic ball with radius R < Z(H”Tﬁ andugy : M — N a smooth map

with ug(M) C Bgr(p). Suppose ||V || L~ < +00.
For appropriate o and R, there exists a constant C(y depending only on «, o, R and the
geometry of N, such that if

max |VT| + max |T| < Cy,

then there exists a VT -harmonic map u € C*°(M, N) homotopic to ugy such that u(M) C
Br(p).

2 Preliminaries

Let us first give some notations:

t2
t k=0 ) k=0
o 1 o
Se) =94 sin/kt k>0, (1) :=
K —(1 —cos+/kt) k> 0.
K
0 if t=0 0 if t=0
act):=1 1—s.(t) . be(t) =1 1—=s.() t .
f 1 fr>0.
w70 w0 \Tso) T

In local coordinates {x%} on M and {y'} on N, respectively, the energy density of u is
(u) = aﬂ~..( ( ))Luialj
eu) = g™ gij )2 %
Assume the metric of N satisfies:

0 <X(E;) = @) < AWE;), Yy eN.

Denote A := miny %and A = max y A

Vy1, y2 € Br(p), there exists a unit speed geodesic y : [0, p] — Bgr(p) C N with
y(0) = y1, y(p) = y2, where p = dist(yy, y2). Forany v; € TyjN, j =1,2,1let X be the
unique Jacobi field along y with X (0) = vy, X(p) = v,. Then, we define a pseudo-distance

ot
Sy, v2) 1= <,0[) |X|> if p>0,

[vi — vz if p=0.
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Another pseudo-distance is given by
So(v1, v2) == |v1 — 12,

where v, € Ty, N stands for the vector obtained by parallel displacement of v, € Ty, N
along y. Let L(T M, Ty N) be the space of all linear maps from 7y M to T, N. The pseudo-
distance & on the tangent bundle can be extended to a pseudo-distance on the fibers, that is,
for q1, g2 € Uyepp(p) L(TxM, Ty N) (disjoint union), we define their pseudo-distance as

1

5(q1, 42) = (Z 8%(q1(ea), qz(ea») :

a=1

where {ej, ..., e;} is an orthonormal base for 7\, M.
‘We have the following relationship between these two pseudo-distances:

Lemma 1 ([4]) There is a positive constant C depending only on Br(p) and the geometry
of N such that for any y; € Br(p) andvj € Ty, N, j = 1,2, we have

83(v1, v2) — C(lv1* + [n2|?)p* < 8%(v1, 12) < 82(v1, v2) + C(Ju1 ] + |2} P>

Remark 1 In fact, by the proof in [4] and using a well-known expression of the curvature
operator (see, e.g., Lemma 4.3.3 in [12]), it is not hard to see that if the sectional curvature
K on Br(p) satisfies 0 < KIBR(,,) < k for a constant & < 0, then the constant C can be
expressed as 14(x — 0).

The following estimates will also be important for us:

Lemma2 ([7]) Let (M, g) be a compact Riemannian manifolds with nonempty boundary
oM and (N, g) a complete manifold without boundary and Bg(p) a regular ball in N. Let

g1 =g 0d(p.") : B(p) — R,
h =q od: Br(p) x Br(p) — R.

Then,
2 / 2
Vogi(u, u) > s,.(v)|ul 2.1)
hold foru € TyN,x € Br(p) and t :=d(p, x).
2
VZh(v,v) = —sx(p)ac(p) ) il 2.2)
i=1
and

2
V2h(v,v) = sk ()87 (W1, v2) = 55 (0D (p) Y uil? 2.3)

i=1

holds for v =v| @ vp, v € TyjN, vj € Br(p), j = 1,2, p =dist(yi, y2).
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3 The maximum principle

Proof of Theorem 1 Let
W (x) i=qs o d(uy (x), us(x)),
Yi(x) :=qc od(p,ui(x)), i=1,2,
12
D (x) ::E Za) oyi(x), where w(t):= —log(q.((1+0)R)—1).
i=1
We consider the operator
Ly():=e® -divie™>®V) +e . V().
By direct computation, we obtain
Ly(©) =Ly (e®  ¥) = AY + Y (A — [VO|P) + Y V(®) + V(¥)
=AvY + Y (Ayd — Vo).
Define U,U;, Uy : M — N x N by
U(x) = (u1(x), uz2(x)), Ui(x):=(p,ui(x)), i=12.

Letv:=4,h:=qyo0d, ¢ :=qcod, thenyy =holU,y; =¢oU.
For any x € M, we let y be the unique geodesic connecting u1(x) and u;(x). Choosing

a parallel orthonormal frame {E; (1)} along 7 with E; = 7/, and a local orthonormal frame
5 :
ay!

