ON PROJECTIVE CLASS GROUPS(})

BY
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1. Introduction. For any ring 4, the notion of the projective class group
C(A) was introduced in [12; 13]. It enjoys functorial properties with respect
to ring homomorphisms, and can be described as a certain factor group of the
Grothendieck group associated with the category of all finitely generated
A-projective modules. This group appeared originally to measure the extent
to which 4-projective modules are not free. However, this group being closely
related with the arithmetic of the ring A4, it has its own interest. This note
is to study the projective class group of certain algebras over a noetherian
domain. Let R be a noetherian domain with quotient field K, and 4 an R-
algebra, finitely generated as R-module. In this case, it is more effective to
consider the reduced projective class group Co(4). This is obtained from the
category of all finitely generated 4-projective modules P such that K ®gP is
K Q@grA-free (see §3). If A is R-projective as an R-module then 4 CK Q@ rA.
If, furthermore, A has no nilpotent ideals, then K ® g4 is a simple K-algebra
and hence we may consider a maximal order A of K ®zA4 containing 4 (see
§4). Since A has a relatively simple structure (for example, if R is a Dedekind
domain, then A is a hereditary ring), a natural question is to ask for a relation
between Co(4) and Cy(A). One main objective of this note is to prove Theorem
10, which states that Co(4)—Co(A)—0 is exact when A/c is Artinian and the
Cartan matrix of A/c is nonsingular, where ¢ is the conductor of A in 4. To
obtain this we generalize in §1 a theorem of J.-P. Serre to noncommutative
algebras. The study of Cy(A) is trivially reduced to the case when A is a
maximal order in a simple algebra. A maximal order in a simple algebra is
closely related with that of a division algebra. Namely, if R is a Dedekind
domain and A is a maximal order of a simple algebra over R, and T is a max-
imal order of a division algebra associated with A, then IM(A) =M(T') as
categories, where M (A) (or M(T")) denotes the category of all finitely gener-
ated left A-modules (or '-modules). This categorial isomorphism preserves
projective modules in both directions but does not preserve free modules in
general. This causes a difficulty in deducing a relation on the projective class
groups. This is studied in §3 where we prove that Co(A) = C(T"). Another inter-
esting result is Theorem 13 concerning the finiteness of the projective class
group. Most of our theorems are valid for integral group algebra of finite
groups and a result of R. G. Swan is deduced as a corollary.

Received by the editors April 21, 1960.
() This work has been supported by the Office of Naval Research under Contract Nonr.
266(57).

459

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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For the sake of simplicity, we make some conventions on terminology and
notation. Throughout this note, unless otherwise stated, we mean: (1) ring
=ring with unit element; (2) module = finitely generated unitary left module;
(3) R=commutative noetherian domain and K =quotient field of R; (4) R-
algebra = R-algebra with unit element, which is finitely generated as R-
module; and (5) ® = @&. The reader should keep in his mind these agree-
ments throughout this note. (For example, when we say “all A-modules,” then
we mean “all finitely generated left A-modules”.)

The author wishes to thank J.-P. Serre for his private letter [14], from
which the present investigation originates. Thanks also goes to H. Bass for
useful conversations.

2. Modulo the conductor. Let A CA be R-algebras. Then A, being finitely
generated as an R-module, is so as a module over 4. Now q= { r| rER,7ACA }
is an ideal in R and, if we put c=gA =Ag, then c is a two-sided ideal in 4 as
well as in A. We shall call ¢ the conductor of A in 4 in analogy with number
theory. For the sake of simplicity, we shall use throughout this section the
notations: R/q=R, A/c=4, A/c=K. Then ACA and they are R-algebras.
Furthermore, for any A-module (or A-module) M, we put M=A4AQ®4M (or
M=1Q.\M).

