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Abstract
Multiobjective multitasking optimization (MTO) is an emerging research topic in the field of evolutionary computation, which
has attracted extensive attention, and many evolutionary multitasking (EMT) algorithms have been proposed. One of the core
issues, designing an efficient transfer strategy, has been scarcely explored. Keeping this in mind, this paper is the first attempt
to design an efficient transfer strategy based on multidirectional prediction method. Specifically, the population is divided into
multiple classes by the binary clustering method, and the representative point of each class is calculated. Then, an effective
prediction direction method is developed to generate multiple prediction directions by representative points. Afterward, a
mutation strength adaptation method is proposed according to the improvement degree of each class. Finally, the predictive
transferred solutions are generated as transfer knowledge by the prediction directions and mutation strengths. By the above
process, a multiobjective EMT algorithm based on multidirectional prediction method is presented. Experiments on twoMTO
test suits indicate that the proposed algorithm is effective and competitive to other state-of-the-art EMT algorithms.

Keywords Evolutionary multitasking (EMT) · Multiobjective optimization · Evolutionary algorithm · Knowledge transfer
strategy · Multidirectional prediction method

Introduction

Evolutionary computing is an important research direction
in the field of artificial intelligence, and its algorithm, evo-
lutionary algorithm, is a population-based search algorithm.
Because of the excellent performance of evolutionary algo-
rithm, it has been applied in diverse fields, such as path
planning [1], shop scheduling [2], multi-agent system [3],
networks planning [4], bi-level optimization [5], and sym-
bolic regression [6].
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Multiobjective multitasking optimization (MTO) [7] is
a new research topic in the field of evolutionary com-
puting, which can solve multiple different multiobjective
optimization problems (MOPs) simultaneously and improve
the quality of the solutions through knowledge transfer. As
pioneers, Gupta et al. [8] first proposed a multiobjective evo-
lutionary multitasking (EMT) algorithm named MO-MFEA
to tackle MOPs, which can improve the performance of each
task through useful knowledge transfer. Thereafter, many
multiobjectiveEMTalgorithmshavebeenproposed.Accord-
ing to the way of knowledge transfer, these algorithms can
be divided into the following three categories: (1) adap-
tive knowledge transfer strategy [9–12]; (2) search space
mapping strategy [13–17]; (3) valuable knowledge selection
strategy [18–20].

The adaptive knowledge transfer strategy is to adaptively
control the intensity of knowledge transfer according to
the search process. For adaptive knowledge transfer, Bali
et al. [9] changed the intensity of knowledge transfer by
learning the similarity between tasks, so as to improve the
performance of the algorithm. Yang et al. [10] proposed an
algorithm to divide decision variables into diversity variables
and convergence variables. By increasing the transfer inten-
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sity of the diversity variables, the solution distribution on
Pareto front (PF) is uniform, and reducing the knowledge
transfer on the convergence variables makes the population
converge to PF. Zheng et al. [11] defined a capability vector to
control the intensity of knowledge transfer for improving the
performance of the algorithm. Zhou et al. [12] proposed the
MFEA-AKT in which the crossover operators of knowledge
transfer are controlled through the evolutionary state.

The search space mapping strategy is to use the learned
mapping method to align the distribution in the subspace for
reducing the differences between the subpopulations of dif-
ferent tasks. Bali et al. [13] used the linear domain adaptive
method to map two tasks to a higher order representation
space which is easier to share similarity, to achieve more
efficient knowledge transfer. To solve the vehicle routing
problem, Feng et al. [14] improved search space mapping
and explicit knowledge transfer using automatic encoder to
solve the problem of transfermapping. Ding et al. [15] imple-
mented an EMT algorithm to solve expensive optimization
problems, which can promote knowledge transfer between
optimization problems with different optimal locations and
different number of decision variables. Liang et al. [16] intro-
duced an algorithm called MOMFEA-SADE which builds
the transfer matrix based on the subspace alignment strategy.
Zhou et al. [17] proposed an algorithm named KAES which
designs a kernelized autoencoding to capture nonlinearity
between problems in pursuit of efficient knowledge transfer
across domains.

The valuable knowledge selection strategy can find the
valuable solutions to improve the efficiency of positive trans-
fer. Feng et al. [18] proposed an algorithm named EMEA
which adopts the nondominated solutions in each task as
valuable knowledge to transfer, whereas this algorithm was
only applicable to solve highly related tasks. Lin et al.
[19] selected the new transferred solutions near the positive
transferred solutions, and this method can improve the effi-
ciency of positive knowledge transfer. In addition, Lin et al.
[20] introduced an EMT algorithm according to incremental
learning. In this paper, the Naive Bayes classifier finds the
valuable areas through the positive transferred solutions, and
selects the new transferred solutions in these areas.

The efficient knowledge transfer strategy can significantly
improve the convergence speed and the quality of the solu-
tions. Different from the previous work, this paper designs
a new transfer strategy, i.e., the transfer strategy based on
multidirectional prediction method. First, according to the
method of binary clustering, multiple representative points
are generated for the population, and the population is divided
intomultiple classes. Second, the prediction direction of each
class is generated based on the representative points. Then the
adaptive mutation strength is designed for each class accord-
ing to the degree of population improvement. Finally, the
predictive transferred solutions are generated by prediction

directions and mutation strengths. Based on the above facts,
this paper proposes a multiobjective EMT algorithm with
multidirectional prediction method (EMT-MPM). The main
contributions are listed as follows:

1. This paper is the first attempt to design an efficient transfer
strategy by multidirectional prediction method.

2. An effective prediction direction generation method is
developed to generate multiple prediction directions.

3. A mutation strength adaptation method is proposed to
flexibly control the range of transfer.

4. The performance of EMT-MPM is investigated on two
MTO test suits. Compared with the state-of-the-art EMT
algorithms, the experimental results indicate that EMT-
MPM is effective and competitive.

The rest of this paper is arranged as follows. The next
section gives the related work and research motivation. The
subsequent section presents the details of EMT-MPM fol-
lowed by which the experimental results are presented. The
final section concludes this paper and proposes several future
works.

Related work

MTO problem

MTO [7] has attracted more and more attention in EMT
community. MTOs aim to solve multiple different MOPs
simultaneously for better solutions through knowledge trans-
fer between tasks. Generally, an MTO problem with K tasks
can be defined as follows:

Minimize :

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F1(x1) = ( f 11 (x1), · · · , f m1
1 (x1))

F2(x2) = ( f 12 (x2), · · · , f m2
2 (x2))

...