{ea}|f,7:1 around x, assuming that = aij E;, we have

80(T (du1(eq). duy (€a)). T (duz(eq), dus(eq)))
. . 9 . . d
= 8o ((w)i,(ul)gr,;(uoa—r(m), (uzx,(uz)g,T,;(uz)—,(uz))
y dy
= b0 (0L @ T w)af @) B, () ) T (u2)af (u2) Ep(u2) )
=X
%
< 30T ) = T @l @) e )}
i
+2
n
+2
w
+2
%

Denote A = (af), then AAT = G := (g;). Since

T/ un)al (un) )y @), — T (u2)al! (u2) (u2)g (ua)y

T} (ua) (af (ur) — al u2)) ), (ur)}]

17 w)aft (o) @] () = w2, )

T/ (u2)al (u2) ()}, ((Ml)gt - (”2)({:)

1
= 7|dul|23
A

DIl = 1AI? = r(AAT) =tr(G) = nA,  [@) )
ik
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we then obtain

So(T (dui(eq), duileq)), T (duz(ey), duaz(ey)))

" (A Cq
< X ymax |VT||du|? + — pmax |T||du; |?
_,;(kp VT lldur]? + == p max |T||du; |

VA
+T max |T|(|du1| + |duz|)|du; — dus|

- nv/nA
Y

nC
pmax |VT||du; |> + Tlpmax T (|duy |

VnA
+ 2 A" max |T|(|du, | + |duz|)|duy — du],

where C| > 0is a constant depending only on the bound of (da') on B x ( p).ByLemmal,
we get

(T (duy(eq), duy(eq)), T (duz(eq), duz(ey)))
< 80(T (dui(eq), dui(eq)), T(duz(ey), duz(eq))) + vCo(IT (du(eq), dui(eq))]
+ T (duz(eq), d“2(eo¢))|)

VnA
_n ’ pmax|VT|Z|du,| +< +f>pmax|T|Z|du,

i=1
nv/nA
+ TmaXITI(Idull + [duz|)duy — dual,

where C = 14(k — 0), and the constant 6 is a lower bound of the sectional curvature of N
on B# (p). The Cauchy inequality implies that

nv/nA 81]’12
—— max |T|[duilldur = duslsy(p) < ——duy - dus|*
nA
55525 (0) max |TPldu; .

By using the formula (2.13) in [7], it follows that

(Vh) o U, =T (dU(ea),dU (e)))

= —=50(p)((Vd) o U, T(dU(ew), dU (eq)))

= —su(p)(e1(U) @ e2(U), T (duy(eq), dui(eq)) & T (duz(eq), duz(ea)))
—su(p)8(T (duy(eq), d”l(ea)) T(dus(eq), duz(ea)))

—su(p) { =2 prnax|VT|Z|du,|2 ( +f>pmax|r|2|du,|2]

i=1

v

%

st (p) max |T| Ddu i

i=1

2 2
— €&1n |du1—du2| - 2% )\'2 sy
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where ¢, = —7'(0), &, = 7'(p). Since

85(du (eq), dus(ea)) = & ((ul); a7 (- (uz)a;(uz))

. L . 2
= 03 (wnha] ) Ejw). el ) Ej ) = Y- [@nhal ) = (el wo) |

J

L . : . .12
> [@ni @l @) - af @) +af )@, — @)l
J

23 [l @, — @] = 3 [ @l )~ af @]
J

J

v

1 . . . . 2
=3 202 Gl (@l — i = @) = Y [ a) @) — o @) |
ik

J J

v

ni ~
|y dus)(eq)* — nCyp*|duy (eq)|?,
then by Lemma 1, we have

82 (duy (eq), duz(eq)) = 85 (du(eq), duz(eq)) — C (Idui(e)|* + |dua(eq)|*) p*
2
A ~
= Tl — du)(eo)” = (1C1 +C) o ; \dui (ea)]-

Namely,

2
na ~
82 (duy, dus) > 5 ldur — duy|* — (nCy + C) p* ) ldu;|*. 3.1
i=1

Therefore,
(Vh) o U, =T (dU(ey), dU (eq)))

2 ~ 2
nvnA nCq
z—su(p){ - pmax|VT|le|du,-|2+<A+\/E>pmax|T|Z|du,-|2}
=

nA
3o Sv(PIpmax 7| |Zdu,2
i=1

} i du;

i=1

2

2n8

Al [52(61”1 duz)+(nCy+C) p* > |du;| }
i=1

NZTN c
=—s5,(0p)p in;maxWTH-(nAl-l-\/E)

2

2ne ~

— ‘ |:82(du1, duz) + (nCr+C) p* Y |du; Iz] :
i=1
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The above inequality and (2.3) imply that

Ay =Ay(hoU) =Y V?h(dU(ey), dU(es)) + ((Vh) o U, Ty (U)).

o

=Y V’h(dU(eq), dU(eq)) + Y _((Vh) o U, =T (dU (eq), dU (ea)))

2
2ne
> (s;(p) - T‘) 8% (duy, dua) — s, (p)bic(p) ) lduj|*
i=1

VA C
_sv(p)p{;maXIVTl—i—(n 1+\/_>max|T|

nA 2
2
+KmaX|T| } _E |du; |

2 ~
_ ”;1 (nC1+C) p Z|du|

Choosing &1 = % cos(4/kR) > 0, then we obtain

2 2
AvY = =5, (P)be(p) ) lduil* — cos(/kR) (nCi + C) p* Y lduil®

i=l1 i=1
nvinh ¢
—s5.(0)p {:max|VT| + (” ! +f> max |T| (3.2)

2 2

n<A 2 )
_— T du;l”.
+A3COS(ﬁR)max| | }Z| ;|

i=1
It follows from (2.1) that

Avii = Av($o U = Y V2$(dUi(eq). dUi(ea)) + (Vo) 0 Ui, v (U)

