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   A latent variable model for observed variables representing frequencies is proposed. 
The data type for the model is a subjects by variables two-way frequency table. The 
model has two groups of latent variables. The first group of latent variables represents 
the characteristics of subjects and corresponds to common factors in factor analysis. 
On the other hand, each of latent variables in the second group is related to one of the 
manifest variables and corresponds to a specific factor in factor analysis. The manifest 
variables in the model, when given the values of common latent variables, follow the 
negative binomial distributions. The latent variables in the first and second groups are 
integrated out of the model. The parameters in the model are estimated by the 
marginal maximum likelihood method, using a kind of the EM algorithm. The com
munality, specificity, and reliability for an observed variable are defined.
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   If a group of subjects take several tests whose scores are represented by counts 

such as the numbers of errors, the data may be summarized by a subjects by tests 

frequency table. The typical models applied to such data are the log-linear model 

(see e.g., Bishop, Fienberg & Holland, 1975) and the log-bilinear model (see Good
man, 1985, 1986, 1991). When the number of subjects is moderate, the models may 

be easily fitted. However, if we have a large number of subjects, the number of 

parameters increases rapidly. Thus, in such situations we may not obtain a 
concise description of the data by fitting these models. Most of these models deal 

with the two modes, subjects and tests, symmetrically. However, if the relation

ships among tests are of primary interest, then the assessment of individual subjects 

is not the focus and the parameters which are concerned with subjects become 

nuisance parameters (see Clogg, 1986). 

   This situation corresponds to that of the ordinary factor analysis for continu

ous variables, where we have several difficulties by dealing with factor scores for 

subjects as unknown fixed parameters. In the random model, the factor scores are 

treated as random variables which do not appear in the likelihood to be maximized. 

For the frequency data mentioned earlier, the Poisson factor analysis model (Oga

sawara, 1996a, 1998b) has been proposed, where the parameters corresponding to 

subjects in the log-bilinear model are taken as random variables. In this model, 

the latent variables are numerically integrated out of the model and it is possible to 

treat multiple latent variables with factor rotation if necessary. 

   The name of factor analysis in the Poisson model comes from the fact that the 

relationships among the manifest variables are explained by assuming the latent



variables (factors) which are common to the manifest variables. However, the 

Poisson factor analysis model is different from the ordinary factor analysis model 

in that the former does not assume specific factors. This point is also applied to the 

usual item response models (see e.g., Lord & Novick, 1968). That is, for ordinary 

item response models, given the values of latent variables (abilities), the probability 

of an event such as responding to an item correctly is the same for all subjects. 

However, it is quite natural to consider the variation of subjects which is specific to 

each manifest variable as assumed by the ordinary factor analysis model. The 

Poisson factor analysis resembles the principal component analysis without specific 

factors. The negative binomial factor analysis model proposed in this paper 

contains specific factors and is an extension of the Poisson factor analysis model. 

Tsutakawa (1988) proposed a model which is similar to our model. Though the 

specific variation corresponding to each manifest variable is considered in his 

model, the common variation comes from only one common latent variable follow

ing the negative gamma distribution. Our model will deal with several latent 

variables as is usual in ordinary exploratory factor analysis.

Model 

   The usual factor analysis model for continuous variables is a kind of regression 

model in which the explanatory variables are the unobserved latent variables. The 

factor analysis model proposed in this paper is based on the negative binomial 

regression model (Lawless, 1987; see also Gardner, Mulvey & Shaw, 1995). Let XzJ 

be a variable representing a count (e.g., the number of errors) for the i-th 01=1, ..•, 

N) individual and the j-th p) test. In the proposed model, the probability 

of XZ,=x0, is described by the probability function for the Poisson distribution with 

the parameter r)Zjexp(O '8j + uj) :

P(XZ,=xt, ~ O , 7 j, 8,, u,)=(,7z, exp(O1'8,+j,))xt, 
                     X exp( )=, exp(O1'8,+u,))/x=,!, 