Fj (x j ) = ( f 1j (x j ), · · · , f
m j
j (x j ))

...

FK (xK ) = ( f 1K (xK ), · · · , f mK
K (xK ))

subject to x j ∈ �d j , j = 1, 2, · · · , K ,

(1)

where Fj denotes the j th multiobjective task which consists
of m j objective functions; x j represents the solution in the
j th task; �d j denotes the search space of j th task whose
dimension is d j .

Prediction-basedmethods

Many prediction-basedmethods have been proposed to solve
dynamic multiobjective optimization problems, which can
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be classified into three categories, namely, individual-based
prediction [21], population-based prediction [22–25], and
multidirectional prediction [26].

1. Individual-based prediction (INBP): The movement tra-
jectory of each individual in the population is predicted.

2. Population-based prediction (POBP): One single predic-
tion model is established for the trajectory of the entire
population.

3. Multidirectional prediction (MULP): The population is
divided into several subpopulations by clusteringmethod,
and several prediction models are established for the sub-
populations.

In INBP, Zhou et al. [21] proposed an individual-based
prediction method, which used individual historical infor-
mation to predict the possible positions of each individual.
By contrast, a population-based prediction method, named
POBP, was proposed in [22], where only one single predic-
tion model was employed for predicting the whole popula-
tion. Inspired by the work in [22], some population-based
prediction methods have been proposed. For example, Jiang
et al. [23] presented a steady-state and generational evolu-
tionary algorithm, which predicted the evolution direction
by the center points of two adjacent moments. Peng et al.
[24] introduced a method based on central point prediction
combined with memory strategy for dynamic multiobjective
optimization. Wu et al. [25] implemented a directed search
strategy based on the center points of Pareto set. This strat-
egy used the center point and linear time series model to
predict the population movement direction and its vertical
direction, and then obtained the predicted new position. In
MULP, Rong et al. [26] proposed a dynamic multiobjective
evolutionary algorithms based onmultidirectional prediction
method, which established several prediction models for the
subpopulations.

Motivation

Although many transfer strategies such as adaptive knowl-
edge transfer strategy [9–12], search space mapping strategy
[13–17], and valuable knowledge selection strategy [18–20]
have been applied toMTO, there is no literature that attempts
to transfer solutions to promising regions through the predic-
tionmethod. The core ofMTO is to improve the convergence
speed and the quality of the solutions through the transferred
solutions between tasks. In other words, the transferred solu-
tions are used to guide the evolution of the current task.
Therefore, transferring the solutions to promising regions
can improve the convergence speed and the quality of the
solutions.

As an illustrative example, Fig. 1 shows the results of
transferred solutions with both the general transfer strategy
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Fig. 1 The transferred solutions obtained by transfer strategy and
prediction-based transfer strategy on CILS-task2

and the prediction-based transfer strategy. In Fig. 1, the pink
rectangle represents the truePFof the task, the blue circle rep-
resents the current population, the green triangle represents
the transferred solutions obtained by the general transfer
strategy, and the red pentacle represents the transferred solu-
tions obtained by the prediction-based transfer strategy. It
can be observed that the transferred solutions obtained by
the prediction-based transfer strategy are closer to the true
PF, which indicates that the prediction method can transfer
the solutions to more promising regions. Therefore, it is a
very significant research problem to transfer the solutions
to the promising region using the prediction method. In this
paper, we are the first attempt to design an efficient knowl-
edge transfer strategy based on multidirectional prediction
method.

Proposed algorithm

This section presents the transfer strategy based on multidi-
rectional prediction method. Moreover, the main framework
of EMT-MPM is given. Finally, the complexity of EMT-
MPM is analyzed.

Transfer strategy based onmultidirectional
predictionmethod

The transfer strategy based on multidirectional prediction
method is proposed. First, the adaptive clustering method is
used to divide the population intoM classes. The distribution
mean of each class is used as the representative point, where
the number of representative points is M . Second, accord-
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ing to two successive generations of representative points,
the evolutionary direction of each class is generated by con-
structing a natural gradient. Thirdly, the mutation strength of
each class is calculated based on the relative improvement of
two successive generations. Finally, the transferred solutions
are divided into the nearest class, and the predictive trans-
ferred solutions are generated by the prediction directions
and mutation strengths.

Generation representative points

The binary clustering method [26] and weighted sum
method are introduced to generate representative points.
First, according to binary clustering method, the center point
of the population and all m extreme solutions 1 of the PF are
selected and stored in the class center set C. The center point
of the g generation population Pg is calculated as follows:

x̄g = 1

N

N∑

i=1

xgi , (2)

where N is the population size; xgi is the i th solution of the
g generation population. The mth extreme solution pm is

pm = arg min
xgi ∈ Pg

fm(xgi ), (3)

where fm is the mth objective function of the task; Pg is the
g generation population. Second, the center point of the pop-
ulation and m extreme solutions are used as the initial class
centers, and the Euclidean distances between the solutions
of the population and m + 1 class centers are calculated. If
M > m+1, the farthest point in each class from the class cen-
ter is the candidate class center, and this distance is defined
as the class radius.Moreover, the class with the largest radius
is selected, and the candidate class center of this class is used
as the new center point. The process is repeated until the
population is divided into M classes. Finally, the distribution
mean of each class is used as the representative point by the
weighted sum method and is calculated as follows:

x̄gi =
Ng
i∑

j=1

w
g
j x

g
j , (4)

where Ng
i is the number of the solutions in generation g of

i-th class; xgj is the j-th solution in i th class; wg
j is a weight

1 Extreme solutions refer to the solutions with minimum value on an
objective function, and they canmake a good description of the location
of the PF. Moreover, the definition of extreme solution is given in Eq.
(3).

and can be defined as follows:

w
g
j = ln(Ng

i + 1
2 ) − ln Rg

j
∑Ng

i
k=1 (ln(Ng

i + 1
2 ) − ln Rg

k )

, 1 ≤ j ≤ Ng
i , (5)

where Rg
j is the ranking of solution xgj in i th class, and the

calculation method is

Rg
j = Ng

i − j + 1, (6)

where j is the number of layers for solution xgj in the
nondominated sorting of the i th class. For instance, for a
nondominated solution xgj , j is equal to 1. According to Eq.
(5), a better solution can get more weight, and the method of
weight calculation emphasizes the top ranked solutions. In

addition, it is clear that there is
∑Ng

i
j=1 w

g
j = 1. Specifically,

the corresponding algorithm flow is shown in Algorithm 1.

