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MIXED FORMULATION, APPROXIMATION
AND DECOUPLING ALGORITHM FOR A PENALIZED
NEMATIC LIQUID CRYSTALS MODEL

V. GIRAULT AND F. GUILLEN-GONZALEZ

ABSTRACT. A linear fully discrete mixed scheme, using C° finite elements in
space and a semi-implicit Euler scheme in time, is considered for solving a
penalized nematic liquid crystal model (of the Ginzburg-Landau type). We
prove: 1) unconditional stability and convergence towards weak solutions, and
2) first-order optimal error estimates for regular solutions (but without im-
posing the well-known global compatibility condition for the initial pressure in
the Navier-Stokes framework). These results are valid in a general connected
polygon or in a Lipschitz polyhedral domain (without any constraints on its
angles).

Finally, since the scheme couples the unknowns, we propose several algo-
rithms for decoupling the computation of these unknowns and establish their
rates of convergence in convex domains when the mesh size is sufficiently small
compared to the time step.

1. INTRODUCTION

In this work, we discretize a system of partial differential equations related to the
motion of a nematic liquid crystal. The orientation vector of the molecules is nor-
malized by means of a penalty argument, thus leading to a simplified Ericksen-Leslie
model with the Ginzburg-Landau approximation (see Béthuel, Brezis & Hélein [5]
and Chen [9]).

Let us consider a simplified version of the Ericksen-Leslie model, introduced by
Lin in [23] and analyzed by Lin and Liu in [24] 25] who used a modified Galerkin
approach, and by Shkoller [35] who relied on a contraction mapping argument
coupled with appropriate energy estimates. This model is a modified Navier-Stokes
system that takes into account the liquid crystal nature of the fluid, coupled with
the Ginzburg-Landau equations. A more complete version of this Ericksen-Leslie
model has been studied by Coutand and Shkoller in [I1], where local well-posedness
(or global well-posedness for small data) is proven.

The fluid is confined in an open bounded connected domain Q C RY (N = 2
or 3) with boundary 9. The unknowns are the time-dependent divergence-free
velocity field u(t, x), the pressure p(¢, ) of the fluid and the director field d(t, x)
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782 V. GIRAULT AND F. GUILLEN-GONZALEZ

representing the orientation of the liquid crystal molecules; thus d is a unit vector:
(1.1) |d|=1.

Both theoretically and numerically, enforcing the constraint |d| = 1 is difficult.
Here we choose to satisfy it approximately by imposing the weaker condition |d| < 1
and introducing the following penalty function (of Ginzburg-Landau type) in the
equation of conservation of angular momentum

(1.2) fd) = (P - 1d , < >0,

where ¢ is the penalty parameter. This penalty function was proposed by many au-
thors, in particular, because it has a potential structure; i.e., there exists a potential

function

L e
such that
(1.3) vd € RY | f(d) = Va(F(d)).

Interestingly, it turns out that, in the penalized model, the weaker constraint |d| <
1 is a consequence of a maximum principle for the Ginzburg-Landau equation.
Indeed, we shall see that if this constraint is satisfied at initial time and on 02 for
all time, then it is also satisfied in the interior of ) at any time.

Accordingly, we consider the following penalized model in ]0, T'[x:

(1.4) d| <1, 0id+u-Vd+~(f(d)— Ad) 0,
(1.5) u+u-Vu—vAu+Vp+ V- (VdoVd) = 0,
(1.6) Viu = 0,
(1.7) U =0, dpao = I,
(1.8) U|t=0 = U0, d\t:o = dp.

The functions ug and do: Q — RY are, respectively, the initial velocity and director
fields, and 1 :]0, T[x 92 — R¥ is the Dirichlet boundary data for the director field
d. Concerning the coefficients, v > 0 represents the viscosity of the fluid, A > 0
is an elasticity constant and v > 0 is a relaxation-time constant. Here we use the
tensor notation

Vd o Vd = (Vd)'Vd,

where (Vd)" denotes the transpose of Vd = (9d;/0x); ;.

In [17], Guillén-Gonzdlez and Rojas-Medar study the asymptotic limit of (T4)—
([3) as € goes to zero, arriving at a model with the restriction (L)), |Vd|*d being
its associated Lagrange multiplier. Indeed, when € — 0 one finds a limit problem,
with (4]) replaced by

(1.9) ld| =1, 0d+wu-Vd—~(Ad+|Vd*d) =0

However, as mentioned above, enforcing (1)) is difficult and therefore, in this arti-
cle, we only study the penalized model ([4)—(L8) with a fixed penalty parameter
e. In consequence, the generic constants involved in the numerical analysis may
depend (exponentially) on e.
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As far as numerical approximation is concerned, Liu and Walkington propose and
study two numerical schemes for solving (L4)—(L8]) in the case where the Dirichlet
boundary data I for the director field d does not depend on time; for both schemes,
they derive error estimates when the solutions are sufficiently smooth. In [29], they
introduce a scheme that discretizes d in a finite element subspace of H?(2)"V; this
means that the discrete functions are globally C'. From a practical point of view,
implementing a scheme that uses C' finite elements is not easy, the more so in three
dimensions. To avoid this regularity, they relax it in [30] by switching to a mixed
formulation where the gradient tensor Vd is introduced as an auxiliary unknown
tensor. This allows them to work with finite element subspaces of H!({2). However,
in this approach, the components of the discrete mixed finite element functions are
strongly coupled, and as the problem is nonlinear, this coupling is not desirable.

In this article, we propose a different mixed formulation of (L4)—(L8) where Ad
is introduced as an auxiliary variable. The advantage of using the Laplace instead of
the gradient operator is that the Laplace operator involves less unknowns: M versus
%M (M —1). Furthermore, the Laplace operator can be discretized in standard finite
element subspaces of L?(Q)", whereas the gradient operator is discretized by [30]
in Raviart-Thomas mixed finite element subspaces of H(div, ). We construct a
fully discrete time-stepping linearized Euler scheme that is unconditionally stable
and convergent towards weak solutions of the penalized problem (4)-(T8) and
we derive optimal error estimates when the solution is sufficiently smooth. Since
the scheme is implicit and couples the unknowns, we propose several algorithms
for decoupling the computation of these unknowns, and we establish their rates of
convergence when the mesh size is sufficiently small compared to the time step.