  (i=1, ... N ; j=1 ..., p),
(1)

where O =(O , ..., O )' is the vector of q latent variales for the i-th subject. The 

latent variables will be called "common factors" considering their similarity to 

those in the ordinary factor analysis model for continuous variables. The vector 

8j=(8,1, •••, 5 q)' contains the regression coefficients of the j-th manifest variable on 

the q latent common factors and correspond to factor loadings in the ordinary 

factor analysis model or discrimination parameters in the IRT model. Here, the 

regression coefficients will be called "factor loadings". The parameter uj is an 

intercept parameter which determines the probability of Xz,=xz, for a typical 

subject with O =O. The latent variable r7zj takes positive values and correspond to 

the score of the i-th subject for the "specific factor" for the j-th variable. Trans

forming the form of the Poisson parameter in (1),



hij eXp(Oi'&j+uj)=exp(O'6 +ln7)ij+uj), 

    (i=1, ... N ; j=1 ..., p),
(2)

is obtained. Hence, ln7)ij corresponds to the term of the product of the factor 

loading of the j-th specific factor and its factor score for the i-th subject in the 

ordinary factor analysis model. 

   We can assume various distributions for O . One of them is the q-dimensional 

standardized normal distribution. For ;?Z;, the gamma distribution with mean one 

and variance a; is assumed, that is,

f(7ii I aj)= 1 1 1 p(-)ijla1), 

    (i=1, ... N ; j=1 ..., p)•
(3)

The reason for assuming the gamma distribution for ;7ij is a computational one : ;7ij 

can be integrated out. Though the term lnrij takes the values in (-oo, +oo), its 

distribution is not symmetric like the normal distribution for Oi. In principle, it is 

possible to assume the log-normal distribution for Jjij. However, the integration of 
77ij may have to be numeric/may not be possible symbolically. It is also possible to 

assume the exponential gamma distribution for each element of Oi, which is the 

same distribution as lnr7ij. However, such a model may present a problem in factor 

rotation.

   Let hij=exp(O'Sj+u;). Then, with the assumption of (3), Iii; is integrated out 

of (1) as

                                            xii xi;+1-1 1 77                                 +oo hij 27ij ai exp  hij+ a ; •hij P(Xij-xij I O , Sj, 'Ui, aj) 1/a; d~7 

                                                                        

; ij 

                     0 r(1laj)aj xij I 

                        h jti 1 (xi; + 1 
                  __ aj 

                                              1 xa+ a                                                               l/a; 

                                     aj 
                                             xtj 1 

                    h'i Il (1+ka;) 
                        _ k=0 

                         (1+hijaj)xz;+aixij I 

                        (i=1, ... N; j=1 ..., P),

(4)

         -1 

where jl (•)=1. Equation (4) represents the probability function of the negative 
          k=0 

binomial distribution with shape parameter 1/a; and scale parameter ajhij. The 

mean and variance of Xij given ei with the probability function (4) are

E(Xij ~ Oi, • )=hij and Var(Xij~ei, •)=hi;+a;h , (5)

(see e.g., Lawless, 1987), where the center dot ` •' denotes the parameters concerned. 
The Poisson factor analysis corresponds to the case of a;=0 and E(Xij I O ,• )= 
Var(Xi; I ei, • ). The term a;h in (5) is the extra-Poisson or overdispersion 
variation (see e.g., Engel, 1984 ; Van Duijn, 1993) contributed by the "specific factor"



7)ij when given ei. 
   In the extended models of Rasch's multiplicative Poisson model (Rasch, 1960/ 

1980) for subjects by tests frequency tables (e.g., Jansen & Van Duijn, 1992 ; Van 

Duijn, 1993 ; Ogasawara, 1996b), the Poisson parameter (see (2)) takes the form such 

as

ai/3j=exp(lnai+ln/3j)=exp(ai+/3;). (6)

This shows that the models with (6) are equivalent to the log-linear model without 

interaction terms. The model of (1) with (4) is different from (6) in that the 

interaction terms in the log-linear model take the bilinear forms like the factor 

analysis model.