Algorithm 1 The generation of representative points
Input: g generation population Pg = {xg1 , xg2 , · · · , xgN }, number of
representative

points M , number of objective function m.
Output: M representative points x̄g1 , x̄

g
2 , · · · , x̄gM .

1: Calculate the center point of Pg and m extreme solutions as the
initial class

2: centers by 2 and 3, and store them in the class center set C;
3: While (|C| ≤ M) do
4: Calculate the Euclidean distance between a solution xgi in Pg and

each of
5: the class centers in C, and take xgi into its corresponding class L j ,

j = 1,
6: 2, · · · , |L| is the label of a class;
7: For j = 1 to |L| do
8: Find the solution with the furthest distance from the class center

of L j ,
9: denoted as h j ;
10: End For
11: Select the solution with the farthest distance from all h j , denoted

as the
12: new class center, and store it in C;
13: If |C| = M then
14: Calculate the distribution mean of each class L j by (4), and

obtain M
15: representative points x̄g1 , x̄

g
2 , · · · , x̄gM ;

16: End If
17: End While

Figure 2 depicts the process of selecting four class centers
from fifteen solutions. First, the center point of the popula-
tion and two extreme solutions are obtained by Eqs. 2 and
3, respectively. Second, the other solutions in the population
are assigned to three classes, Class 1, Class 2, and Class 3
according to the Euclidean distance from the class center
points A, B, and x̄g . Because points C, D, and E are the solu-
tions farthest from the class center among the three classes,
respectively, and the distance from C to the class center A is
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Fig. 2 Schematic diagram of class centers selection process

farther than that from D to x̄g and E to B. Therefore, C is
chosen as the new class center point. Thirdly, the solutions
in Class 1 are divided into two classes based on the distance
from A and C. Finally, four class centers are selected, and
the population is divided into four classes.

Generation prediction directions

A multidirectional prediction method is proposed to pre-
dict the corresponding evolutionary direction of each class.

Suppose X̄
g−1 = {x̄g−1

1 , x̄g−1
2 , · · · , x̄g−1

M } and X̄
g =

{x̄g1, x̄g2, · · · , x̄ gM } are class representative points of gener-
ation g − 1 and generation g, respectively. First, for any
representative point x̄gi in X̄

g
, the nearest representative point

x̄g−1
i in X̄

g−1
is selected as the parent of x̄gi . Second, the nat-

ural gradient2 �xgi in i th class is constructed and is expressed
as

�xgi = x̄gi − x̄g−1
i , (7)

where x̄g−1
i and x̄gi are the representative points of generation

g − 1 and generation g in i-th class. Finally, the prediction
direction �̂ xgi is defined as follows:

�̂ xgi = (1 − cp)�̂ xg−1
i + cp� xgi (8)

where cp is a parameter that controls the weight of the histor-

ical prediction direction; �̂ xg−1
i is the prediction direction

of generation g − 1 in i th class; � xgi is the natural gradient
of generation g in i th class. Clearly, �̂ xgi is a weighted com-

bination of the historical prediction direction �̂ xg−1
i and the

current natural gradient� xgi . Thus, �̂ xgi is a weighted com-
bination of all the historical natural gradients and is similar
to the evolution path in [29]. According to Eqs. (7) and (8),

2 The natural gradient is proposed in the covariance matrix adaptation
evolution strategy [27,28], and is accumulated to form the evolution
path as the momentum term.

Fig. 3 Example for multidirectional prediction method

the calculation of the prediction direction for each represen-
tative point is independent of each other, and its value can
be determined by the corresponding representative point and
its historical representative point. Moreover, these prediction
directions are complementary to each other. By predicting the
evolutionary direction of each representative point, multiple
prediction directions can work together to more accurately
predict the promising directions.

Figure 3 is an example to explain multidirectional pre-
diction method. First, the population is divided into seven
classes by the adaptive clustering method, and seven rep-
resentative points are generated. Second, the evolutionary
direction are generated according to current and historical
representation points. Finally, the promising directions are
predicted by seven evolutionary directions.

Calculation mutation strengths

The mutation strength is calculated to control the step size of
transferred solutions. First, the concept of hypervolume (HV)
[30] is introduced to compare the solution of multiobjective
optimization. As shown in Fig. 4, this is an example to illus-
trate the concept of HV. The red dot represents the reference
point. The green, blue, and yellowmatrices represent the HV
of points A, B, and C, respectively. Specifically, the larger
HV indicates the better quality of the solution. Second, the
relative improvement �i,g

improv of generation g in i-th class is
defined as follows:

�
i,g
improv =

∑Ng
i

i=1 HV (xgi ) − ∑Ng−1
i

i=1 HV (xg−1
i )

∑Ng−1
i

i=1 HV (xg−1
i )

, (9)

where Ng
i and Ng−1

i represent the number of the solutions
in generation g and generation g − 1 of i-th class, respec-
tively; HV (xgi ) and HV (xg−1

i ) denote the HV of solutions
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Fig. 4 Example for understanding the hypervolume

xgi and xg−1
i in the objective space, respectively. Finally, the

mutation strength σ
g
i is calculated

σ
g
i = σ

g−1
i exp

⎡

⎣
1

dσ

(
�

i,g
improv

�
i,g−1
improv

− 1)

⎤

⎦ , (10)

where dσ is a damping factor, and dσ ≥ 1; �
i,g
improv and

�
i,g−1
improv are the relative improvements of generation g and

generation g − 1 in i-th class; for initial mutation strength,
σ 0
i = 1. If the relative improvement in i-th class is greater,

the greater mutation strength can be obtained. Moreover, the
mutation strength of each class is independent of each other
and can be adaptively controlled.