We refer to Prohl [32] for the numerical analysis of a splitting in time projection
scheme in the limit model (LE)—(T3).

In [26], two linearized numerical algorithms are presented. The first of them
uses an implicit backward Euler approximation to discretize the time derivative
and the second one uses a characteristic method, but both schemes consider C°-
finite elements in space. Numerical experiments show that both schemes recover
the numerical results obtained in [29], but no analytical justification for the stability
of these schemes is proposed.

In a recent publication, Becker, Feng and Prohl [4] present two nonlinear fully
discrete finite element schemes. The first scheme, applied to the penalized model
([CA)—(T8)), uses —Ad+ f.(d) as an auxiliary variable and is unconditionally stable
(uniformly with respect to €) and convergent. The second algorithm discretizes
directly the limit problem (LH)—(T9); it is conditionally stable, but the convergence
remains an open problem. Both schemes use C? finite elements for all unknowns.

Finally, a linearized fully discrete C? finite elements scheme that is conditionally
stable (uniformly with respect to £) and convergent has been recently analyzed by
Guillén-Gonzélez and Gutiérrez-Santacreu in [19].

1.1. Summary of results. For simplicity, we denote the spaces of vector-valued
functions L2(Q)N, H'(Q)", etc. by boldface letters L?, H', etc.

By considering w = —pAd (with g = v/\) as an auxiliary variable, using this
relation as a constraint and suitably modifying the pressure, we arrive at the fol-
lowing variational formulation equivalent to problem ([4)-(L8): Find (u,p,w,d)
satisfying for a.e. t € (0,T),
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784 V. GIRAULT AND F. GUILLEN-GONZALEZ

dy (u,v) + V(VU,VU) + (u . Vu,v) — u((Vd)tw,U) — ( , V- ) 0,

Yo € Hi(Q),
v(w.e)+u{d(de)+ (u-Vde)+y(fd),e)} =0, veeL*®)
(V . u,q) =0, Vg€ L%(Q),

u(Vd, vg) - (w,g) —0, Vge HL9Q),

together with the Dirichlet boundary conditions and initial conditions (7)) and
([CR) on w and d. Assuming that Q is a polygon or a Lipschitz polyhedron, we
discretize this formulation in time with a uniform partition of [0, 7] and time step &,
and in space with a stable pair of finite elements for (u, p) such as the mini-element
(P +B) x P; on a triangulation with mesh-size h, a continuous piecewise Py space
for d and a piecewise Py space for w. Let (Upp, Pr) C Hy(Q) x L3(Q), D), ¢ HY(Q)
and W;, € L*(Q) denote the discrete spaces for (u, p), d and w respectively, and let
t, = nk denote the discrete points in time. We propose the following fully discrete
scheme, starting from a suitable approximation (u!, d%) € Upn x Dy, of (ug, dyp):
Knowing (u) -1 dy~ 1) € Upp x Dy, and given an adequate approximation I} of
U(tn), compute (uh, w}) € Upp, x Wy, and (p}t, d,) € Pop, x Dy, such that dj|aq = I},
and:

(%(uﬁ —ul ), v) + u(VuZ, Vv) - (pZ, V- v)

+ (uZ_l -Vup + %V cup ! uﬁ,'v) - u((Vdel)twﬁ,v) =0, Yve Uy,
(% — dZ_l), e) + (uﬁ . de_l,e) + %(wﬁ,e) :—w(f(dz_l), e), Ve € Wy,
(v ul,q ) —0, Vg€ P,
W

(Vd Vg) — (wﬁ,g) =0, Vg€ Dyp.
We shall prove that this linear semi-implicit scheme has the following properties:

(1) It generates a unique sequence of solutions (u},w},py,dp).

(2) Under mild regularity assumptions on the data and if the above finite el-
ement spaces are constructed on a quasi-uniform (or uniformly regular)
family of triangulations of €, this sequence converges in the appropriate
spaces to a semi-strong solution (u,d) of problem (L4)-(L8)) (see Defini-
tion BI)).

(3) If this solution is sufficiently smooth, the error of this scheme measured in
L®(L*(Q))N L2 (H"(R2)) for the velocity and L= (H™"(Q)) for the direction
vector, is of order one in space and time (see Theorem [G.T]).

Although the scheme is linearized, the simultaneous computation of all unknowns
is impractical and, therefore, we present several convergent algorithms for decou-
pling the computation of (uh,ph) and (wp, dp,) at each time step. Knowing w}~ t
d,” 1 and uy ! these algorithms approximate wj, dy, u} and p} by an itera-
tive method, computing the iterates (u;,p;) and (w;,d;) by means of linear and
decoupled problems. Here is one of them:

(1) Take ug = u)~ " and wy = w) "
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(2) Knowing u;_; and w;_1, compute in parallel
o (w;,d;) € Wy, x Dy, with (d;)|aq = 1}, solution of

%(di — dzfl,e) + %(wi,e) = —(ui,l . Vdel,e) — W(f(dzfl),e> Ve € Wy,
u(Vd;,Vg) = (wig) =0 Vg € Doy,

o (u;,p;) € Upp X Py solution of
1
z (ul — uZ_l,'v) + V(Vui, Vv) — (pi, V- v)
1
= ;L((de_l)twi_l,v) — (uﬁ_l -Vui_q1 + §V . uZ_l ui_l,v) Yv € Uy,

(V-ui,q) =0 Vqe P,

We shall prove that these algorithms converge geometrically to the desired solution.

Our work is organized as follows. In Section 2, we give a list of notation and some
regularity results on general polyhedral domains that we shall need further on. In
Section 3, we construct a suitable lifting of the boundary condition and we give the
main ideas used in analyzing the continuous problem. Section 4 is devoted to the
derivation of the mixed variational formulation. In Section 5, we define the fully
discrete scheme and prove its stability and convergence. In Section 6, we establish
a priori error estimates. Section 7 is devoted to the decoupling algorithms and their
convergence.