> se(p)ldui|* + sc(p)((Vd) o Ui, 0 @ (—T (duj(eq). du;(ea)))) (3.3)
> s, (pi)ldui|* — s¢(pi) | T (duj(ea). dui(eq))]
= se(pi)ldui|* — s (o) max T |du; .
It is easy to check that
1
G (1 4+0)R) — g (pi)’

60// — a)/Q’ w/ ° %‘ —
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Therefore,

Ly(©) = Ayy + Y (Ayd — VD)

1 2 / 2 1 /! 1 /
= Avy + 5 ;w oY AV + ) [Eww o Vi) — U@ o w,»)z] Vil

=1

1 2 ) w 2 )
= Avy+ U ) @ oY Avii + D (@ oY)’ IVl

i=1 i=1

2 2
= —50(0)be(p) Y lduil* — cos(V/kR) (nCy + C) p* ) Idu;

i=1 i=1
nv/nA nC
— su(p)p {)Lmax IVT| + (Tl + «/E) max |T'|

2

2

n“A
4+ max|T|? du;|?
13 cos(/k R) 7] };' il

2 1
; 9 (1 +0)R) — qic (pi

) [se(o)ldui|* — s (p;) max |T[|du;|*]

ZW

”M“ l\)\

{ s (pi) B b (p)sy(p) (3.4)
2(qe (1 +0)R) — qi(pi)) qv(p)

_sv(p)p | nvnA max |[VT| + (@ + \/E) max |T|
qv(p) A A
n’A 2 s (pi)
T s r) "I } T 2q (T + 0)R) — g (p)

cos(v/kR) (nCy + C)} \du;i |*

max |7T'|

sL(pi) _ be(p)sv(p)
2(qc (1 +0)R) — qic(pi)) av(p)

2nC
ax|VT|—|—< n)» 1 +2«/E> max |T'|

(0
2

2ONE

i=1

|:2n
n 2n2A
A3 cos(y/kR)

B Vi sin(y/k R)
2 [cos(ﬁR) —cos((1 + U)ﬁR)]

KR o (RR) (16 4 C)
cos(JiR) cos(+/kR) (nC;

max|T|] |du;|?,

max |T|2i| -

where we have used the fact that S{; (f ;)p is nonincreasing in (0, 2R] and o ( ) is increasing in

(0, 2R]. Direct computation gives us

be(p)sv(p) «
2EPIIP) _ K 1
w4t i oo
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and «(z) is increasing in [0, 2R] and Br(¢) = Z(qx((lf;—;tlg)—qx(t)) is increasing in [0, R].

Hence, we obtain

sL(pi) ~ b(P)si(p)
2q T+ R —a () 0u(p)

N Y (1 . 2R )

~ 2qc((1+0)R) 4 S%(2R) sk (2R)

B K k[1 4+ cos(y/k R)][24/k R + sin(2/k R)]

" 2[1 —cos((1 +0)/kR)] B 4 cos(y/k R) sin(23/k R) ’
It follows that

2 .
K k[1 4+ cos(/k R)I[2/k R + sin(2,/k R)]
Lv®) =y ; { 2[1 — cos((1 + o)/ R)] 4cos(y/kR) sin(2/k R)

2nv/nA
A

max |VT|

(G, J& sin(y/kR)

( o TS [cos(/KR) — cos((1 + a)ﬁR)]) max T
2n2A (nCi + C) K R* cos(J/k R) P

3 cos(y/k R) 1 —cos(y/kR) duil™

Clearly, by choosing appropriate o and R, we obtain

K Kk[1 4+ cos(y/k R)I[2+/k R + sin(2,/k R)]
2[1 — cos((1 + o) /kR)] B 4 cos(4/k R) sin(24/k R)
(nEl + C) k R* cos(y/k R)

B 1 — cos(y/kR) > 0.

maX|T|2—

Hence, if

2nv/nA
A

2nC
"L oVC +

max |VT| + ( Vi sin(/kR) ) max |T'|

2 [cos(ﬁR) —cos((1 + a)ﬁR)]

2n%A 2
A3 cos(y/k R) max |T| (3.5)
_ P kel + cos(VKR)I2VAR + sin2J/&R)] '
~ 2[1 —cos((1 +0)/kR)] 4 cos(4/k R) sin(24/k R)
(n51 + C) k R? cos(y/k R)
1 — cos(4/kR) ’

then we have
Ly(®) > 0.

(For /k R — 0, we use the Taylor expansions of sin and cos to obtain positive values on the
right-hand side of (3.5).) It is easy to see that there exists a constant Cy depending only on
K, 0, R and the geometry of N, so that if

max |VT| + max |T| < Co, (3.6)
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then (3.5) holds true; consequently, Ly (®) > 0. Applying the ordinary maximum principle,
we have

mAa/}x B < rglja/lx [OR

Proof of Theorem 2 We consider a parabolic operator of the form
ZV =Ly — e—‘pa,.
By using
(Ay —9) Y = (Ay —=9) (hoU) = szh(dU(ea), dU (eq))
+{(Vh) o U, v (U) i o:U)
and
(Ay —9) i = (Ay —9) (@ o Ui) = szqﬁ(dUi(ea), dUi(eq))
o

+{(Vo) o Ui, Ty (U;) — 0:U;),

as in the proof of Theorem 1, we can conclude that ZV (®) > 0 on Mr. From the parabolic
maximum principle, we have

max ® < max ©.