Estimation 

   We assume the local independence of Xij, (j =1, • • •, p) given Oi as is usual for the 

IRT models. With this assumption the first-stage marginal likelihood L' with 9ij 

integrated out by (4) is formally described as

     N P 

Lz=II IIP(Xij=xij I ei, Sj, pi, aj) 
       i=1j=1 

N 

  = R L*(S, u, a 101, xi), 
        i=1

(7)

where L*( • I • ) denotes the first-stage marginal likelihood of the parameters with 
respect to the i-th subject ; 6=(6i, •••, 8p)', I-p=(ui, ---,,up), a=(a1, •••, ap)' and xi= 

(xi1, , xip)'. Since the likelihood L' contains unknown latent variable vectors ei, 
(i =1, • •, N) the second-stage marginal likelihood L* is obtained by assuming prior 
distributions for 9i.(i=1. •••. N) in the following wav :

N L*=II f L(S, u, a ~ ei, xi)t(Bi)dOi, 
  i=1 R(B1)

(8)

where t(ei) is a probability density function for Oi and is

t(ai)= l2 ~9/2 exp( B'Oil 2), (i=1, ... N) (9)

in the case of the indenpent q-dimensional standardized normal distributions. In 

order to estimate the unknown parameters, L* in (8) should be maximized with 

respect to the parameters. However, since the algebraic integration in (8) is 

difficult, we use a numerical approximation to the integration. For maximizing L*, 

a kind of the EM algorithm (Bock & Aitkin, 1981) is employed. 

   The marginal likelihood L* is approximated by L as follows :

L* = L= rl E ... { II P(Xij =xij I y, 6j, uj, aj) (x A(ym i) x ... X A(ymq) 
              i=1m,=1 mq=1 j=1 

N 

    = II g(xi 18, u, a), 
               i=1

(10)



where y=(yml, •••) ymq)' is one of rq lattice points in the distribution of ei with the 

weight A(ym,) X ••• XA(ymq) being proportional to t(y). Let 

     l=lnL and

P 

Li=II PM, =xi; I y, 8, pi, aj), 
      =1

(11)

then from (4) the gradient vector for the parameters follows :

  al - eN1m,r 1 m9 1 a lnLi X LiA(y 1) x ... X A(ymg) a(8;', uj),  (8, 11j),                              g( 18, u, a) 
           N r r alnL i                E 

), q5(y I xi, 8, u, a)        i=1m,=1 mq=1 a(8;, J.1; 
                N r r 

(         _ E E ... E fxi; _ xi; + 1 h 'a Y'\y1 xi, 8, u, a)(y', 1)'              i=1m,=1 mq=1 a; 1 + h;a; 

        _ E mE 1... mq=1 l + h a, 0(y l xi, 8, p, a) (y~, 1)~, 
     p),

(12)

where hi =exp (y'8; +u;) and

0(y I xi, 8, u, a) _ LiA(ymi) X ... X A(ymg)                   g(x i 1 8, u, a) 
    (i=1, ... N)

(13)

is the posterior probability of the lattice poinst y given the observation xi and the 

values of the parameters 8, pc and a. Similarly,

al =~ ... ~xij-1 k + 12 ln(1+h;a;)-Cxi;+ 1) h } 
aa; i=1m,=1 mq=1 k=o 1 + ka; a; a; 1 + h;a; 

     X 0(y I xi, 8, u, a), (j=1, ..., p)

is obtained. 
   Equations (13) and (14) correspond to the gradient vector in the negative 

binomial regression model (Lawless, 1987, (2.3), (2.4)) with the additional weights 

0(. 1 .) for each observation. Actually, the weight 0(. 1 .) includes unknown 
parameters and is not a given one. However, substituting initial appropriate 
values for 8, pct and a and treating q5(. 1 .) as if they were fixed known weights, the 
Hessian matrix of  1 including expected values is obtained as