Selection strategy of transferred solutions

Since the valuable knowledge selection strategy [19] has an
excellent performance inmultiobjectiveEMTalgorithms, the
transferred strategy uses it to generate transferred solutions.
Specifically, transferred solutions are randomly selected
from each task in the first generation. When the generation
g > 1, transferred solutions are selected according to the
solutions which achieved the positive transfer in generation
g − 1. A transferred solution achieves positive transfer if it
is nondominated in its target task. Afterwards, in the original
task of this positive transferred solution, its several closest
solutions will be the transferred solutions since these solu-
tions are more likely to achieve positive transfer. Therefore,
the transferred solutions are selected near the positive trans-
ferred solutions, and these solutions are more valuable.

The details of the selection strategy of transferred solu-
tions are given in Algorithm 2. The transferred solutions are
selected according to the solutions which achieved the pos-
itive transfer in generation g > 1. If there is no positive
transferred solution in g − 1 generation, the nondominated
solutions (line 2) are selected as the transferred solutions in g
generation. Otherwise, the transferred solutions (line 4) are

selected near the positive transferred solutions in g genera-
tion.

Algorithm 2 Selection strategy of transferred solutions
Input: g generation population Pg = {xg1 , xg2 , · · · , xgN }, number of
positive

transferred solutions η in g generation, positive transferred
solutions

{tg−1
1 , tg−1

2 , · · · , tg−1
η } in g − 1 generation, population size

N , number
of transferred solutions λ.

Output: transferred population T g = {tg1 , tg2 , · · · , tgλ}.
1: If η = 0 then
2: λ nondominated solutions in the population Pg is selected as trans-

ferred
3: population T g = {tg1 , tg2 , · · · , tgλ};
4: Else
5: Calculate the Euclidean distances between N solutions in popula-

tion Pg
6: and η positive transferred solutions in g − 1 generation, and λ

solutions
7: with the smallest distance in population Pg are selected as trans-

ferred
8: population T g = {tg1 , tg2 , · · · , tgλ};
9: End If

Generation predictive transferred solutions

The predictive transferred solutions in each class are gen-
erated based on the prediction directions and mutation
strengths. Meanwhile, to improve the performance, a Gaus-
sian perturbation related to the mutation strength is intro-
duced. To be specific, the predictive transferred solution t̂

g
j

in i th class is calculated as follows:

t̂
g
j = tgj + σ

g
i �̂ xgi + γ g, (11)

where tgj is the i-th transferred solutions in the g genera-

tion; σ g
i and �̂ xgi are the prediction direction and mutation

strength in the g generation of i-th class, respectively; γ g is a
Gaussian perturbation, and γ g ∼ N (0, σ g). The calculation
method of σ g is

σ g = 1

M

M∑

i=1

∣
∣
∣�̂ xgi

∣
∣
∣, (12)

where M is the number of classes; �̂ xgi is the mutation
strength in the g generation of i-th class.

Algorithm 3 presents the framework of transfer strategy
based on multidirectional prediction method. First, two suc-
cessive generations of representative points are calculated
using adaptive clustering method (lines 1–2). Second, the
prediction direction and mutation strength of each class are
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Algorithm 3 The transfer strategy based on multidirec-
tional prediction method

Input: g − 1 generation population Pg−1 = {xg−1
1 , xg−1

2 , · · · , xg−1
N }

and
corresponding function values

{F(xg−1
1 ), F(xg−1

2 ), · · · , F(xg−1
N )},

g generation population Pg = {xg1 , xg2 , · · · , xgN } and corre-
sponding

function values {F(xg−1
1 ), F(xg−1

2 ), · · · , F(xg−1
N )}, trans-

ferred
population T g = {tg1 , tg2 , · · · , tgλ}, size of population N ,

number
of transferred solutions λ, number of classes M .

Output: predictive transferred population T̂ g = { t̂g1 , t̂g2 , · · · , t̂
g
λ}.

1: Obtain M class centers in the g − 1 generation and g generation,
and the populations Pg−1 and Pg are divided into M classes by (2)
and (3);

2: Calculate M class representative points X̄
g−1 =

{x̄g−1
1 , x̄g−1

2 , . . . , x̄g−1
M } and X̄

g = {x̄g1 , x̄g2 , . . . , x̄ gM } in the
g − 1 generation and g generation by (4);

3: For i = 1 to M do
4: Calculate the prediction direction �̂ xgi of the i th class by (8);
5: Calculate the mutation strength σ

g
i of the i th class by (10);

6: End For
7: Obtain the prediction directions {�̂ xg1 , �̂ xg2 , . . . , �̂ xgM } and

mutation strengths {σ g
1 , σ

g
2 , . . . , σ

g
M };

8: For j = 1 to λ do
9: Compute the j th predictive transferred solution t̂

g
j by (11);

10: End For
11: Obtain λ predictive transferred solutions { t̂g1 , t̂g2 , . . . , t̂gλ} to form

the predictive transferred population T̂ g .

calculated (lines 4–5). Finally, the predictive transferred solu-
tions are obtained by combining the prediction directions
with mutation strengths (line 9).

Basic workflow of the proposed method

The basic workflow of transfer strategy based on multi-
directional prediction method is shown in Fig. 5. In this
paper, multidirectional prediction method is combined with
the selection strategy of transferred solutions to generate
the predictive transferred solutions as useful information to
transfer from one task to another task. Multidirectional pre-
dictionmethod canmake use of the evolutionary directions of
the population. The transferred solutions are valuable solu-
tions selected by selection strategy. Therefore, the predictive
transferred solutions make use of both the information of
evolutionary directions and transferred solutions, and they
are used as useful information. The generation process of
predictive transferred solutions is as follows. First, the mul-
tidirectional prediction method uses the binary clustering
method and weighted summethod to generate representative
points. Then the prediction directions and mutation strengths
are generated according to the representative points. Sec-
ond, a selection strategy of transferred solutions is utilized

to obtain the transferred solutions. Thirdly, the predictive
transferred solutions are calculated by transferred solutions,
prediction directions, mutation strengths, and Gaussian per-
turbation. Finally, the predictive transferred solutions are
transferred between tasks as transfer knowledge.