Mt 3[7MT

4 Existence results

Using the maximum principle obtained in the last section, we shall prove the existence of
solutions of the Dirichlet problem for VT —harmonic maps.

Proof of Theorem 3 Let us choose normal coordinates {y’ Yi=1.2
VT —harmonic map u : M — Bg(p) C N can be written as

n centered at p, then any

.....

u= @', ... u") e H>M)"
which satisfies the elliptic system

7 auk B o ou' ; dul uk B .
AMu +F/k(u)8°‘8 g +V 3a+Tk( )80‘35g =0, i=12,...,n.

For simplicity of notation, we write it in a concise form

Au +T'(du, du) + du(V) + Trg T (du, du) = 0.

Now we consider the initial boundary value problem for the heat flow of VT —harmonic
maps
ou = Au+T(du,du) +du(V) + Trg T (du, du),
w—ug e Hy'(M, N), u(0) = uo, (4.1)
u(M x [0, 4+00)) C Br(p).
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As in the proof of Theorem 3 in [5], by a continuity method that rests on the maximum
principle Theorem 2, we can conclude the global existence of a solution u(x, t) of the above
flow (4.1). This solution satisfies

luC, Olli+a <Clg, M, V,T,N,ug, R), Vte(0,+00)

for some o > 0. Consequently, by the parabolic regularity theory, we have the uniform
estimate

||M||Cl+a.2+a(M) =< C. (42)

Forui(x,t) = u(x,t),ur(x,t) = u(x,t +o1),01 > 0,Y(x,1) € M x (0, +00), as in
the proof of Theorem 2, the function ® satisfies

® ®
(A=09)(—=)+(V-2VP, V() =0,
9] 9]
Olym = 0.
By the ordinary maximum principle for functions, it follows that (see pp.178—179 in [17])
© —k
— | =C—1)", Vi=1o

]

for any positive integer k and some #p > 0. Letting oy — 0, then we obtain |u;| — O as
t — —+o0, from which together with (4.2), we have u subconverges to a V T —harmonic map
Uoo satisfying (1.7) and ueo (M) C Br(p). O

With the Schauder and higher regularity estimates, we can improve Theorem 3 to the
following

Theorem5 Let M, N,V, T, Br(p) be as in Theorem 1. Suppose ug € CO(M, N) with
uo(M) C Bgr(p). For appropriate o and R, there exists a constant Cqy depending only on
K, 0, R and the geometry of N, such that if

max |VT| 4+ max |T| < Co, 4.3)
then the Dirichlet problem

{ t(u) +du(V) + Trg T (du, du) =0,
ulgpyr = uolym

admits a unique solution u € C®°(M, N) N CY(M, N) such that u(M) C Br(p).

5 Applications
5.1 Weyl harmonic maps (c.f. [14])

Let (M, [g], WV) be a Weyl manifold. According to the definition, there exists a 1-form ®
such that W g = ® ® g for any g € [g]. Equivalently, W V is defined by

1 1 1
WVxY = VyY — FO0Y = ZOMX + Jg(X, Y)OF, VX,Y e (TM),
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where V is the Levi-Civita connection and ®* the vector field dual to ® w.r.t. g. Let Fa g Ff;ﬂ

be the Christoffel symbols corresponding to V and W'V, respectively.
Let (N, [g], V) be also a Weyl manifold, and correspondingly, we denote by O the 1-
form, and Fk WFk are the Christoffel symbols for the Levi-Civita connection V and Weyl

connection WV, respectlvely. Letu : (M, [g], V) — (N, [g], V) be the usual smooth
map.
Let

V=Tl -vrr )g FE

T(X,Y):=— %(?)()2)1? - 5@(1?))2 + %g(f(, Y)®f, VX,Y e I(TN).
Then, we have
(g, "V, V) =P (ufy + VT ul ué W Tgug )0y
=[g* (ufy + T}l ﬁ+T,’;u; b —Togus) + VIugloy
=1(g,V, V) +du(V) + Trg(du, du).
Hence,

(g, Vv, VV) =0 iff @) +du(V)+TrgT(du,du) = 0.

Corollary 1 Let (M, [g], V' V) be a compact Wey manifold with nonempty boundary M and
(N, (2], YV) a complete Weyl manifold with sectional curvature bounded from above by
k> 0. Let ug : M — N be a continuous map with ug(M) C Br(p), a geodesic ball with
radius R < 3 _Hr) T{Eww For appropriate o and R, there exists a constant Cy depending only

on k, o, R and the geometry of N, such that if
max |V(:j| + max |6:)| < Co,

then there exists a unique Weyl harmonic map u : M — Br(p) C N withu = ug on oM.