            ,2 r r hi E( a(8' ) a(8,, IUj))-lm l...1 1 l+h;a; O(ylx=, 8, ~, a) 
              X[yy' Y 

                         y' 1 ' 

 (_ a12=0 E a(8,
, uj)'aaj 

  all N r r Xzj-1 k2 2 2h    2=E ... { 2 + , In( 1+h;a;) 2   aa; i=1m1=1 m4=1 k=0 (1 + ka;) a; a;(1 + h;a;) 

        _xz.         ,+ 1) h' )2 } X O(yj xi, 8, 1u, a),             a; (1 + h;a; 

       (j=1, ..., p)•

(15)

Note that the second partial derivatives with respect to the parameters for the j-th 
variable and those for the j*-th ()*#-)**) variable are zero when assuming 0(• 1 •) as 
fixed values. The iteration proceeds separately for each manifest variable as:

( ai uj = t> + [E( a(8,, Iuj, aa)'a(8j, pi, aj) )] o[ a(8,, ILi, as)' j(i) ' 
 a; (i+1) a; ( )

(16)

where the subscript (i) indicates the value in the i-th iteration and E(•) denotes (15) 
as a whole. The iteration in (16) is performed only once when q(• ( •) is given (one
step scoring method ; Sammel et al., 1997). With the revised values of the parame
ters, I •) is re-estimated. The next iteration in (16) proceeds with the new 

q(. 1 • ). The cycle continues until convergence is obtained. The vector of the 
converged values of the parameters 8, # and a is the marginal maximum likeli
hood estimator of the parameter vector. 

   For evaluating the variation of the estimates when O , (i =1, • • , N) are given, 
the information matrix given by (16) with the parameters replaced by their esti
mates become the estimated asymptotic variance-convariance matrix of the para
meter estimates. However, in our case (15) is not the exact Hessian or Fisher 
information matrix, since 0(• ( •) is regarded as if it is a fixed term in (15). The 
estimated matrix tends to be larger than the exact one. For the exact second 

partial derivatives of -1, the derivatives of q5(• 1 •) should be evaluated or the 
following approximation should be used (Louis, 1982; Mislevy & Sheehan, 1989),

I=   71 }m~1...mr1 a(8alnccL1 ,), q5(yI xi, 8, 1i, a)} 
  X } E ...E alnLz , 0(yIx=, 8, ft, a)}. 

      M1=1 m9=1 a(8" fl, a )

(17)

We use (17) for the approximation of the exact information matrix. 

   When the number of common factors is more than one and all elements of 8;, 

(j =1, • • •, p) are free parameters, we have rotational indeterminacy as is the case for 
ordinary factor analysis model. To remove the indeterminacy some of the ele

ments of 8;, (j =1, • • •, p) can be set to fixed values and the confirmatory factor



analysis model is obtained. In the case of exploratory factor analysis, appropriate 

(q2-q)/2 elements of the loading matrix can be set to zero and the remaining free 

parameters estimated. The unrotated loadings may be rotated as S; T where T (q 
x q) is a transformation matrix for loadings. Though (17) can be used for the 

confirmatory factor analysis model, it cannot be used for the exploratory factor 

analysis model because in the latter case the estimated loadings are the (marginal) 

maximum likelihood estimates with restrictions. For such cases the augmented 

information matrix (see Silvey, 1975) should be substituted for (17). For orthogonal 

rotation, the restrictions for rotated loadings are as follows (Archer & Jennrich, 

1973) :

rij-CaCQ") a-a' aa(' ))Z,=o, (18)

where (• )i; denotes the (1, j)th element of the parenthesized matrix and c(4) is the 

function to be optimized by the p x q rotated loading matrix 4. For instance, in the 

case of the normalized varimax rotation,

c(1)=1 E {E 8' -1 E )21       4;=1 1i=1 4 S2 12 p Ci=1 q                                              S2             ~~ 1~im) Vim                         m=1 m=1

(19)

    Equation (18) can be expressed as a vector r=(r21, r31, r32, •••, rq,(q_1))'=0. The 

asymptotic variance-covariance matrix for the estimators with the restriction is 

obtained as the submatrix I* in the inverse of the augmented information matrix 

IA :

TA=[ I ar'/a(&', 
    ar/a(6', p', a') O # # '

(20)

where ar/a(fc', a')=O and #'s denote submatrices which are not used here.