Let P be an 4-module and P’ a A-module such that P CP’. Adopting
J.-P. Serre's terminology we say that P is an A-form of P’ if (i) P is A-projec-
tive and P’ is A-projective and (ii) the map A® 4P—P’ induced by PCP’
is an isomorphism. If P is A-projective, then P’ =A ® 4P is A-projective and
thus, identifying P with its image under the canonical imbedding P—A ® 4P
=P’, we see that P is an 4-form of P’. Conversely, given a A-projective
module P’, what are the sub-4-modules P of P’ which are A-forms of P'? A
milder question asks whether every A-projective module comes from an A4-
projective module by tensoring with A. Theorem 1 below reduces these ques-
tions modulo the conductor ¢. This theorem was proved by J.-P. Serre when
A, A are both commutative noetherian rings [13; 14]. Our theorem is a
generalization of it to noncommutative algebras.

THEOREM 1. With the notations as above, let P’ be a A-projective module, and
M an A-submodule contained in P’. Then the following statements are equivalent:

(1) M is an A-form of P'.

(i) MDcP' and M is an A-form of P'.

Thus, if ¢: P’—P' is the natural map, ¢! puts the A-forms of P’ in bijective
correspondence with the A-forms of P’. In particular P’ has an A-form if
and only if P’ has an A-form.

We shall reduce the proof of the above theorem to the case when R is a
complete local ring. This procedure is accomplished by Proposition 3 below.
The following lemma is known [2] and will be used in the proof of Proposition
3. We quote it below without proof.
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LemMMA 2. Let R be a noetherian ring and T' an R-algebra which is left
noetherian. Let S be an R-algebra (not necessarily finitely generated) which is a
flat R-module. If C is a finitely generated T'-module, then S® zExta(C, D)
=~Exts®@r['(S®rC, S®rD) for any I'-module D.

Now for each maximal ideal p of R, let Ry=completion of R with respect
to the maximal ideal p of R. For any R-module M, we write My= R, ® z M.

ProrosiTIiON 3. Let P’ be a A-module and P an A-module with P CP'.
Then P is an A-form of P’ if and only if P, is an Ay-form of Py for all maximal
ideals p of R.

Proof. PCP' induces A® 4P—P'. Taking its kernel X and cokernel Y,
0—-X—>A®4P—P'—Y—0 is exact. We observe that every module in this
exact sequence is finitely generated as an R-module. Regarding this as an
exact sequence of R-modules, we get an exact sequence 0—X,—A, ® A»P,
——>P,, —7,—0 for each maximal ideal p of R. Now for any Ry-module M,
M,=0if and only if M =0. Therefore A® 4+P—P’ is an isomorphism <X =0
=YVeX,=0= ¥, for all maximal ideals p of R&X,=0= 7, for all maximal
ideals p of R=A1,® A’Pp—‘)Py is an 1somorphlsm for all maximal ideals p of R.
Furthermore, 4 bemg noetherian and R, being R-flat, we get from Lemma 2
that thAn(Cp, Dy) ~ Ry®r Ext%(C, D) for all finitely generated 4-modules
C and every A-module D. If C and D are both finitely generated as A-
modules, then Ext%(C, D) is finitely generated as an R-module for all #.
Therefore, if D is a finitely generated 4A-module, then Ext} (P, D) =0 for all
n>0=R,Qr }:xtA(P D) =~ Ext},(Py, Dy) =0 for all >0 and for all maximal
ideals p of RoR, Q@ Exti(P, D)~ ExtAp(P,, Dy)=0 for all #>0 and for
all maximal ideals p of R. Therefore using the fact that 4 is noetherian, we
see immediately that P is A-projective if and only if P, is /i‘p-projective for
all maximal ideals p of R. The same thing is true for A-modules P’.

Proof of Theorem 1. (i)=>(ii): M =4 ® + M is A-projective and A® 4 M = P’
entails that AM =P’ so that MDcM=cAM=cP'. Furthermore, AQ; M
=AQ1(AQ.M)=RA@.M=(AQsA) @4 M=AQ P =P