5.2 Affine harmonic maps (c.f. [9,10])

Let (M, g, @), (N, h, ?’ ) both be affine manifolds, where Visa global flat and torsion-free
connection on M and V’ is a torsion-free connection on N. Then, we have

(8. V. V) = g% (uly + Tkulul)o .

ijUa

where f‘l/f are the Christoffel symbols of V’.
Regarding (M, g) and (N, h) as Riemannian manifolds, let Fgﬁ andT ; « be the Christoffel

symbols of the Levi-Civita connections V and V' of (M, g) and (N, h), respectively. We then
have the usual tension field

(g, V,V) = g“ﬂ(ugﬁ u + Flkjuaué)ayk.
Let
V= g1l o,
k .__ 1k k
Tij = Fl{j — Fij'
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Then, we have
(g, V, V) =1(g, V, V') + du(V) + Try(du, du).
Therefore,
(g, V, V) =0 iff v(u)+du(V)+Tr,T(du,du) = 0.

Corollary 2 Let (M, g, V) be a compact affine manifold with nonempty boundary 0M and
(N,h,V'a complete affine manifold with sectional curvature bounded from above by k > 0,
where V is a global flat and torsion-free connection on M and V' is a torsion-free connection
on N. Let ug : M — N be a continuous map with uo(M) C Bgr(p), a geodesic ball with

radius R < 2(1+0)J/?' Denote Tllj‘ = F’k Flk], where F/k and F’k stand for the Christoffel

symbols of V' and V', respectively. For appropriate o and R, there exists a constant Co
depending only on k, o, R and the geometry of N, such that if

max |VT |+ max |T| < Co,

then there exists a unique affine harmonic map u : M — Br(p) C N withu = ug on M.

5.3 Hermitian harmonic maps (c.f. [11,15])

Let (M™, g, V), (N", h, V') are both Hermitian manifolds, where V and V’ are holomorphic
torsion-free connections on M and N, respectively. Direct calculation gives us

(0.9, %) = g% 9%’ L dul Juk\ 9 + guh 9%u' Y du Juk\ 9
T ) ) = - H - — ) A PN
§ 8 \oze0z8 T ko2 928 ) awi T8 \9zeazF T ke 378 ) i

where F;"k are the Christoffel symbols of V.

Let J be the almost complex structure, and {es} = {e1, ..., em, Je1, ..., Jey} alocal
basis of M. Let V, V' be the Levi-Civita connections on M and N, respectively, and Fij (the
Christoffel symbols of V’. Set .

V=V, ea—Veea and T =T —Th,
then we have

(g, V, V') = t(u) + du(V) + Try T (du, du).
Namely,

(g, V, V) =0 iff 7(u)+du(V)+Tr,T(du,du) = 0.

Corollary 3 Let (M™, g, V) be a compact Hermitian manifold with nonempty boundary dM
and (N", h,V')a complete Hermitian manifold with sectional curvature bounded from above
by k > 0, where V and V' are holomorphic torsion-free connections on M and N, respec-

tively. Let uy : M — N be a continuous map with ug(M) C Br(p), a geodesic ball with

radius R < 2(1+o)ﬁ' Denote Tllj‘ = F’k Flkj, where I" and I"k stand for the Christoffel

symbols of V' and V', respectively. For appropriate o and R, there exists a constant C
depending only on k, o, R and the geometry of N, such that if

max |VT| 4+ max |T| < Co,

then there exists a unique Hermitian harmonic map u : M — Br(p) C N with u = ug on
oM.
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5.4 Magnetic harmonic maps

We now consider a case that, in contrast to the previous ones, does not arise from a structure
different from the Riemannian, but from on additional structure on a Riemannian manifold.
Let (£™, g) be an m-dimensional compact oriented Riemannian manifold with nonempty
boundary, (N, g) a Riemannian manifold of dimension n. Let u : (X", g) — (N, 2) be a
map and Z € T'(Hom(A™TN,TN)) =ET(A"T*N Q TN).

Consider the following system:

t(u) + Z(du(e1) A --- ANdu(ey)) =0, 5.1

where {ey, ..., e;} is a positively oriented local orthonormal frame of ™. In string theory,
it can be interpreted as the motion equation of an (rm — 1)-brane under an extrinsic magnetic
force (c.f. [13]). In [13], the author obtained the global existence of the heat flow in one-
dimensional case.

Using a similar method as above, in the two-dimensional case, we can obtain the following

Theorem 6 Lef uj, up € CO(ZZ, N) be two magnetic harmonic maps into a geodesic ball
Bgr(p). For appropriate o and R, there exists a constant Cqy depending only on k, o, R and
the geometry of N, such that if

max |VZ| + max | Z| < Co,
then the function © : £2 — R defined by
_ 9% (p)
- (@c((1+0)R) = ¢ (p1))? - (G (1 + 0)R) — g (p2))?

satisfies the maximum principle, namely

O:

(5.2)

max ® < max Q.
2 %2

Here p :=d(uy,uz), pi :=d(p,u;),i =1,2.
In particular, if uy = uy on the boundary 932, then u, = us on 2.

For the heat flow of magnetic harmonic maps, an analogous result holds. For 7' > 0, we
set

22 =352 x [0, T]
and denote the parabolic boundary of E% by
3,27 = (22 x {0) U (3%? x [0, T).
For the heat flow of magnetic harmonic maps
o = t(u) + Z(du(ey) Adu(er)), 5.3)
we have

Theorem7 Let uy,ur € CO(ZZ, N) be two solutions of heat flow Eq. (5.3) for magnetic
harmonic maps into a geodesic ball Bg(p). For appropriate o and R, there exists a constant
Co depending only on k, o, R and the geometry of N, such that if

max |VZ| + max | Z| < Cop,
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then the function © : E% — Rdefined by (5.2) with %2 replaced by 2% satisfies the maximum
principle:

mz%x 0 < ma;zc O.
2 a2

In particular, if uy = uy on the boundary 3,,2%, then uy = up on E%.