Main framework

The main framework of EMT-MPM is summarized in Algo-
rithm4. First, the initial population of the K tasks is generated
in the unified search space [7] for effectively transferring
knowledge across tasks. The unified space is [0, 1]D , where
D = max{Di } and Di is the decision space dimensionality
of Ti . Then the initial populations of the K tasks are gener-
ated, and each solution in the K populations is evaluated by
the corresponding optimization task (lines 1-2). Second, the
predictive transferred solutions of the K tasks are selected
through the transfer strategy based on multidirectional pre-
dictionmethod (line 5). Suppose Lk andUk are the lower and
upper boundaries of Tk , respectively. The formula of trans-
ferring a solution t̂

g
j from Ti to Tk , denoted as t̂ ′gj , is shown

as follows:

t̂ ′gj = t̂
g
j − Li

Ui − Li
(Uk − Lk) + Lk, (13)

where Li and Ui are the lower and upper boundaries of Ti ,
respectively. When Dk �= Di , this formula can be modified
according to the strategy proposed in [15]. To further improve
the performance of knowledge transfer, the predictive trans-
ferred solution t̂ ′gj is multiplied by a distributed factor ξ with
a probability p to obtain the new predictive transferred solu-
tion t̂ ′′gj (lines 7–9) and is defined as follows:

t̂ ′′gj = ξ t̂ ′gj , (14)

where ξ is a distributed factor, and ξ ∼ U (0, 2). By the dis-
tributed factor, the new predictive transferred solution can
explore a large range and find the promising regions. Finally,
the environmental selection is implemented on population
Pg
i ∪ T̂

′′
g ∪ Og

i to select N best solutions, and the new pop-

ulations Pg+1
i are generated (line 14).

Complexity analysis

For the convenience of the analysis, it is assumed that the
number of tasks in Algorithm 4 is set to K . The population
size for each task is set to N . The number of decision vari-
ables and objectives are set to n and m, respectively. λ is the
number of transferred solutions.M is the number of represen-
tative points. From lines 1–2 in Algorithm 4, the population
initialization and the evaluation of solutions in K tasks are
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Fig. 5 The workflow of transfer
strategy based on
multidirectional prediction
method

Algorithm 4 Framework of EMT-MPM
Input: K multiobjective optimization tasks T1, T2, . . . , Ti , . . . , TK ,
population

size N , number of transferred solutions λ.
Output: nondominated solutions of K optimization tasks.
1: Initialize K populations P0

1, P
0
2, . . . , P

0
i , . . . , P

0
K ;

2: Evaluate each solution in P0
1, P

0
2, . . . , P

0
i , . . . , P

0
K ;

3: While (termination criterion is not met) do
4: For i = 1 to K do
5: Obtain predictive transferred population T̂ g = { t̂g1 , t̂g2 , · · · , t̂

g
λ}

via
6: Algorithm 4;
7: For j = 1 to λ do
8: If rand(0, 1) ≤ p then
9: Generate new predictive transferred solution t̂ ′′gj by (13) and

(14);
10: End If
11: End For
12: Obtain new predictive transferred population T̂

′′
g =

{ t̂ ′′g1 , t̂ ′′
g
2 , . . . , t̂

′′g
λ};

13: Generate offsprings Og
i by Pg

i and T̂
′′
g ;

14: Evaluate population Pg
i ∪ T̂

′′
g ∪ Og

i ;

15: Select N fittest solutions from Pg
i ∪ T̂

′′
g ∪ Og

i to generate next
generation

16: population Pg+1
i ;

17: End For
18: End While

performed, and the computational complexity of this process
is O(K N 2m). In line 5 of Algorithm 4, the predictive trans-
ferred populations of K tasks are obtained by Algorithm 3.
First, M representative points in K tasks are generated, and
its computational complexity isO(K NM). Second, the com-
putational complexity of M prediction directions in K tasks
is O(K NM). Thirdly, the computational complexity of the
mutation strengths and the predictive transferred solutions
are O(K Nm2) and O(Kλ), respectively. From lines 12-14,
the algorithm mainly performs nondominated sorting and
environment selection, and its computational complexity is
O(K N 2m). In summary, the worst computational complex-

ity of the proposed algorithm is O(K N 2m) or O(K NM) or
O(K Nm2), whichever is larger.

Remarks

For the transfer strategy based on multidirectional prediction
method, four comments are made.

1. Compared with the multidirectional prediction method in
dynamic multiobjective optimization [26], the proposed
multidirectional prediction method has the following four
differences. First, the proposed method introduces the
weighted sum method to calculate the representative
points, and these representative points have better objec-
tive function values. This is because the solution with the
better objective functionvalue has greaterweight. Second,
when calculating the prediction directions, the proposed
method makes use of representative points of two succes-
sive generations and historical prediction direction at the
same time. In comparison with the multidirectional pre-
diction method in dynamic multiobjective optimization,
the proposed method can obtain the promising predic-
tion directions. Thirdly, the multidirectional prediction
method in dynamic multiobjective optimization uses a
fixedmutation strength. By contrast, the proposedmethod
can adaptively control the mutation strength according to
the improvement degree of each class. Fourth, the pre-
dictive transferred solutions generated by the proposed
method are to help the target task as transfer knowledge.
However, the prediction solutions generated by the multi-
directional prediction method in dynamic multiobjective
optimization are used as a new initial population.

2. The binary clustering method is used to generate M class
centers. Compared with the traditional K -means cluster-
ing method, the binary clustering method only needs to
reclassify a corresponding class after getting the new class
center, but does not need to classify all the individuals.
This greatly reduces the computational complexity in the
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process of generating the class center point. Moreover,
when generating the prediction direction, the weight of
the current and historical directions can be flexibly con-
trolled by the parameter cp.

3. HV indicator is introduced into MTO to define the
improvement degree of solution. Then the algorithm
adaptively controls the mutation strength by the improve-
ment degree of each class. Moreover, different mutation
strengths are set for different classes, which ensures that
each class can flexibly control according to its own evo-
lutionary state.

4. Each class generates the predictive transferred solutions
by the prediction directions, mutation strengths, and
Gaussian perturbation. Then the predictive transferred
solutions generated in each class can transfer to promis-
ing regions. In addition, Gaussian perturbation mainly
guarantees the validity and diversity of the predictive
transferred solutions.

Experimental studies

In this section, NSGA-II [31], MO-MFEA [7], EMEA [18],
MOMFEA-SADE [16], EMT/ET [19], MO-MFEA-II [9],
TMO-MFEA [10], EMTIL [20], and EMT-PD [32] are used
to compare with EMT-MPM on two MTO test suits. More-
over, the performance of EMT-MPM is analyzed in depth.
Finally, the following points will be demonstrated.