2. PRELIMINAIRES

2.1. Notation. We shall use the following notation; for the sake of simplicity, we
define them in three dimensions. Let (k1, k2, k3) denote a triple of non-negative
integers, set |k| = k1 + ko + k3 and define the partial derivative 9% by

dl*ly
- k19, k2 9 ks
O0x7'0x5>0xy

Then, for any non-negative integer m and number r > 1, recall the classical Sobolev
space (cf. Adams [I] or Necas [31])

W™ (Q) = {ve L"(Q); 0" € L"(Q) V|k| < m},

v

equipped with the seminorm

1/r
ey = | 3 [ 100rde|
— Ja
|k|=m
and norm (for which it is a Banach space)
1/r
Wollwme@y = | > [oferey|
0<|k|<m

with the usual extension when r = co. The reader can refer to Lions & Magenes [28§]
and [I6] for extensions of this definition to non-integral values of m. When r = 2,
this space is the Hilbert space H™(2). The definitions of these spaces are extended
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straightforwardly to vectors, with the same notation, but with the following mod-
ification for the norms in the non-Hilbert case. Let u = (w1, us2,us); then we

set
1/r
ull ey = [ /Q u(w)rdw] ,

where |- | denotes the Euclidean vector norm for vectors or the Frobenius norm for
tensors. As usual, (-, ) denotes the L?(Q) scalar product.

When the boundary 92 of Q2 is a polygon or polyhedron, as will be the case in
the sequel, the trace spaces W*"(0f2) are defined as above for all s € [0,1] and
p > 1. When s > 1, the situation is more complex and to simplify, we define the
space W*7(9€) as the trace space of all functions in W*~/"7(Q). For instance,
H3/2(9Q) is the trace space of H2(1Q).

Let D(Q2) denote the set of indefinitely differentiable functions with compact
support in 2. For functions that vanish on the boundary, we define

Hy(Q) = {ve H'(Q); vloa = 0},
and recall Poincaré’s inequality: there exists a constant C' such that

Owing to (ZI0), we use the seminorm |- |1 () as a norm on H{(9).
We shall also use the standard spaces for incompressible fluids:

H={vecL?*Q);V-v=0inQ, v-n=0 ondQ},
where n is the unit normal vector to 0, exterior to €2,

V={ve H}Q); V-v=0in Q},

L3<Q>={qeL2<Q>;/quw=0}.

As usual, for handling time-dependent problems, it is convenient to consider
functions defined on a time interval ]a, b[ with values in a functional space, say X
(cf. [28]). More precisely, let || - || x denote the norm of X; then for any number r,
1 <r < oo, we define

b
L"(a,b; X) = {f measurable in ]a, b ; / 1f@®)|'xdt < oo}

equipped with the norm

b 1/r
||f|LT(a,b;X)=</ |f(t)|§<dt> ,

with the usual modification if r = co. It is a Banach space if X is a Banach space.
When r = 2, L?(a,b; H™()) is a Hilbert space and, in particular, L?(a, b; L*(12))
coincides with L?(2x]a, b[). We shall also use spaces with derivatives in time, such
as 5

HY 0,5 X) = {f € L(a, b X); 2 € 12(Ja, b X))
equipped with the graph norm

of /
1y = (102 + 15 R wnn)) s
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for which is a Hilbert space. To simplify, we shall use the letter @ for the space-time
cylinder 2x]0,T[ and denote L?(0,7T; X) by L?(X), etc.

2.2. Auxiliary regularity results. Let us start with the solution v of the Laplace
equation

(2.11) —Av=f inQ,vga=g.

When (f,g) belongs to H=1(Q) x H'/?(9Q), this problem has a unique solution
v in H'(Q). When Q has a C''! boundary or is convex and (f,g) belongs to
L?(Q) x H32(8Q), then v belongs to H?(), with continuous dependence on f and
g (cf. [16]). When {2 is a polygon or polyhedron, without restricting the angles of
0%, v has the following regularity; the first theorem is due to [I6] and the second
one to [12].

Theorem 2.1. Let Q2 be a polygon in two dimensions. If (f,g) belongs to L™ (Q) x
W2=1rm(9Q) for some r with 1 < r < 4/3, then the solution v of @I1) belongs
to W27 (Q) with continuous dependence on f and g.

Theorem 2.2. Let Q be a polyhedron with a Lipschitz-continuous boundary or a
polygon. If (f,g) belongs to H*~1(Q) x H*tY/2(9Q) for some s with 0 < s < 1/2,
then the solution v of [ZI1)) belongs to H*T1(Q) with continuous dependence on f
and g.

The first part of the next result for the borderline case s = 1/2 is due to Jerrison
& Kenig [2T] and the second part is established by Dauge & Costabel for the Stokes
problem and is written in Girault & Lions [I4], but the argument carries over to the
Laplace equation. Both proofs are written in three dimensions, but their conclusions
are valid in two dimensions.

Theorem 2.3. Let Q be a Lipschitz domain of R? or R3. If f = 0 and g be-
longs to H'(0RY), then the solution v of ZI1) belongs to H3/?(Q) with continuous
dependence on g.

When Q is a polyhedron with a Lipschitz-continuous boundary or a polygon, g
belongs to H'(OR) and f belongs to L*/*(Y), then the solution v of @II) belongs
to H3/%(Q) with continuous dependence on f and g.

We have similar regularity results for the solution (v, q) of the Stokes problem
in a connected Lipschitz domain:

(2.12) “Av+Vg=f,V-v=0 inQ, vjgg =0.

When f belongs to H™'(Q), ZI2) has a unique solution (v, q) in V x LZ() that
depends continuously on f. When f belongs to L2(Q) and the domain has a C!!
boundary or is a convex polygon (cf. Kellog & Osborn [22] or [I6]) or polyhedron
(cf. [13]), then the solution (v,q) of ZI2) belongs to H?*(Q) x H'(Q), with con-
tinuous dependence on f. Without restriction on the angles of 02, the following
theorems hold; the first one can be found in [I6] and the second one in [13].