As an application of the above maximum principle, we obtain the existence of magnetic
harmonic maps into a geodesic ball.

Theorem 8 Let %, N, Z, Br(p) be as in Theorem 1. Suppose ug € H>9(x2, N)(g > 2)
with ug(X2) C Bgr(p). For appropriate o and R, there exists a constant Cy depending only
on k, o, R and the geometry of N, such that if

max |VZ| + max | Z| < Co,
then the initial boundary value problem

{ du = t(u) + Z(du(er) Adu(er)), (5.4)

u—ug € Hy'(S2 N), u(0) =ug, u(T? x [0, 00)) C Br(p),

admits a unique global solution u which subconverges to a unique solutionu € H>9(%%, N)
of the Dirichlet problem

(5.5)

T(u) + Z(du(ey) A du(ez)) =0,
u—ug€ Hé’q(EZ, N),

such that u($?) c Br(p).

Remark 2 Inlocal coordinates {x*} on M and {y/} on N, respectively, the term TroT(du, du)

can be written as T;k(u)g%g#g“ﬁ, where T := T;k aii ® dy’ ® dy*. Correspondingly,

the term Z(du(e1) A du(ez)) in (5.3) could be writien as (2}, — Z{) } 245 ¢°. Using
Z ’/ = Z j in place of TJ? « in the proof of the results for V T'-harmonic maps, we can conclude
the above theorems for magnetic harmonic maps.

6 VT-harmonic maps from complete manifolds into geodesic balls

In this section, we shall establish the existence of V T'-harmonic maps from complete non-
compact manifolds into geodesic balls in complete Riemannian manifolds with sectional
curvature bounded above by a positive constant.

Before proving the existence theorem, we first give the following Bochner formula:

Lemma3 Let (M™, g) and (N", g) be Riemannian manifolds. Let Ricy := Ric — %ng,

where Ric is the Ricci curvature of M and Ly is the Lie derivative. Suppose u is a VT -
harmonic map from M to N, then
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%Ave(u) =|Vdul* + " (du(Ricy (eq)). du(eq))

a=1

— > RM(du(eq), duep), duleq), du(eg))
o,f=1

- ((Ve, T)(dulep), du(ep)), duleq))
1

6.1)

«a,

(2T (Ve du)(ep), du(ep)), du(eq)),
1

M=%

o

where {e,} is a local orthonormal frame of M.

Proof By the proof of Proposition 1.3.5 in [18] (c.f. also in [1]), we have

m

%Ae(u) =|Vdu|* + > (Ve, 7). dule)) + Y _(du(Ric(eq)). duea))

a=1 a=1

m
— Y RM(du(eq), duep), duleq), du(ep)).
o, =1
Let {eq} be a local orthonormal normal frame of M at the considered point. Since

m m

D (Ve du(V), dules)) = Y ((Ve,du)(V) + du(Ve, V), du(eq))

a=1 a=1
m m

=Y ((Vvdu)(eq) + du(V,, V), duleq)) = Y _(Vydu(eq) +du(Ve, V), du(eq))

a=1 a=1

)

1 m
= 3 Vldul® + D (Ve V. ep)dulep). duleq))
o, B=1

1 1 <
= SVIduP + 2 3 | (Lvg)(ea, ep)(dulea, du(ep)))
«o,f=1

and
Ve, (TrgT(du, du)) = V,, (T (du(eg), du(ep)))
= (Ve T)(du(eg), du(ep)) + 2T ((Ve,du)(epg), du(ep)).

Therefore, we get

m

1 1 1
EAe(u) =|Vdu|* — EV|du|2 — Ea%::l(ng)(ea, ep)(du(ey, du(eg)))

m

- Z (Ve T)(dulep), du(eg)) + 2T ((Ve,du)(ep), du(ep)), du(eq))
«o,p=1

+ ) (duRic(eq)), dueq)) — Y RV (dueq), du(ep), du(eq), du(ep)),
a=I a,f=1
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which implies that (6.1) holds. O

Using the above Bochner formula and the estimate of Ayr in [6] (here r denotes the
distance function on M), we establish the gradient estimate for V 7T-harmonic maps.

Theorem 9 Let (M™, g) be a complete noncompact Riemannian manifold with
1
Ricy := Ric — Eng > —A,

where A > 0 is a constant, Ric is the Ricci curvature of M and Ly is the Lie derivative. Let
(N", 8) be a complete Riemannian manifold with sectional curvature bounded from above
by a positive constant k. Letu : M — N be a VT -harmonic map such that u(M) C Bg(p),
where B (p) is a regular ball in N, i.e., disjoint from the cut locus of p and R < 2”7
Suppose ||V |~ < 400, | T||Le < 400, ||VT||Lx < 400 and

JK K
) 1T + ——== Tl < ———.  (62)

1 1)? - —
< ot cos(y/k R) min{m, n}

1
(m+1)2
Then, we have
IVul < Co(VA+1),

where Cg > 0 is a constant depending only onm,n,x, R, V, T.