1. EMT-MPM can significantly outperform NSGA-II, MO-
MFEA, EMEA, MOMFEA-SADE, EMT/ET, MO-MFE
A-II, TMO-MFEA, EMTIL, and EMT-PD.

2. The transfer strategy based on multidirectional prediction
method in EMT-MPM can transfer the solutions to the
promising regions and significantly improve the perfor-
mance of the algorithm.

Test problems and performancemetric

The two test suits are used to demonstrate the perfor-
mance of EMT-MPM. The CEC 2017 MTO benchmarks
[33] are used as the first test suit which contains nine MTO
problems. The second test suit named CPLX contains ten
complex benchmark problems, which is presented forWCCI
2020 Competition on Evolutionary Multitasking Optimiza-
tion [34].

In this paper, the inverted generational distance (IGD) [35]
is used to evaluate the performance of all comparison algo-
rithms. IGD measures the average of the minimum distance
between the solutions of the real PF and the approximate
solution set obtained by the algorithm. Therefore, calculating
IGD requires obtaining a set of solutions that are uniformly
sampled on the real PF in advance. Let P∗ be a set of solu-

tion sets uniformly sampled on the real PF, and S is the PF
approximate solution set obtained by the comparison algo-
rithms. The IGD is calculated as follows:

IGD(S, P∗) =
∑

x∈P∗ dist(x, S)
∣
∣P∗∣∣ , (15)

where dist(x, S) is the Euclidean distance between solution
x ∈ P∗ and the nearest solution on S;

∣
∣P∗∣∣ is the cardinal-

ity of the set P∗. The smaller the IGD value, the better the
convergence and diversity of S.

Parameter settings

The parameter settings of all algorithms are listed below.

1. Population Size: MO-MFEA, MOMFEA-SADE, MO-
MFEA-II, TMO-MFEA, and EMT-PD are set to 200, and
each population for EMEA, EMT/ET, EMT-MPM, and
EMTIL is 100. To be fair, the population size of NSGA-II
is 100.

2. Maximum number of function evaluations: NSGA-II is
set to 50000, and all other algorithms are set to 100000.

3. Independent number of runs:All algorithms are set to 20.
4. Randommatingprobability (rmp):MO-MFEA,MOMFEA-

SADE, and EMT-PD are set to 0.3.MO-MFEA-II is set as
either 0.9, 0.6, or 0.3. TMO-MFEA is set to 1 and 0.3 for
diversity variable and convergence variable, respectively.

5. Operator of generating offspring: For NSGA-II, MO-
MFEA, EMEA, EMT/ET, MO-MFEA-II, TMO-MFEA,
EMTIL, EMT-PD, and EMT-MPM, simulated binary
crossover (SBX) [36] and polynomial mutation (PM) [37]
are adopted. The parameter settings of SBX and PM
for the seven algorithms are pc = 0.9, pm = 1/Dmax,
ηc = 20, and ηm = 15, where Dmax is the largest dimen-
sion of all tasks. For MOMFEA-SADE, DE operators are
used. The crossover rate CR is set to 0.6, and the scale
factor F takes 0.5.

6. Number (λ)of transferred solutions:ForEMEA,EMT/ET,
EMTIL, and EMT-MPM, λ is set to 10, 8, 10, and 8,
respectively.

7. Other parameters: M = 6, cp = 0.7, dσ = 2, and p =
0.5, since they can obtain the best performance on the
experiments.

Results and statistical analysis

Comparison of NSGA-II, MO-MFEA, EMEA, MOMFEA-SADE,
EMT/ET, MO-MFEA-II, TMO-MFEA, EMTIL, EMT-PD, and
EMT-MPM on the first test suit

The first test suit is utilized to verify the performance of
EMT-MPM. The experimental results obtained by all algo-
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rithms over 20 runs are shown in Tables 1 and 2, respectively.
The symbols “+”, “≈”, and “−” represent that EMT-MPM is
better, similar orworse than the compared algorithms, respec-
tively. In addition, the best result of every task is marked in
bold.

Table 1 gives the average value and standard deviation of
IGD for NSGA-II, MO-MFEA, EMEA, MOMFEA-SADE,
EMT/ET, and EMT-MPM on the first test suit. The per-
formance of NSGA-II is significantly worse than the five
multiobjective EMT algorithms, which shows the effective-
ness of knowledge transfer between different tasks. More-
over, the performance of EMT-MPM is significantly superior
to MO-MFEA, EMEA, MOMFEA-SADE, and EMT/ET,
which benefits from the proposed multidirectional predic-
tion method. In addition, Table 2 shows the average value
and standard deviation of IGD for MO-MFEA-II, TMO-
MFEA, EMTIL, EMT-PD, and EMT-MPM on the first
test suit. As shown in Table 2, EMT-MPM surpasses MO-
MFEA-II, TMO-MFEA, EMTIL, and EMT-PD on 18, 18,
18, and 17 tasks, respectively. This indicates that the pro-
posed multidirectional prediction method can obtain more
promising transferred solutions. Furthermore, this paper con-
ducts Friedman’s test [38] on six compared algorithms based
on the first test suit to IGD. Table 3 presents the test
results that EMT-MPM has the best ranking to IGD, sequen-
tially followed by EMT/ET, MOMFEA-SADE, EMT-PD,
EMEA, EMTIL, TMO-MFEA, MO-MFEA-II, MO-MFEA,
and NSGA-II.

In summary, the experimental results show that EMT-
MPM has the best performance except for CILS-T1, NIHS-
T1, and NILS-T1. This is because the transfer strategy based
on multidirectional prediction method can transfer solutions
to promising regions by prediction directions and mutation
strengths. Moreover, the validity and diversity of predictive
transferred solutions can be improved by Gaussian perturba-
tion. Therefore, the predictive transferred solutions can guide
the current task to accelerate evolution and improve the qual-
ity of the solutions.