(if) (i) : By Proposition 3, we may assume that R is a complete local ring
with the maximal ideal m. Therefore 4 is a semi-perfect ring [3]. If qQm,
then the theorem is trivial since =R entails that 4 =A. Therefore we may
assume that g Cm. In this case, we contend that ¢ is contained in the J-radical
of A as well as of A. For, since 4 and A are finitely generated as R-modules,
it is clear that ¢=gA is contained in the J-radical of A and g4 is contained
in the J-radical of 4. However, ¢*=q%A Cq4 and hence ¢ is also contained in
the J-radical of 4. Now since 37 is A-projective, there exists an A-projective
module P* such that 37 @ P is A-free. Since ¢ is contained in the J-radical
of a semi-perfect ring 4, there exists an 4-projective cover of P, i.e., there
exists an A-projective module Py such that Py=P¥ (see [3;9]). Put A® 4P,
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=P{. Then P, is an A-form of P{ and hence, if we set X=M@®P and
Y=P @P{, then XCY and Y is A-projective and the condition (ii) is valid
for X and Y. X is A-free, so let xy, %3, - - -, x, be the elements of X such that
their canonical images in X form an A-free basis of X. Then they are A-free
basis of ¥ since A®3X =Y. Therefore Vis A-free with the basis x1, %3, - « - , %»
since Y—7Y is a A-projective cover. Therefore %y, xs, - - -, x, are, a fortiori,
linearly independent over A. However, they generate X by Nakayama's
lemma, and hence X is A-free and A®4X =Y. Therefore, we see that the
direct summand M of X is A-projective and AQ 4 M =P’.

COROLLARY 4. Let 4, A, ¢ be as above. If P’ is a A-projective module such
that P’ is K-free, then it admits an A-form, i.e., there exists an A-projective
module P such that AQ 4P=P’.

Proof. P/, being A-free, clearly admits an A-form, so P’ has an A-form
by Theorem 1.

COROLLARY 5. Let A, A, ¢ be as above, and P’ a A-projective module such
that P’ is R-free (of rank n). Then the number of isomorphism classes of A-forms
M of P’ such that M is A-free is the number of the double cosets of GL(n, &)
modulo GL(n, A) and the subgroup T of the automorphisms of P’ induced by
the automorphisms of P'.

Proof. It follows from Theorem I that A-forms M of P’ such that M is
A-free, are in bijective correspondence with the points of GL(n, &)/GL(n, 4).
Now let P;, P; be A-forms of P’ such that 6: Py = P,. Then 8 extends uniquely
to an automorphism @ of P’ such that §: P; =P, Conversely if there exists
an automorphism 6 of P’ such that §: Py~P,, then ¢f(P;) =P, and hence
0(Py) = P, i.e., Py= P, Therefore the isomorphism classes of A-forms M of
P’ such that M is A-free is in bijective correspondence with the double cosets
of GL(n, &) modulo GL(n, A) and the subgroup T induced by Aut (P’).

COROLLARY 6. Let R be either a ring of integers in a number field, or func-
tion field in one-variable over a finite field. Let A, A, ¢ be as above and assume
that ¢#£0. Then, given a A-projective module P’ the number of A-forms of P’ is
Sfinite.

Proof. Let ¢=qA. Then by hypothesis 0. By virtue of the hypothesis
imposed on R, R/q has only a finite number of elements. Consequently, the
R/qg-algebra A which is finitely generated as R/q-module has only a finite
number of elements. Therefore the assertion follows from Theorem 1.

We know now that every A-projective module P’ such that P’ is A-free
comes from an 4-projective module. In view of this fact, we may ask when a
A-projective module P’ has the property that P’ is A-free. An answer to this
question is provided by the following theorem, which is a trivial consequence
of Theorem 2 in [4]. We simply quote it below for the benefit of the reader.
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THEOREM 7. Let R be a commutative ring with K ts full ring of quotients,
q an 1deal of R such that R/q 1s Artinian. Let A be an R-projective R-algebra
and assume that the Cartan matrix of A/qA is nonsingular. Then, given any two
A-projective modules P and P', KQ@rP ~K Q@rP’ implies P/qP =P'/qP’. In
particular, if K®P is K ®A-free, then P/qP is A/qA-free.