Proof Let r, p be the respective distance functions on M and N from some fixed points
p €M, pe N.Let B,(p) be a geodesic ball of radius a around p. Define ¢ := cos(\/kp).
Then, the Hessian comparison theorem implies

Hess" (¢) < —« (cos(v/kcp))Z. 6.3)
Define f : B,(p) — Rby
\%
f = (a® —1’2)—| ul .
pou
Denote ¢ := io”u‘. Clearly, f achieves its maximum at some interior point of B,(p), say q.
WLOG, we assume that Vu(g) # 0. Then, from
V f(g) =0,
Ay f(g) =0,
we obtain at g:
vr? v
A (6.4)

a2 — 2 - 1// ’
Ay Ayr: 2(Vr2, V)
A R S <0. (6.5)

It follows from the above two inequalities that

Avy Ayr? 2|Vr2|?

— 6.6
w 612 _ r2 (az _ r2)2 - ( )

By formula (2.4) in [6] (see also [16]), we have
Ayr? = 2rAyr +2|Vr 2 < 2r(A(r — ro) + Co) + 2, (6.7)
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where ro > 0 is a sufficiently small constant and Co := maxyg, () Avr.
Let {ey} be alocal orthonormal frame field of M and s the rank of u at the point. We shall
compute in normal coordinates at the considered point of N. By Newton’s inequality, we get

> RN(dueq), dulep), duleq), du(ep)) = Y R (duleq), dulep), du(es), du(ep))

a.p a#p
2
A , 1
> (Z(uéf) Yyt | <2 =D Ty
1<a<ﬁ<s i j
s —

= Kld | Kldu|

s S0

where we have used the fact that sg := min{m, n} > s in the third " < ".
The Cauchy—Schwarz inequality gives us

|((Ve, T)(du(ep), dulep)), du(eq))| < VT ||o|dul? - |dul
< ere(u) + inwnime(u)z,
- 4ey
|(2T((Veadu)(eﬂ),du(eﬂ)),du(ea)>| < 2| T ||z |Vdul|ldu| - |du| < e3|Vdul|?
1
+—IT |12 oe(u)?.
€3

The formula (3.12) in [2] (see also [3]) implies that for any € > 0

_El|r(u>|2+< m 1 )|we<u>|2.
— m — — e

[Vdul|?
1 (m

Choosing € = m, then we have

1
IVdul* > —|t(u)* + (1 + —) IVy/e)|?.
m
By the V T-harmonic map equation (1.1), it is easy to see that

lT@)* < e@IV [ + e T3 .

Hence, from the Bochner formula (6.1), we obtain
1 1
SAve@ = (=01 - e)IVI3e — A —2) e(u) + (1 — e3) (1 + ;) IVy/e(u)|?

+ (—(1 — )T 700 — & (1 - i) - inwnim - inTn%m) e(u)?.
S0 4ey €3
Since
1 1 5
S Ave = *AVIVMI = |V|Vul|® 4 |Vu|Ay|Vul,

therefore

1 [V|Vu||? 5
AyVul = |(I—e)(1+— )= 1| —=———+ (-0 =) | Vllj — A — &2) |Vu
m |Vu|

1 1 1
+ [—(1 — )T 700 — & (1 - —) — — VT |} — —||T||ioo] |Vul.
S0 482 &3
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Choose g3 = then

1
(m+1)2°

AtV = VVEE T L Y iz — A e | vl
u>———t |- (1 - — «—A—¢ u
N (m + 1)2 L 2

1 : T|? o2
#[= (- )i - (1-5)

1
— o IVT i = (m + DTN | [Vul’.
dey
For simplicity in the following computation, we denote

1 1
Cli=——, Cyi=— (1= ——— ) |IV|? — A — g3,
V=g @ < (m+1)2>|| Iz €

c -1 1713 -2 ! IVTI;
] _— o — K - - [o R
3 (m + 1)2 L so) ey L

By direct calculation, we have

_VIVu|  [Vul|V(pou)

(6.8)

(m+ DT .

%
v pou (p ou)?
Ay |Vu|  |VulAy(pou) 2
Ayy ==V vl (VY. Vipou)
pou (pou) pou
V| Vul? |Vl IVul>  YAv(pou) 2(Vy, Vipou))
1 2 + C;3 - - .
(pou)|Vu| pou pou pou pou
The Cauchy—Schwarz implies that
_2{VY, V(pou))
pou
Vi, V Vi, V
:_(2_2C])< ¥, (wou))_2C1< ¥, V(g ou))
pou pou
vy, V V|Vul|, vV v 2\v
:_(2_2C1)< ¥, (W”))—2C1< [Vul, (<pou)>+2Cl| (wou)ll ul
pou (¢ ou)? (g ou)’
vy, V V|Vull? v 2\v
z—(2—2C1)< ¥, (qaou))_c1 [VIVul| 1| (¢ ou)|*|Vul
pou (p ou)|Vul (pou)’

From the above two inequalities and (6.4), we get

Avy 2 Aylpow) |Vipow - (Vr’,V(gou)
>C2 + C3|Vu| oou + C @oun)? (2 2C1)(a2_r2)(¢ou)'
(6.9)
Since
(Vrz,V((pou)) - 2r|V(p ou)| - |Vr| - 2r|V (g o u)| 2./kr|Vu|
(@ —rt)(gou)| = (@ —r})(@gou) ~ @ —r>(@gou) = (a®>—r>)(pou)
(6.10)
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and from (6.3),