Comparison of NSGA-II, MO-MFEA, EMEA, MOMFEA-SADE,
EMT/ET, and EMT-MPM on the second test suit

Table 4 shows the experiment results by six compared
algorithms on the second test suit. As shown in Table 4, EMT-
MPM surpasses NSGA-II, MO-MFEA, EMEA, MOMFEA-
SADE, and EMT/ET on 20, 20, 18, 18, and 17 tasks,
respectively. As a comparison, EMT-MPM is surpassed
by NSGA-II, MO-MFEA, EMEA, MOMFEA-SADE, and
EMT/ET on 0, 0, 2, 2, and 3 tasks, respectively. This indi-
cates that EMT-MPM can achieve excellent performance on
the second test suit. What’s more, Friedman’s test on six
compared algorithms based on the second test suit to IGD is
conducted. Table 5 shows that EMT-MPM obtains the best

Table 3 Results obtained for
NSGA-II, MO-MFEA, EMEA,
MOMFEA-SADE, EMT/ET,
MO-MFEA-II, TMO-MFEA,
EMTIL, EMT-PD, and
EMT-MPM by the Friedman’s
test on the first test suit to IGD

Algorithms Ranking

EMT-MPM 1.1667

EMT/ET 1.9444

MOMFEA-SADE 4.5000

EMT-PD 4.7778

EMEA 5.2222

EMTIL 6.5000

TMO-MFEA 6.6111

MO-MFEA-II 7.8056

MO-MFEA 7.9444

NSGA-II 8.5278

ranking, which indicates that the multidirectional prediction
method is effective for MTO problems.

Analysis of the convergence trends of the algorithms

As shown in Fig. 6, the convergence trends of NSGA-
II, MO-MFEA, EMEA, MOMFEA-SADE, EMT/ET, and
EMT-MPM on three representative problems of the first test
suit is illustrated. The lines in Fig. 6 represent the average
IGD values of the six compared algorithms. The conver-
gence speed of NSGA-II is the slowest in most problems,
which indicates that the transferred knowledge between tasks
is useful. Moreover, the convergence speed of EMT-MPM
is significantly faster than the other five compared algo-
rithms, which illustrates that the proposed transfer strategy
basedonmultidirectional predictionmethod can significantly
improve the performance of the algorithm. This phenomenon
also shows that EMT-MPM can transfer more valuable
knowledge. In conclusion, the performance of EMT-MPM
is significantly better than other algorithms. Therefore, the
proposed multidirectional prediction method is an efficient
method for MTO.

Effectiveness of the proposed method

The proposed transfer strategy based on multidirectional
prediction method mainly includes prediction direction,
mutation strength, and Gaussian perturbation. First, to verify
the effectiveness of the prediction direction, only the natural
gradient is used as the prediction direction. This algorithm is
constructed, namelyEMT-NG.Second, themutation strength
is set as 1 to verify its effectiveness, and the corresponding
algorithm is defined asEMT-NMS.Thirdly, theGaussianper-
turbation in the EMT-MPM algorithm is removed, which is
defined as EMT-NGP. Finally, EMT-NG, EMT-NMS, EMT-
NGP, and EMT-MPM are run 20 times on the first test suit.

Table 6 gives the average value and standard deviation of
IGD values obtain by four multiobjective EMT algorithms.
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Table 5 Results obtained for
NSGA-II, MO-MFEA, EMEA,
MOMFEA-SADE, EMT/ET,
and EMT-MPM by the
Friedman’s test on the second
test suit to IGD

Algorithms Ranking

EMT-MPM 1.3572

EMT/ET 2.3027

MOMFEA-SADE 3.0001

EMEA 3.3533

MO-MFEA 5.1503

NSGA-II 5.8542

EMT-MPMsurpasses EMT-NG, EMT-NMS, and EMT-NGP
on 18, 16, and 16 tasks, respectively. In contrast, EMT-MPM
is surpassed by EMT-NG, EMT-NMS, and EMT-NGP on
0, 2, and 2 tasks, respectively. Therefore, the experimental

results indicate that eachpart of the proposedmultidirectional
prediction method is effective.

Parameter sensitivity analysis

In EMT-MPM, M controls the number of representative
points. To analyze the effect of M , the experiments are con-
ducted on the first test suit. M is set as 4, 5, 6, 7, and 8,
respectively. Table 7 shows the experimental results by EMT-
MPM with different M . When M = 6, EMT-MPM has
the best performance. In addition, EMT-MPM has the worst
performance when M = 4. This is because too few repre-
sentative points lead to too few promising directions. When
M > 6, the performance of EMT-MPM decreases gradually.

Fig. 6 The convergence trends
of NSGA-II, MO-MFEA,
EMEA, MOMFEA-SADE,
EMT/ET, and EMT-MPM over
20 times on three representative
problems of the first test suit
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Table 6 Average value and standard deviation of IGD for EMT-NG, EMT-NMS, EMT-NGP, and EMT-MPM on the first test suit

Problems EMT-NG EMT-NMS EMT-NGP EMT-MPM

CIHS-T1 2.03E−04(1.52E−05) 1.92E−04(1.41E−05) 1.77E−04(1.36E−05) 1.62E−04(1.27E−05)

CIHS-T2 2.14E−04(1.67E−05) 1.98E−04(1.47E−05) 1.93E−04(1.38E−05) 1.83E−04(1.21E−04)

CIMS-T1 1.79E−04(1.56E−04) 1.85E−04(1.62E−04) 1.81E−04(1.57E−04) 1.65E−04(1.07E−04)

CIMS-T2 3.72E−04(2.13E−04) 3.35E−04(1.09E−04) 3.41E−04(1.14E−04) 1.93E−04(5.82E−05)

CILS-T1 2.03E−04(9.77E−04) 2.07E−04(9.82E−04) 1.95E−04(8.59E−04) 1.97E−04(9.01E−06)

CILS-T2 1.75E−04(1.31E−04) 1.92E−04(1.23E−04) 1.83E−04(1.09E−04) 1.62E−04(8.93E−06)

PIHS-T1 1.85E−04(7.61E−06) 1.69E−04(6.83E−06) 1.77E−04(7.02E−06) 1.64E−04(6.31E−06)

PIHS-T2 3.23E−04(5.86E−04) 3.21E−04(5.72E−04) 3.28E−04(6.03E−04) 3.18E−04(5.38E−04)

PIMS-T1 2.81E−04(3.14E−04) 3.57E−04(4.27E−04) 3.62E−04(3.08E−05) 2.57E−04(2.73E−04)

PIMS-T2 2.14E−04(1.79E−05) 1.96E−04(1.43E−05) 2.01E−04(1.47E−05) 1.92E−04(1.28E−05)