3. Projective class group and categorical isomorphism. First let us recall
the definition of Grothendieck groups [13;16]. Let € be an additive category.
The Grothendieck group G (@) associated with the category € is an abelian
group which is described by giving generators and relations. The generators
are symbols [4], one for each object A of €, and relations are [4]=[4]
+[A4"] for each exact sequence 0—A’—A—A4"—0 in the category €. (In
what follows, if AE e, then [4 ] will denote the element in G(€) represented
by the object 4.) If €1, €, are additive categories and F: €;—@, is an exact
functor, then F naturally induces a homomorphism G(F): G(@€,)—G(@,), since
relations arc preserved. For any R-algebra A (where R is a noetherian domain
with K its quotient field), we shall denote by ®(A) the category of all (finitely
generated) A-projective modules and by ®o(A) the subcategory of ®(A) con-
sisting of all A-projective modules P such that K @zP is K®rA-free. In
these categories, maps are of course A-homomorphisms. The associated
Grothendieck groups will be denoted by P(A) and P¢(A) respectively. The
factor groups C(A) =P(A)/{ [A] }, Co(A) =P0(A)/{ [A]}o are called the pro-
jective class group of A, and the reduced projective class group of A respec-
tively, where {[A]} or {[A]}, indicates the cyclic subgroup generated by
[A]in P(A) or Po(A) respectively. The reader will find immediately that this
definition coincides with the original one given in [12; 13]. If P isin ®(A) or
®o(A) then we shall indicate by [[P]] the element in C(A) or Co(A) repre-
sented by P.

Let A be a ring and E a right A-module. Then E gives rise to the endo-
morphism ring I'=Hom(E, E) and E becomes a right A, left T', bimodule.
The dual E*=Hom(E, A) is in an obvious way a left A, right T', bimodule.
We call A-module E regular if (i) E is (finitely generated) A-projective and
(ii) EQE*—A given by (x, f)—f(x) is an epimorphism. If E is a regular
module, then there exists a categorical isomorphism between the category of
(left) A-modules and the category of (left) I'-modules. These facts were fully
explored by Auslander-Goldman [2], Curtis [8] and Morita [11] and also by
S. Chase. We state below the known results in the form convenient to our
purpose.

TueoreM 8. Let A be a ring, E a regular right A-module, and set E*
=Hom(E, A) and T'=Hom(E, E). M(A) and M(T) denote the category of
(left)y A-modules and (left) T-modules respectively. Then

(a) I and E* are both (finitely generated) A-projective as well as T'-projective;

(b) A=Homr(E, E) as rings (of course ' =Homy(E, E) by definition);
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(¢) E*QrE=A as two-sided A-modules and EQ \E* =T as two-sided T-
modules;

(d) S: mA)—>MT) given by S(M)=EQ M and T: (') —>M(A) given by
T(N)=E*®rN are categorical isomorphisms M(A) =~ M(T). In fact, TS(M)
=~ M for all MEM(A) and ST(N) =N for all Nem(T).

Now E being I'-projective, if M is A-projective then S(M)=EQ®\M is
T'-projective. Likewise, if NV is I'-projective then T(N) =E*Q® N is A-projec-
tive. Therefore S: ®(A)—>®(T') and T: ®(I')—>®(A) provides a categorical iso-
morphism ®(A) =®@(T'"). If E is I'-free, then the functor S will send A-free
modules to I'-free modules. Likewise, if E* is A-free, then T will send T'-free
modules to A-free modules. Thus, if E is I'-free and E* is A-free, then we could
conclude C(A) = C(T"). However, E and E* need not be free in general. What
conclusion can we draw if E and E* are not known to be free? This is the
question we are concerned with in this section (for a particular case).

Now let A be an R-algebra, E a regular right A-module and let E* and
T be as above. Then I is also an R-algebra. If PE®(A), then KQP is K ®A-
free by definition, and hence the rank of K®P over K QA is defined (recall
that ® = ®r). We put p(P) =rank of K®P over K®A. This function p, be-
ing additive, induces p: Po(A)—Z which is clearly an epimorphism. With these
hypotheses and notations, we have:

TuEOREM 9. Co(A) =Ker(p: Po(A)—Z). If KQE is a simple K @ A-module,
then K QT s a division algebra and C(T') =Ker(p: Po(A)—>Z) =~ Co(A).