Ay (g ou) =g*¥V20(dyu, dgu) + (V) o u, T(u) + du(V))
- 3 9
=g ul uf ;Hess" (¢) (W W) + (Vo) o u, —Tr, T (du, du)) (6.11)

< (=K cos(v/ip) + VTl [Vul*.
Therefore, from (6.6), (6.7), (6.9)—(6.11), we obtain

k|| T || g 41 —-C Kr
ot (€34 i — YNl |Vu|2——§ 2‘)“/_ |Vul
cos(y/kp o u) (a* —r*)(pou) ©6.12)
2Ar% —2Argr 4+ 2Cor 42 8 0 '
a2 —r2 (a2 _ r2)2 -
Since the condition (6.2) tells us
JK K
1+ m+12—7) TP + —Y— Tl < —,
( -+ 1 = s ) Il + s Tl <
there exists a constant &g > 0, such that
1 JK K
1+ m+12—7> T2 + ——<||IT|lz> + &0 < —.
< ( ) 12 1717 cos(JiR) 171 0<%
2
Choosing &, = W, then we have
k|| T || 1 1
C3+K—\/_”7”L:— l—— ||T||%m_K 1——
cos(y/kp o u) (m+1) 50
1 VKT || oo
— — VT e — (m 4 DT |2 oo 4 16 — — "=
15 IVTIy (m+ DT |7 + cos(/<p ou)
K 1 VEIT
> — — (1 - ——— )17 — — VT3 — (m + DT |7 0 — T——
Z ( (m+1)2)|| (3 5 IVTIly ( YT cos(Jx )
K 1 Vil Tl oo
= — — 1+m+12—7>T2m+—VT200+7~
50 |:< ( ) (m+1)2 171 der VT cos(y/k R)
K 2 2 \/’?||T||L°°j|
>——[{l+m+1D)"—— ) IT|I500 + 80+ ———= | =: C4 > 0.
50 |:< ( ) (m+1)2> 170 0 cos(y/k R) 4
Therefore, it follows from (6.12) that
4(1 — Cr)/kr 2Ar2 — 2Argr +2Cor +2 8r2
Cy|Vu? — ———|Vu| — -C
WV @ e Y al—r? T@ Y
<0.
Note the elementary fact that if ax? — bx —c < O witha, b, ¢ all positive, then
b \/?
x<-4+,/-.
a a
Hence, at the point ¢,
ul < 4(1 = C)Jxr 1 <2Ar2—2ArOr+250r+2 8r2 C)
u _ _ _
T Ca(a®—r?)cos(kR) Cy a*—r? @—r22
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From this, we can derive the upper bound of f, and it is easy to conclude that at every point
of B% (p), we have

|Vu| <C /AJF 197l + 1 +<1 ! )||V|| P
u| <Cs Ee— — L -+ —
4 1)2
€0 (m+1) Ja 6.13)
1 1
<Co(VA+1+-+—),
- 6( a ﬁ)
where Cg > 0 is a constant depending only on m, n, k, ﬁ, V,T.
For any fixed x € M, letting @ — oo in (6.13), we obtain |Vu| < Cg(\/Z—I— 1). O

Proof of Theorem 4 We first choose a constant C(y depending only on «, o, R and the geometry
of N, such that if

max |VT| + max |T| < Cy,

then both the condition (4.3) in Theorem 5 and the condition (6.2) in Theorem 9 hold. Let
{<2;} be a compact exhaustion of M. By Theorem 5, we have a sequence of maps {;} which
solve the Dirichlet problem

t(u;) +du; (V) + TrgT(dui, du;) =0,

Mi|3Q,- = M0|agi >
u; homotopic to ug rel. 9€2;,

where u; € C®($2;, N) N C%(Q;, N) such that u; (%) C Br(p).
For any compact set K C M, there exists an integer ig > 0, such that K C €2; fori > io.
Then, by (6.8),

Av|Vi| > 1 |V|Vu,-||2+ | 1 WViEe — & IVT|2 s + 1 |
uj|z2————"-—-+| - |1l -——= x«—A—-—— u;
VI = T V| (m—+1)? L 4eo :

+ [— (1 +(m+1)?— ¥> T30 — (1 - i) - eo] [Vu; 3,
(m + 1)2 50
(6.14)

where A is a positive constant depending only on the bounds for Ricci curvature of K and
VI k-
Since K is compact, there exist finitely many such geodesic balls { B4, (p j)}];o: | € M,such

that U?’:] By, (13:,). D K. Hence, for any g € K, there is a geodesic ball, say B“jo (pj,) (1=
Jo < ko), containing ¢g. Then, by Theorem 9, we can conclude that

IVuil(q) < Criy VA + 1),

Hence,
sup |Vi;| < max {c7,-0(\/]~+1)}:: Cs,
K 1=<jo<ko

where Cg is a positive constant independent of i. Then, by the standard elliptic theory,
u; subconverges to a V T-harmonic map u € C°(M, N) with u(M) C Br(p) and u is
homotopic to ug. O
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