PILS-T1 1.78E−04(7.54E−06) 1.73E−04(7.24E−06) 1.82E−04(8.44E−06) 1.76E−04(7.91E−06)

PILS-T2 1.35E−03(2.46E−03) 1.26E−03(1.89E−03) 1.17E−03(1.73E−03) 8.63E−04(1.05E−03)

NIHS-T1 1.48E+00(7.52E−03) 1.48E+00(7.31E−03) 1.48E+00(8.34E−03) 1.47E+00(7.54E−03)

NIHS-T2 1.96E−04(9.27E−06) 1.69E−04(5.88E−04) 1.78E−04(6.21E−06) 1.64E−04(5.38E−06)

NIMS-T1 1.52E−01(4.52E−03) 1.58E−01(5.02E−03) 1.43E−01(4.27E−03) 1.49E−01(4.31E−03)

NIMS-T2 1.63E−04(9.85E−06) 1.58E−04(8.83E−06) 1.64E−04(9.83E−06) 1.53E−04(8.72E−06)

MILS-T1 7.65E−04(2.69E−04) 7.24E−04(2.51E−04) 7.81E−04(3.09E−04) 7.52E−04(2.81E−04)

MILS-T2 3.04E−04(7.31E−04) 3.77E−04(8.92E−04) 4.02E−04(1.20E−03) 1.83E−04(6.82E−04)

Table 7 Average value and standard deviation of IGD for M = 4, M = 5, M = 6, M = 7, and M = 8 on the first test suit

Problems M = 4 M = 5 M = 6 M = 7 M = 8

CIHS-T1 2.04E−04(1.47E−05) 1.80E−04(1.39E−05) 1.62E−04(1.27E−05) 1.76E−04(1.35E−05) 1.98E−04(1.41E−05)

CIHS-T2 1.98E−04(1.55E−04) 1.87E−04(1.42E−04) 1.83E−04(1.21E−04) 1.92E−04(1.46E−04) 1.94E−04(1.53E−04)

CIMS-T1 2.23E−04(1.54E−04) 1.82E−04(1.15E−04) 1.65E−04(1.07E−04) 1.78E−04(1.29E−04) 2.13E−04(1.50E−04)

CIMS-T2 4.08E−04(1.87E−04) 2.14E−04(7.82E−05) 1.93E−04(5.82E−05) 1.85E−04(5.49E−05) 3.16E−04(1.87E−04)

CILS-T1 2.04E−04(8.94E−06) 1.93E−04(7.63E−06) 1.97E−04(9.01E−06) 2.10E−04(9.31E−06) 2.13E−04(9.42E−06)

CILS-T2 1.85E−04(1.14E−05) 1.82E−04(1.07E−05) 1.62E−04(8.93E−06) 1.71E−04(9.48E−06) 1.86E−04(1.15E−05)

PIHS-T1 1.78E−04(7.31E−06) 1.67E−04(6.53E−06) 1.64E−04(6.31E−06) 1.71E−04(6.82E−06) 1.84E−04(7.39E−06)

PIHS-T2 3.19E−04(5.47E−04) 3.06E−04(4.81E−04) 3.18E−04(5.38E−04) 3.27E−04(5.81E−04) 3.30E−04(6.01E−04)

PIMS-T1 3.40E−04(4.16E−04) 2.75E−04(2.96E−04) 2.57E−04(2.73E−04) 3.37E−04(3.40E−04) 4.12E−04(4.08E−04)

PIMS-T2 2.06E−04(1.62E−05) 1.97E−04(1.45E−05) 1.92E−04(1.28E−05) 1.94E−04(1.38E−05) 2.01E−04(1.52E−05)

PILS-T1 1.87E−04(8.92E−06) 1.78E−04(8.06E−06) 1.76E−04(7.91E−06) 1.79E−04(8.02E−06) 1.83E−04(8.41E−06)

PILS-T2 1.26E−03(2.48E−03) 1.03E−03(2.14E−03) 8.63E−04(1.05E−03) 9.74E−04(1.76E−03) 9.75E−04(1.68E−03)

NIHS-T1 1.49E+00(9.93E−03) 1.48E+00(7.61E−03) 1.47E+00(7.54E−03) 1.48E+00(7.39E−03) 1.48E+00(8.24E−03)

NIHS-T2 1.85E−04(8.03E−06) 1.81E−04(7.63E−06) 1.64E−04(5.38E−06) 1.59E−04(4.82E−06) 1.73E−04(6.82E−06)

NIMS-T1 1.55E−01(4.69E−03) 1.50E−01(4.37E−03) 1.49E−01(4.31E−03) 1.52E−01(4.46E−03) 1.54E−01(4.57E−03)

NIMS-T2 1.60E−04(9.08E−06) 1.58E−04(8.73E−06) 1.53E−04(8.72E−06) 1.56E−04(8.83E−06) 1.61E−04(9.11E−06)

MILS-T1 7.65E−04(3.02E−04) 7.63E−04(2.98E−04) 7.52E−04(2.81E−04) 7.01E−04(2.37E−04) 7.48E−04(2.60E−04)

MILS-T2 4.73E−04(1.38E−03) 3.51E−04(9.24E−04) 1.83E−04(6.82E−04) 2.47E−04(8.42E−04) 3.95E−04(1.03E−03)

When the number of representative points is too large, there
will be too few points in each class, resulting in inaccurate
prediction directions.

Conclusion

In this paper, a multiobjective EMT algorithm based on mul-
tidirectional prediction method is presented. First, the binary
clustering method is used to generate multiple classes and
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corresponding representative points. Second, two succes-
sive generations of representative points are used to generate
the prediction direction for each class. Then the mutation
strength is adaptively controlled according to the improve-
ment degree of each class. Thirdly, each class generates the
predictive transferred solutions by the prediction directions
and mutation strengths. Finally, EMT-MPM is compared
with one multiobjective algorithm and four multiobjec-
tive EMT algorithms on two MTO test suits. Experimental
results demonstrate that EMT-MPM achieves excellent per-
formance.

For future work, some new prediction methods such as
support vector regression predictor and adaptive multilevel
prediction can be introduced to MTO. Then it is also an
interesting idea to combine prediction method with sub-
space alignment technique. Moreover, it is very meaningful
to extend the proposed EMT-MPM algorithm to the practical
application.
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