Theorem 2.4. Let Q) be a connected polygon in two dimensions. If f belongs to
L"(Q) for some r with 1 < r < 4/3, then the solution (v,q) of [2I2)) belongs to
W2 (Q) x WY (Q) with continuous dependence on f.
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Theorem 2.5. Let ) be a connected polyhedron with a Lipschitz-continuous bound-
ary or a polygon. If f belongs to H*~(Q) for some s with 0 < s < 1/2, then the
solution (v,q) of ZI2) belongs to H*T'(Q) x H*(Q) with continuous dependence

on f.

As mentioned above, the following result for the borderline case s = 1/2 is due
to Dauge & Costabel and written in [14]:

Theorem 2.6. Let Q be a connected polyhedron with a Lipschitz-continuous bound-
ary or a polygon. If f belongs to L¥/?(Q), then the solution (v,q) of @IZ) belongs
to H*?(Q) x HY2(Q) with continuous dependence on f.

3. THE EXACT PROBLEM

Since our primary purpose is numerical approximation, we suppose here that the
domain {2 is a connected polygon or Lipschitz polyhedron. In addition, to simplify
the discussion, we write the analysis for the three-dimensional case. All results
extend easily, with simpler proofs, to plane domains.

3.1. The problem in a semi-variational form. To begin with, let us put (LA)
into a weak variational form. By taking formally the scalar product of both sides
of (A with a test function v in V', applying Green’s formula and the identity

(3.1) V- (Vdo Vd) = %V(Wd\z) +(Vd)'Ad,
we obtain
d (u,v) + V(Vu,Vv) + (u : Vu,v) + )\((Vd)tAd, v) =0.

We shall see further on that a similar variational formulation is not needed for (I4).
This leads us to consider a “semi-strong” solution (u,d) of the penalized problem
([CA)—(T8)), verifying the system (LE) for u in the sense of distributions and the
system (I4)) for d pointwise a.e. in Q. To be specific, we introduce the following:

Definition 3.1. Let I be given in H'(0,T; H'(99)) and (uq,dy) in H x H'(Q)
verifying the compatibility condition I(0) = dg|sq. A pair (u,d) is called a “semi-
strong” solution in ]0, T[ of problem (LA)-(LY)) if

(3.2) we LA(V)NL®(H),
(3.3) de L>*(H'(Q)), Ade L*(L*(Q)), dlsaxjr =1

verify the equations

(3.4) d, (uv) T V(Vu,VU) n (u : vu,v) + A((Vd)md, v) —0, YweV,
(3.5) Od+u-Vd+~y(f(d) — Ad) =0,

and the initial conditions

(3.6) uli=0 = uo dfi=0 =do.

Remark 3.2. Since (2 is a Lipschitz polyhedron, the assumption on I and Theorem
23 imply that d belongs to L2(H*?(Q)). Therefore all terms in (34) are well
defined. Of course, when I € H(0,T; H3/2(8Q)) and € is convex or its boundary
is C11, then ([33) yields that d belongs to L?(H?()). O
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Remark 3.3. The functions u and d are continuous in time, owing to the additional
regularity
due L' (V') and 0.d e L*(L¥?()),

that can be established applying (82) and B3) to [B4) and B3], respectively.
Therefore, the initial conditions (B.6]) make sense. O

System ([B2)—(3.0) is equivalent to the original problem (L4)—(L8) in the fol-
lowing sense: If (u, d) satisfies (8.2)—(B.6]), then as for the Navier-Stokes equations,

there exists a pressure p in H—(0,7; L3(f2)) (at least) such that
du+u-Vu — vAu+ Vp+ A(Vd)'Ad = 0.
In view of (B]) and setting
p=p-Ivap,
we recover (LH). To simplify the discussion, we drop the tilde and denote p and
P by the same symbol p. Conversely, any solution of (L4)—(L8) with the above

regularity solves ([B.4)—(35).

3.2. Existence of solutions. The problem for d (given w) satisfies the following
crucial maximum principle; see [24] 8] [18].

Lemma 3.4. Let u be given in L2(V); let [I(t,x)] < 1 a.e. on 9N0x]0,T| and
|do(x)] <1 a.e. in Q and let d be a “strong” solution in |0,T[ of problem B3,
B3) and the second part of BH). Then d verifies |d(t,x)| <1 a.e. in Q.

Proof. Let us sketch the main points in the proof; a complete derivation can be
found in the references above. Multiplying (B3] by d, applying the identity

A(d-d)=2Ad-d+2(Vd)-(Vd),
and using the positivity of (Vd) - (Vd) = |V d|?, we obtain
(3.7) 9 (|d)* = 1) + 27 f(d)-d —vyA(ld]* = 1) + (u-V)(|d|* =1) <0 a.e. in Q.
Setting

U(d) = (|d]* — 1)+,
which belongs to Hj(£2), observing that

F(d)-d(d 1), >0 and that /Q(u V) (1d[? 1) (d) dz = 0,

and taking the inner product of (B7) in 2 with ¢ (d), we obtain formally the
inequality:

d .
%Hw(d)HQLQ(Q) +27[[Ve(d)||72(q) <0 ae. in]0,TT.

Together with the fact that (dp) = 0 in €, this implies that ¢(d) = 0 a.e. in Q,
and therefore |d| <1 in Q. O

The proof of existence of solutions is based on this principle. It is used by [24]
in the case where ! is independent of time (i.e. I = I(x)) and by [§] in the case
of time-periodic solutions. To handle theoretically the variable non-homogeneous
boundary condition, we propose an adequate lifting similar to that used in [8]: For
any t a.e. in |0, T, we define d(t) as the solution of the elliptic problem

(3.8) ~Ad(t)=0 inQ, d(t)|sq =L(t) on 09,
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and we set

d=d-d.
Clearly, as dis known, finding d is equivalent to finding d. Tt stems from Theorem
3 that d € H(0,T; H?’/Q(Q))7 since I € H'(0,T; H'(09)). In particular, de
L (H'(Q)Nn L2(H3/2 (€)) is the solution of the elliptic problem Ad = Ad and
d|ag =0.