Reliability, Communality and Specificity 

   Equation (5) shows that the extra-Poisson variation, which comes from a 
specific factor when ei is given, is a;h . The marginal variation becomes larger 
than that since hi; includes the random vector Bi. Meredith (1971) showed that the 
marginal variance of the Poisson distributed variable Xi;, Var(Vu), is described as 
the sum of the variance of the Poisson parameter hi; in its prior distribution, 
Var(hi;L•), and the marginal expectation of Xi;, E(Xi;) :

Var(Xi;)= Var(hijI • )+E(Xi;). (21)

   Further, he defined the reliability of the Poisson distributed variable Xi; with a 

prior distribution as

r(XiJ)-1 VarXX ij) (22)



based on the result of classical test theory for speeded tests. Reliability is gener

ally defined in psychological measurement as the ratio of the variation without 

measurement error to the total variation in a variable. Communality in factor 

analysis is the variation of common factors or its proportion to the total variance 

in a manifest variable. In the Poisson factor analysis, where there are no specific 

factors, the communality becomes equivalent to the reliability. However, when 

specific factors exist, the reliability (22) becomes greater than the communality. 

   In this section, the reliability, communality, and specificity (the proportion of 

the variation of a specific factor to the total variance of an observed variable; see 
Harman, 1976, p. 19) are defined and discussed for the negative binomial factor 

analysis model. First, we derive the marginal mean and variance of X,,. Let h                                                                                                                                                                                                                     2,7 

be 7)iJexp(Azj), where Aij = O '8j + ,uj. (Note that h*= 7)zjh,j.) Then,

                         00 .) E(Xij) f xijh*Xij eXp( - .7 t(ei)f('/fjl )deidr7ij 
           xij=0 R(rlij) R(Or) xij . 

      = * *(Xij 1) exp( 0.)              hZj E hzj _1 t(O)f(7)ZjJ ' )dOZdr7Zj            R(77ij) R(BA) (xij-1)=0 (xij ) 

    = ff ( 77ij)(0,)7jzj exp(Atj)t(OZ)f(;7Zjj • )dOzd;72j 
    = f exp(Azj)t(Oi)dOi. 

           R(B)

(23)

Similarly,

E(X1j(X=j-1))= 2 J J h*Zt(OZ)f(;7jI • )dOd27ij 
                      xij=O R(7lij) R(B,) 

                                               7/ aj+2-1                                          ( rl tj )                                                    exp           = f exp(2Aii)t(ei)dOi X f ~-r ) iidj a' d27zj                  R(6;) R(~Jij) 1 (1/aj aj 

         =(aj+1)f (ff) exp(2Aij)t(O1)dO1

(24)

is obtained. When t(BZ)= 2.i)Q/2 exp ( OA/2), (23) and (24) become 

            r 1 (           E(XZj)=f (e,) (2.7, ) q12 exp 6=S,+uj -BA) 2 de= 
               =exp (Pi + S,Bz 

' 

                      2 )
(25)

E(Xii(Xii-1))=(aj+1) xp (2o+2_°1)do1                     sjje f(61)(2 ;,)q/2 e 
         =(aj+1) exp (2(,uj+8;8j)) , 

    (i=1, ... N ; j=1 ..., p).