Proof. The first statement follows trivially from the splitting exact se-
quence 0—{ [A] } 0—Po(A)—Co(A)—0. We now prove the second statement.
Firstly,if K ® Eisasimple K @ A-module,then K ®T' = Homxgs(K® E, K ® E)
is a division algebra by Schur’s lemma. Furthermore, K ® A = K @ Homr(E, E)
=Homkggr(K®E, KQ®E) is a total matrix algebra over the division algebra
KQ®T. KQE being a simple K ®A-module, so is KQE* and hence K ®A
~r(KQ®E*) for some integer r as left K ®A-modules, where »(KQE*)
=KQE*+ - - - +KQE* (r times). Now the exact functor S: ®y(A)—@(T)
induces S: Po(A)—C(I") which is given by [P]—=[[S(P)]]=[[E®aP]]. S is
an epimorphism. For, let Q be a I'-projective module. Consider the A-projec-
tive module T(Q)=E*®rQ. T(Q) need not be in ®¢(A) in general i.e.,
KQ®T(Q) need not be K®A-free. However, since K®A=r(KQE?*), it is
clear that T(Q) ®mE* will lie in ®¢(A) for some integer m. Then
S(1(Q) ®@mE*) = [[ST(Q) ®mS(E*)]]=[[0 ®@m(E®\E*)]]=[[Q &mT]]
= [[Q]]. This proves that S is an eplmorphlsm Let us determine the kernel
of S. Suppose that S(P))=3(P,), [[S(P)]]=[[S(Py)]], ie., S(P1)
@mll‘ S(Pg) @mﬂ‘ Then TS(P]) GBmlT(I’) TS(P2) @WLQT(F), 1e . Pl
@mE*~P, ®myE*. Tensoring with K, we find that m=m(mod r) since
P.E®s(A). Conversely, if mE*E®o(A), i.e., if m=0(mod r), then S(mE*)
=[[mS(E*)]]=[[mI']]=0. Therefore Ker S=cyclic subgroup of Po(A)
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generated by [rE*]. Therefore 0—Z2Py(A)3,C(I)—0 is exact where 4(m)
=m[rE*]. Then it is clear that pi=identity and hence the above exact se-
quence splits so that we have C(I') =Ker(p: Po(A)—2Z).

4, Applications. Let 4 be an R-projective R-algebra without nilpotent
ideals. Then Z=K ®A4 is a semi-simple K-algebra. An R-algebra A contained
in T is called an order of Z over R if K@A =2. A maximal order is an order
which is not properly contained in another order. It is well known that every
order is imbedded in a maximal order [1; 2]. (The reader should observe
that in the above remark, we used our convention that algebra=algebra
which is finitely generated as a module.)

TurorREM 10. Let A be an R-projective R-algebra without nilpotent ideals,
A a maximal order of E=K QA containing A, and let ¢ be the conductor of A in
A. If AJc is Artinian and its Cartan matrix is nonsingular, then Co(A)—Co(A)
—0 s exact.

Proof. Let ®,(4) (or ®y(A)) be the category of all 4A-projective (or A-
projective) modules P such that K ® P is Z-free. Then ®¢(4)—®o(A) given by
P—A® 4P is an exact functor and hence induces a homomorphism j: Po(4)
—Po(A). Since j[4]=[A], it induces Co(4)—Co(A). To see that this is an
epimorphism it suffices to see that j: Po(4)—Po(A) is an epimorphism. How-
ever this follows immediately from Corollary 4, Theorem 7 and the hypoth-
esis.

CoROLLARY 11. Let R be a Dedekind domain with quotient field K, and A
a torsion-free R-algcbra without nilpotent ideals. Let A be a maximal order of
KQ®A containing A. Then Co(4A)—Co(A)—0 is exact. If K @A splits completely,
i.ce., 15 a ring direct sum of total matrix algebras, then Cy(A) = C(A) =1ideal class
group of the center of A.