Remark 3.5. The regularity assumption for I can be relaxed. Indeed, in what
follows, we only need that

de L*(H'(Q), 0de L*(L*(Q)). 0
With this lifting, we can prove the following existence result:

Theorem 3.6. Let T > 0 and ) be an open, bounded, connected Lipschitz polyhe-
dron. For given uo € H, dy € H* and l € H*(0,T; H*(9Q)) such that 1(0) = dy
a.e. on 09, |do(x)] <1 a.e. in Q and |l(t,x)| < 1 a.e. in ON0x]0, T, the coupled
Navier-Stokes and Ginzburg-Landau model [LA) (LX) has a global “semi-strong”
solution (u,d).

Proof. Let us sketch the proof; several arguments can already be found in [24] and
[8]. We proceed in four steps.

i) A priori energy equality. Assume that ([4)—(L8) has a sufficiently smooth
solution (u,d). Using the lifting function d, taking into account that Ad = Ad,
choosing v = u in 4], multiplying () by A(f(d) — Ad), adding the resulting
equations, and applying twice the relation (L3), we obtain the a priori energy
equality, as in [§]:

d /1
G (Gl 5198 @y + ) | Fld)dw) + vVl
(3.9)

2 £(d) — Adf3aq) = A/Qatﬁ . Adda.

In [24], where I = I(x) does not depend on time, a similar equality is derived with d
instead of d and right-hand side zero. This is possible because, in this case, Green’s
formula yields

1d
— 0, d)Addx = — — vd|?dx .
/Q< ,d) 53 [ 1vd

ii) Construction of a semi-discrete Galerkin solution. Let (up,,d,, = ?zm + 3)
be an approximate solution defined by a semi-Galerkin method, where B4 is
discretized in a suitable finite-dimensional subspace V,, of V' and B3] is solved
exactly for d,,, knowing w,,. Existence (and uniqueness) of such approximate
solutions is not straightforward, because a fixed-point operator R: v =+ d — u is
constructed by formulating decoupled problems, first for d and next for w. Then,
the weak estimates for u depend on strong estimates for d, and these in turn depend
on weak estimates for v. The argument in [24] consists in obtaining local in time
approximate solutions (that are fixed points of the above operator R) and extending
them by a continuation argument that allows to reach any time, by progressing on
small time intervals of fixed length.

iii) A priori estimates for the semi-discrete Galerkin solution. Since d,, solves
exactly B0) with w = u,, € V, then the maximum principle given in Lemma [3.4]
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implies that
(3.10) |dn] <1 a.e. in Q.

On the other hand, it is easy to check that the pair (u.,,d,,) satisfies the energy
equality [B9). Therefore, using (BI0) and (2]), we derive from [B.9) that

(3.11) W, is bounded in L*(H)NL*(V),
(3.12) d,, isbounded in L®(H'(Q)),
(3.13) Ad,, isbounded in L*(L*(Q)).

Then, by virtue of Theorem L3, each coefficient of V d,y, is bounded in L2 (HY2(Q)).
Moreover, substituting estimates BII)-BI3) into the equations B4)-B3H) for
(U, d) and using BI]), we obtain
(3.14) Oditt,, is bounded in  L'(V'),
(3.15) dyd,, is bounded in L?(L*/?).

iv) Compactness and passing to the limit. It follows from BI4)), (BI5) and [36],
that u,, and Vd,, are compact in L? (Lz). Then a standard argument permits us

to pass to the limit as m — oo in the non-linear terms of B4)—-@3A) for (w.m,, d.),
thus yielding existence of a solution. O

3.3. An equivalent problem. The maximum principle in Lemma [B.4] suggests to
truncate the penalty function f, i.e., define f by

F =-S0-lap), ie F@={ 5@ L=t

Observe that f(d) = f(T(d)), where

d if |d| <1,
T(d) = .
—  otherwise,
|d]
and } has the potential function F:
~ ~ ~ 1 2
(3.16) vd € RV, f(d) = Va(F(d)), where F(d) = = [(1 - |d|2)+] :

Hence, we replace f by }' in (B.3) and it is easy to check that this leads to a problem
equivalent to (B:2)—(6]), whenever the assumptions of Lemma [34] hold.

Proposition 3.7. Let |l(t,z)] < 1 a.e. on 00x]0,T[ and |do(x)] < 1 a.e. in Q.
Then (u,d) is a semi-strong solution of B2)-B6) if and only if it is a semi-strong
solution of the same problem with [B3H) replaced by

dd+u-Vd+~(f(d) — Ad) = 0.

From now on, we shall replace f by the truncated function }; in particular, we
shall use the bound

(3.17) vd e R, |f(d)| <72,

and refer to the Appendix for other properties of f
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4. A MIXED FORMULATION WITH AN AUXILIARY VARIABLE
In order to eliminate Ad in [B4) and ([B3), we define the auxiliary variable:
w=—VAAd = —pAd = —MAE where p = VA

Considering that d vanishes on 012, the relation between d and w is expressed in
variational form through:

Vg € H(l)(Q), M(Va, Vg) — (w,g) =0.

Thus, each w in L*(Q2) (and even in H*(Q)) defines a unique din H}(Q) and we
have the isometries:

(4.1) |wllg-1) = plIVdlrz and [|w|rz@) = pllAd]|rz).
Then, recovering the pressure p, we can replace (34) and (BE) by the equivalent

formulation

Yo e HY(Q), d (u v) + Z/(V’u, Vv) + (u : Vu,v)

—u((Vd)tw,v) - (p,v-v)

(42) Vee LX(Q), *y(w,e) iy {dt (d, e) n (u Vd, e) +7(;‘(d),e)} _0,
Vg e L3(Q), (v : u,q)

Vg € Hy(Q), M(V?i, Vg) — (w,g)

where d = d + d, d solves BR), uw € L®(H)NL*(V), d € L=(H"'(Q)) N
L2(H?(Q)), w € L2(L*(Q)), and p € H1(0,T; L3(Q)). Since H3/2(Q) is em-
bedded into W3(Q), all terms in the first two lines of {A.2) are well defined.

o~

As the last line of (2] defines d (and hence d) in terms of w, we can swap w
and d and consider that w is the main variable while d is the auxiliary variable
that can be computed from w. Hence, if w belongs to L?(L*(Q)), it follows from
Theorem [Z3 that d belongs to L2(H??(Q)). With this idea in mind, let us set (2)
into a mixed framework, introducing the following bilinear and trilinear continuous

forms:
al(u,v) = u(Vu,Vv) Vu,ve H(Q),
b(u,q) = —(v-u,q) Vue HY(Q), ¢ € LX),
cl(ﬁ,u,v) = (ﬁ'Vu,v) Va,u,v e H(Q).