(26)

Hence,



Var(X0;)=(a;+1) exp (2(pi+8;8;))+exp (P;+ 
       -exp (2p; + 8;8;) , (27) 

   (i=1,... N;=1 ...,p),

follows. Using the relationships

Var(X1,)= Var(B,,>>(E(Xl,l0 , i ))+E(B,,)(Var(X1,l0Z, 77zj)) (28)

(see e.g., Rao, 1973, p. 97, (2b.3.6) ; Ogasawara, 1998a), the reliability is

Var(O,,>)(E(XIIjOi,;IZj)) _  E(o )(Var(X1JIOi,;7=j)) 
    Var(XZ;) -1 Var(XZ;) 

                    _ E(Xz;)                  -1 
Var(X1;) 

  _ (a;+1)exp(2(a +8;8;))-exp(2p+8;8;) 
   (a;+1)exp(2(,uj+8;8;))+exp(1c;+ 8'S')-exp(2Li>+8;8;)

(29)

On the other hand, the communality is defined as

Vare,{Entj(E(XZjj 0 ,,7zj))} -_ Vare,{Enzj(;I11eXp(A11))} 
     Var(X1;) Var(X1j) 

                     __ Vare,(exp (Af;))                      V
ar(X1J) '

(30)

where using (23) to (26) the numerator in the right-hand side of (30) is 

z 

    Varei(exp(AZ,))=f (B,) exp (2Azi)t(0 )dOZ-[f (a,) exp (Aii)t(01)dOi 
               =exp(2(,; + 8;8;))-exp(2 i+ 8;8;) .

(31)

Thus, the communality defined by (30) is

        exp(2(a;+ 8;8;))-exp(2p;+ 8.8;) 

(a;+1)exp(2(,u;+8;8;))+exp ,u;+ 8' -exp(2pi+8;8;)
(32)

Further, the specificity is defined as

Var,?,,ttI o t!, AZJI t/ ,27zj))1 _ Var7jzj1P_B,l)I=jeXplAzs))j 
     Var(XZ;) Var(XZ;) 

                  Varnz;{ r11iexp(,uj +  ~~ 
                          Var(X,,) 

  _ a;exp(2jc;+8; 8;) 

   (a;+1)exp(2(,u +8;8;))+exp(u;+ A AL )-exp(2u;+8;8;)

(33)

From the above definitions of communality and specificity, we still have remaining 

variation in the reliability. The proportion of the remaining variation is from (29), 

(32) and (33)



       a;{exp(2(u;+8.8;))-exp(2u;+S;S;)} >0 

(a;+1)exp(2(u;+8;8j))+exp(u;+ ~')-exp(2u;+8; 8;) (34)

The value of (34) is zero only when a;=0 or 8;8;=0.

          Table 1 

Population and Observed Moments

Numerical Examples 

   Numerical examples are based on four sets of artificial data (Data A, B, C and 

D). They have been generated such that they follow the distributions similar to 

actual distributions of the numbers of errors in psychological tests (see e.g., 

Ogasawara, 1996b). In each data set, N=1,000 and p=6. Table 1 shows the 

elementary statistics for the data with their population values. The population 

values of the parameters are shown in Tables 2, 3, 4 and 5. The four sets of data 

were constructed by generating 1,000 random observations for each data set which 

follow the distributions determined by the parameters. Data A and B are based on



one-factor models : Data A is generated from the population with relatively low 

correlations (8=(.4,.4,.4,.4,.4,.4)') and Data B from the population with relatively 
high correlations (8=(.6,.6,.6,.6,.6,.6)'). Data C and D are based on two-factor 

models : the population loading matrix for Data C is

   r5.5.52.2 2l 
      .2 .2 .2 .5 .5 .5

which shows a weak simple structure and that for Data D is

      7 .7 .7 .1 .1 .l 

      .1 .1 .1 .7 .7 .7

which represents a clear simple structure. These two population loading matrices 

obviously optimize the raw/normalized varimax criteria. In addition, fu= 

(.0,.5,.0,.5,.0,.5)' and a=(.4,.4,.5,.5,.6,.6)' were assumed for each population. In the 
sample product-moment correlation matrices in Table 1, the largest value is about 

.3, which may seem low. However, in data representing the number of errors 

(incorrect responses), it is not unusual to have large frequencies of Xt;=O, giving 
low product-moment correlations. The simulated data are comparable with those 

observed in such typical situations.