Proof. As for the first statement, it suffices to check that if ¢ is the con-
ductor of A in 4, then A/c is Artinian and its Cartan matrix is nonsingular.
Let q={7ER|rACA}. Then, by definition, c=gA. Since A is finitely gener-
ated as an R-module and K®A=K®4A4, we see that 0, and hence A/c
= R/q®rA is Artinian. Now A being a maximal order in a semi-simple algebra
K®A, it is a ring direct sum of maximal orders in simple algebras, i.e.,
A=A+ - -+ +A, and A; is a maximal order in the simple algebra K ®A..
Furthermore, we know that A;/pA; is a primary algebra for any nonzero
prime ideal p of & [5]. Thus, for any nonzero ideal q of R, A;/qA; is a ring di-
rect sum of primary algebras and consequently the Cartan matrix of A/gA
is nonsingular. This proves the first statement. As for the second statement,
we may assume that A is a maximal order in a simple algebra since Co(A)
=] 5.1 Co(A). If A is a maximal order in a simple algebra, it is known [2]
that A admits a regular right A-module E such that KQFE is K @A-simple.
Therefore by Theorem 9, we have Co(A) = C(I') where I'=Homy(E, E) and
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K QT is a division algebra associated with the simple algebra K ® A. Further-
more, I' is a maximal order in K®T [2]. If K®A is a total matrix algebra
over a field, then K ®T is the center of K ®A and hence I is the center of A.
R being a Dedekind domain, T' is also a Dedekind domain and hence C(T")
=~ideal class group of I'. Therefore Co(A) =~ideal class group of the center of
A. This completes the proof.

COROLLARY 12. Let 7 be a finite group of order n and R the ring of integers
in a number field K. Consider the group algebras Rw and Kw. Let A be a maximal
order of K containing Rw. Then C(Rw)—Co(A)—0 is exact. If K contains a
primitive nth root of unity, then C(Rw)—(ideal class group of the center of Km)
—0 s exact.

Proof. From a theorem of Swan [15; 16], we know that every R-projective
module P has the property that K ® P is Kw-free. Therefore C(Rw) = Co(Rm)
and hence the first statement follows from Corollary 11. If K contains a primi-
tive nth root of unity, then it follows from a theorem of Brauer [6] that K=
splits completely, i.e., a ring direct sum of total matrix algebra. Therefore
Co(A) =ideal class group of the center of A. However, the center of K7 is a
direct sum of number fields and hence the center of A is the unique maximal
order of the center of K,i.e., the ring of integers in the center of Kw. There-
fore by the definition of the ideal class group in a number field, we get the
result.

REMARK. The above Corollary 12 was also obtained by R. G. Swan. His
method depends on the nature of the group ring and uses the author’s char-
acterization of projective modules over Ru.

As another application of Theorem 1, we give below a theorem concerning
the finiteness of class numbers. Namely:

THEOREM 13. Let R be the ring of integers in a number field or a function
field in one variable over a finite field. Let K be the quotient field of R and let A
be a torsion-free R-algebra without nilpotent ideals. If the Cartan matrix of
R/p®A is nonsingular for all nonzero prime ideals p of R, then Co(A) is a finite
group.

Proof. Let A be a maximal order of Z=K®4A4 containing A. Then A is
hereditary [10] and every A-projective module can be written as a direct
sum of free modules and an ideal. Therefore every element in Co(A) can be
represented by an ideal in A. However, it is a theorem of Artin [1] that the
number of isomorphism classes of left ideals in A is finite. (Artin proves it only
for the number field case but the same argument applies to the other case.)
Therefore it follows that Cy(A) is a finite group. There remains to see that
Ker(Co(4)—Cy(A)) is a finite group. However, under the hypothesis on
Cartan-matrix of A, every A-projective module can be written as a direct
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sum of an A-free module and an ideal of 4, according to a theorem of H. Bass
[4]. Therefore the assertion follows immediately from Corollary 6.

CoroLLARY 14 (R. G. Swan). Let R be as above and w a finite group. Then
Co(Rm) 1s a finite group, where R stands for the group algebra of w over R.
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