On one hand, the identity
Vd,v,weRY, (Vd)'w-v=(v-V)d- w,
implies
Vde W3 (Q),w e L*(Q),v € H'(), ((Vd)tw,v) _— (v,d, 'w).

On the other hand, in order to enforce the well-known antisymmetry of ¢; (ﬁ, “ )

VueV, Vu,v e Hé(Q), c1 (ﬁ,u,v) =— (ﬁ,v,u),
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that may not necessarily hold when V is discretized, we replace c; (E, u, v) by

a(ﬂ,u,v) = % {cl(ﬂ,u,'v) — cl(ﬁ,v,u)} = cl(ﬂ,u,v) + %(V~ﬂ,u~v>.
Then the first two lines of [@2]) have the form
(4.3) dy (u,v) +ay (u,'u) +a (u, u, v) —pe (v, d, w)
+b(v,p) =0 Yove HQ),
(44) ~ (w,e) +p {dt (d, e) +c (u,d, e) +’y<}(d),e)} =0 Veec L*(Q).
Finally, defining the spaces
X =HyQ) x L*(Q), Y =HyQ)x W(Q), M =LQ) x Hy(Q),
and the bilinear and trilinear forms a: X x X - R, c: Y x X x X — R through
a((u,w), ('U,e)) =a (u,'v) + ('w,e) V(u,w), (v, e) € X,
{ c((ﬂ, d), (u,w), (v, e)) =0 (H,u, 'u) + 1 {cl ('u,7 d, e) - (v, d, 'w)} ,
V(u,d) €Y, V(u,w),(v,e)eX,

we can express more compactly (£3]), (£4]) together with the last two lines of (£2])
and obtain the following problem: Find w € L>(H) N L*(V), d € L™(H'(Q)) N
L2(H??()), w € L*(L*(Q)) and p € H~1(0,T; L2()) the solution of

dy ((u7 ud), (v, e)) + a((u, w), (v, e))

+c((u, d), (u, w), (v, e)) + b(v,p) 4y (}(d), e) —0 V(v.e)eX.
(4.6) b(u,q) + M(VcAi, Vg) — (w,g) =0 VY(g,9) € M,

with the initial conditions (3.6)),

(4.5)

uli—o = o d|i=0 = do,
where d = d — d, d solves BR):
—Ad(t)=0 inQ, d(t)oq=1t) ondf, ie., (Vd,Vg)=0,Vge HLQ),

lis given in H'(0,T; H*(99Q)) and (ug,dp) in H x H*(Q). The above considera-
tions show that this problem is equivalent to (3:2)—(3.8l).

The following properties of a(~, ) and b(', - ) are easy to prove.
Lemma 4.1. The bilinear form a(-, ) : X x X = R is continuous and coercive:
v (u,w), (v,e) € X, af(w,w), (v,€)) < max{y, 1} |u, w]x|v, ellx.
V(u,w) € X, a((u,w)7 (u,w)) > min{v, v} ||u, w|%.

The trilinear form c(-, . ) 1Y x X x X — R is continuous:
V(u,d) € Y,V(u,w), (v, e) € X,

(4.7) _ _
o (@ d), (u,w), (v,€)) < CIE | (@) cwrs(ollus wlx v, el x
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and verifies:

(4.8) V(@,d) €Y, V(uw) < X, c((ﬂ, d), (u, w), (u,w)) —0.

5. A FULLY DISCRETE SCHEME

Recall that ) is a bounded, connected Lipschitz polyhedron in R3. Let T be a
family of conforming triangulations of Q, consisting of tetrahedra T with diameter
hr bounded by h, regular in the sense of Ciarlet [I0]: there exists a constant o,
independent of h, such that

(5.1) VTEE,h—T::aTSU,
PT

where pr denotes the diameter of the ball inscribed in T'. To simplify the discussion,
we concentrate on finite element spaces of order one, but the following analysis
carries over to elements of higher order. For an integer £ > 0, let P, denote the
space of polynomials of total degree less than or equal to k. At each time step, we
discretize the velocity w and pressure p with a continuous stable approximation;
more precisely, in each T we take the mini-element (P; + B)3 x Py, where B is
spanned by the bubble function

(5.2) by =11\,

and ); are the barycentric coordinates of the vertices of T'. It satisfies the inf-sup or
LBB condition; cf. for instance [I5] or [2]. Then, we discretize the direction vector
d by a continuous approximation P; in each 7" and the auxiliary function w by
discontinuous approximation Py in each T. Thus, we introduce the finite element
spaces:

(5.3)  Un={v,€C’(Q)*; VT € Tp,vnlr € (P1 +B)*},
Uon = U, N H()  (velocity),
P, ={qn €C°(Q); VT € Th,qn|r € P1} NL3(Q) (pressure),
Wi, = {wy, € L*(Q)%; VT € Tp,, wy|r € Py} (auxiliary function),
Dy, ={g;, € C°(Q)*; VT € Th, gp|r € P}
Do, = D, N H () (direction vector),
(5.7) Vi ={vn € Uon; Y € Py, b(vp, qn) = 0}
(discrete divergence-free velocity) ,

and we set X;, = Ugp, X Wy, and My, = P, X Dgp,.
As far as discretization in time is concerned, we choose an integer M > 2 and

define the time step and subdivision points:
k= T t,=nk,0<n<M
=77 tn=nk,0=n<M

For a sequence (v"),, we denote the (backward) divided difference in time by

1 _
o™ = E(U" —o™ ).