    Table 2 

Results for Data A

   Tables 2 and 3 show the parameter estimates and their standard errors for the 

one-factor models. The tables contain the population and sample values of the 

communality (Com.), specificity (Spe.), residual in reliability (Com. x Spe.) and 

reliability (Rel. ; defined by the last term of (29), not 1-observed (E(•)/Var(• ))). In



the tables the results for the Poisson factor analysis model (a;=0) are also included. 

For the numerical integration for 0j, five points with their weights in the standard

ized normal distribution were used. The estimates are similar to their population 

values. The estimated values of the above indices (Com. etc.) are also similar to 

their population values. Overall, the results of the estimates for the Poisson factor 

analysis model are not very different from those for the negative binomial factor 

analysis. However, there are large differences in the standard errors, which has 

been previously noted for the results of the Poisson and negative binomial regres

sions (Lawless, 1987, p. 221). From Tables 2 and 3 we see that it is not appropriate 

to use the standard errors of the estimates in the Poisson factor analysis model 

when there is considerable variation for a specific factor.

    Table 3 

Results for Data B

   Tables 4 and 5 show the results for two-factor models. For the integration of 

0 j 52 lattice points in the bivariate standardized normal distribution with cor

responding weights were used. The initial loading matrix has been estimated with 

812=(81)12=0. After convergence, the estimated loadings were rotated by the 
normalized varimax method. Though some of the parameter estimates are off 

their population values, overall the estimates recover the population values. The 

standard errors for the Poisson factor analysis model are much smaller than those 

for the negative binomial factor analysis model. In Data A-D, the residual reliabil

ities are less than 20% and smaller than the communalities or specificities.



    Table 4 

Results for Data C

Discussion 

   The existence of specific factors is often assumed in factor analysis model for 

continuous variables. However, in the usual exploratory factor analysis model, a 

specific factor cannot be separated from a measurement error. The two compo

nents are usually combined together as a unique factor in factor analysis model. 

To estimate the specific-factor loadings, restrictions such as administering parallel 

tests or imposing test-retest situations are required (see e.g., Joreskog & Sorbom, 

1976 ; Joreskog, 1978). On the other hand, in the case of negative binomial factor 

analysis, it is possible to separate communality and specificity if several manifest 

variables are available for the same subjects. Further, even if only one manifest 

variable is available, the reliability for the variable can be easily estimated by using 

(22) or (29). This cannot be done in other models for continuous variables without 
data reconstructing methods such as split halving. 

   In some cases, part of the manifest variables may not have specific factors.



    Table 5 

Results for Data D

For such cases, a; for these variables may be set equal to zero. That is, the Poisson 

distributed variables and other types of discrete and continuous variables can 

coexist with the negative binomial variables (see Moustaki, 1996; Sammel et al., 

1997 ; Ogasawara, 1998a). In order to confirm a; > 0, the chi-square statistic 

using -2 x log likelihood ratio may be used. The chi-squares for comparison of 

the Poisson and negative binomial models for Data A, B, C and D are 911, 1141, 623 

and 950, respectively with common d .f . = 6, which support the hypothesis that some 

of the a; are not zero for each data set. A convenient method is to compute 

a;/SE(a;). Under Ho : a;=0, the ratio is asymptotically distributed with N(0, 1). 

Though we have to pay attention to the problem of multiple comparison, all 

a;/SE(a;) in Tables 2-5 are large enough to reject Ho. 

   Similar to the Poisson factor analysis model with correlated common factors 

(Ogasawara, 1998b), it is possible to include unknown factor correlations and to 
estimate them in the negative binomial factor analysis model (see Mislevy, 1984).
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