Next, we define a discrete lifting of the boundary data I. As 2 is a polyhedron,
the trace of 7 on 02 induces a conforming triangulation, 07, of 992. Let SZ,
denote the following Scott & Zhang [34] regularization operator on Dj. With each
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node a of T, we associate once and for all a face eq of T;, with vertex a, with the
restriction that e, be contained in €2 when a is a boundary node. Then, for any
function v € WH1(Q), and all vertices a of Ty, we define

(5.8) SZpv(a) = é/ v(s)ds,

and we interpolate these values with Py functions in each T'. The operator SZ;, is
stable in W11(Q) and has optimal approximation properties. The trace of SZ,v
on JN) depends only on the trace of v on 02 and vanishes if v vanishes on 9€2. Thus
it defines an interpolant of v|spq on 9Ty that we denote by SZpv. Furthermore,
it follows easily from (B.8]) that the constraint |d| < 1 implies |SZ,d| < 1. Now,
recall that I is continuous in time and belongs to H'(9f); therefore at each time
t, we define the discrete boundary values by 1} = SZ;(l(t,)). For analyzing the

numerical scheme, it is convenient to introduce the solution chZ € Dy, of the discrete
problem

(5.9) d oo =1 and Vg, € Doy, (VEZ,Vgh) —0.
By using the stability of SZ,|aq in H'/?(0Q), one has

ldnlle @) < C Nl /2 000) = 1SZl(t) | H12000) < CIUE) 172 (00)-

As an initial step, we take for u) a suitable approximation of ug in Upy, stable
~0 ~0
in L*(Q), we take d) = SZ,dy and we set d;, = dj — d,,. In particular, dj and

~0 ~
d;, are approximations of dyg and dy in Dy, and Dy, respectively, both stable in

H'(Q).
Then the fully discrete scheme proceeds as follows:

~n—1

Step n in time (n > 1). Knowing (uzfl,azil) € Upp, X Doy, (with d;Tl =d, +
3271)7 find (u},w}) € X, and (pZ,&Z) € My, (with dj, = cAlZ + ZlZ) solution of:
(5.10)  (G(uhindy), (v.0)) + o (uflwh), (v.e)) +b(v.p})
e i), (ugwp), (v,€))
~ _ ~n
= (vFdp) +dye) Vive) € X,

(5.11) b(uZ,q) —I—M(VCAlZ,Vg) — (wﬁ,g) =0 V(g,9) € Mp.

It is easy to check that (BI0), (510)) is a square linear system in finite dimension;
therefore, uniqueness of its solution implies existence. Uniqueness of u}, w} and

QZ follows from the energy estimates (513)) in the next subsection; then uniqueness
of p} is a consequence of the inf-sup condition (see [3], [7], or [15]).

Remark 5.1. Of course, the particular lifting EZ satisfying (5.9)) is only a matter of
theoretical convenience and (5.10), (5.I1)) is equivalent to: Knowing (u) ', d} ') €
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Uon X Dy, find (u}},w}) and (p}, dy) with dj |aq = I}, the solution of:
(6 (s ntp). (v,€) ) +a((uhswh). (v,€) ) +b (v, 7
ey ), (uf wh). (v, )
=—n(vF(d; )e) Vwe) e X
b(uZ,q) —I—,u(VdZ,Vg) - (w}f,g) =0 VY(q,9) € Mj.
Moreover, in practical situations, we can assume that [ is continuous in space (e.g.

a little better than H'(9Q) when N = 3). Then for implementing ([5.12)), we
approximate by interpolating its pointwise values on 97},. ([

(5.12)

Remark 5.2. Owing to the degree of the polynomials, if the inner dihedral angles of
each T in T}, is not larger than 7/2, then d), defined by (5.9) satisfies the maximum
principle (cf. Ciarlet [I0]) and hence

Ve e, |EZ(:E)’ <1 O

5.1. Energy estimates. In the sequel, C' denotes different constants, always in-
dependent of k and h, but possibly depending exponentially on 1/&2.

The following stability result is obtained by using standard techniques in the
Navier-Stokes framework: by choosing (v, e) = (u}, w}) € X}, as test functions in

EI0) and (¢,9) = (pﬁ,uétaz) € My, in (BI0)), taking into account that

B3 10, 2 < C / 022 g0y < C

n>1

and using the coercivity of a(~, ) and the antisymmetry of c(-, ° ) given in (3],

ie.,
o ™), (up, wh), (up,, wh) ) =0,

Lemma 5.3. There erists C = C(Q,v,7, A, |[uo, dol| L2 (0)x 51 (0): L, €) > 0 such

that

(5.13)  sup |up,dyllL2@)xm (@) < C, kz [uhs Wil @) x 2 ) <
0<n<M
M -

(5.14) Z Jup — ujy ! dh d;, ”%,Q(Q)XHl(Q) <C.
n=1

As H&ZHHl(Q) < C|[U(tn)l 172 90) the assumptions on I imply that

SUP Hdh||H1 @ <C;

0<n<
therefore, the first part of (BI3) yields
(5.15) 0<SUP ldh ey < C-

Remark 5.4. When applying Gronwall’s Lemma in the proof of Lemma [B.3] the
term gy f(d} ') in the right-hand side of (G.I0) is responsible for the exponential
dependence of C on 1/&2. O
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5.2. W13 a priori estimates in space for the director field. From now on,
in order to apply some inverse inequalities, we assume that the triangulation of €2
is quasi-uniform: There exists a constant 7, independent of h, such that

(516) VT€77L,Th§hT§O'pT.
The following crucial result enables us to bypass a C' discretization of d.

Lemma 5.5. There exists a constant C > 0 (independent of h and k), such that,
for each n > 1, given wj, the solution dz of BII)) satisfies:

(5.17) 1y [[wrr@) < Cllwylle @),

where r =3 and s =3/2 if N =3, andr =4 and s =4/3 if N = 2. In particular,
for each n > 1,

(5.18) ldyllwis) < CllwgllLzo)-

Proof. We sketch the proof for the reader’s convenience; it is a standard application
of Sobolev imbeddings, elliptic L? regularity, inverse inequalities and approximation
properties of SZj, (cf. for instance [15]). Let wj € W}, and let cAl(h) € H*(Q) solve
the problem:

(5.19) —pAd(h) = w} inQ, d(h)=0 on 9.

According to Theorems 2] and 23] we have
o If N =2, then d(h) € W>*3(Q) and [|d(h)||y2.4/5(0) < C W} ]| /3 (c-
o If N =3, then d(h) € H**(Q) and [[d(h) o2 () < C llw}ll zo/2(c)-

When N = 2, Sobolev imbedding W4/3(Q) < Wh4(Q) yields [|d(h)|w14(q) <
C'|lw} || /3 (q), and when N = 3, Sobolev imbedding H3/2(Q) — W3(Q) gives

(5.20) ld(R)llwrs@) < Clwpllparzq)-

Let us write the remainder of the proof for N = 3, the proof being similar and
~Nn
giving a sharper result when N = 2. We split V d,;, as follows:

IV dyll Loy < IV(dy — SZid(h))]| sy + IV(SZpd(h) — d(h))| L2
+ IV d(h)|| 30

The last term in the above right-hand side is bounded by (&.20) and a bound for
the second one follows easily from the stability of SZ;, and ([@.20):

15Znd(h) = d(h)llwr30) < Clld(h)|lwrs(0) < Cllwyllps/zq)-

Therefore, it suffices to estimate the first term. For this, setting (E.19) into vari-
ational form and comparing with (&.I1]) with ¢ = 0, we obtain the orthogonality
relation

(5.21) (V(EZ —d(h)), vg) —0 Vg e Do
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Consequently, taking g = cAiZ -5 Zha(h) € Doy, using the approximation properties
of SZj, and (5.20)), we derive

IV (d), — SZnd(h))l| L2 () < V(d(h) — SZyd(h))]| L2(a
(5.22) < CRV2 ) g2

< Ch1/2||w2”L3/2(Q)'

Then the inverse inequality (that holds on any finite-element space defined on a
quasi-uniform triangulation in three dimensions)

lvnllzs) < Ch™Y2|on) L2,

yields
(5.23) IV(dy, = SZnd(h))||Ls ) < C llwillL3/2(0)
and (BI7) follows from these inequalities. O

Remark 5.6. When Q is convex, as (5.2]]) means that cAlZ is the finite-element elliptic
projection of d(h), the sharp results of [33] and [6] give immediately

n ~
IVdyllLz) < [IVA(R)] L3

Also, in this case, a(h) belongs to H?(Q) and the above argument permits us to
somewhat relax the quasi-uniformity of the triangulation. But we prefer to avoid

this convexity assumption. O
Note that (BI3) and (BI8]) imply
(5.24) EY Ny l3ysq) < C-
n>1

Furthermore, the proof of Lemma also shows that

(5.25) ldy llw sy < C 1t |2 (002

Indeed, as I(t,) belongs to H'(9€), so does I} and by virtue of Theorem 23 the
solution d(h) € H*(Q) of

—Ad(h)=0 inQ,  d(h)=1} on %,

belongs to H/2(Q) and ||c~l(h)||H3/z(Q) < C|Utn)l gr/2(90)- Then the proof of
(BE23) proceeds as in Lemma Hence

B s o) < C

n>1

and therefore

(5.26) B ldhlyisq) < C-

n>1
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5.3. A priori fractional estimates in time for the discrete velocity and
director fields. To prove compactness in time of uj and d}, let us sharpen (5.14)
as follows.

Proposition 5.7. There exists a constant C' > 0, independent of h and k but
depending on €, such that for all integers £ with 1 << M —1,

m m ~m+t
(5.27) =k Z (|, T up', pldy, - )||L2(Q)><H1(Q) c k)1/2

m=1

Proof. Let us sum (&I0) over n from n = m + 1 to m + £ and take (v,e) =

('u,hmM —up, leH — w}') as test functions. Owing to (.I1), we have
Al o~
,u(V(dhm - dhm),Vg) = (w;{”rz wzl,g) b(u;{”rz - uhm,q> =0.
This gives
~m—+£ ~m Y ~m—+L ~m
(nd" =) wp ™ —wpt) = V@ =)0
and
m-+£
S bt ) =0
n=m-+1
Therefore,
Y ~m—+£ ~m
HUZLJF —up'p(d,  —d, )H%ﬁ(ﬂ)le(Q)
m+-£
= k> o wp), g wp — w)
n=m-+1
m-+£
k7 e, G wh), (g i wp = w))
n=m-+1
m-+£
kg Y (yf (dp 1) + Gody, w™ f—whm).
n=m-+1

Let us multiply the above expression by k, sum it over m fromm =1tom = M —/
and invert the order of summation; then n runs from 2 to M and m runs from
max(1l,n — ¢) to min(n — 1, M — ¢). The contribution to I, of the term involving
a1 has the bound:

M—¢ m+L

k2‘z Z (Vuh, uZlH—uZL))‘

m=1 n=m-+1

min(n—1,M—£)

M
SEvY IVuilze D V@t = ui)llez o)

n=2 m=max(1l,n—~)

But
min(n — 1, M — ¢) — max(1,n —¢) < {—1.
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Therefore, a Cauchy-Schwarz inequality applied to both sums yields

M—¢ m+4

RIS o(Vup Ve — )| < vlke - 10) 2k - 1))

m=1n=m-+1

M
/
X (Z k”VUZH?'ﬂ(Q ) (Z E(IV(u mH _uhm)H%Q(Q))l 2'
n=2

In view of the second part of (B.I3]), both sums in this right-hand side are bounded
by a constant C, independent of h and k. Thus

M—€ m+/L

(5.28) kQ‘Z 3 (Vuh, u u;y))‘gcy(ke)l/?Tl/?.

m=1 n=m+1

By replacing all occurrences of Vu}'L by wz, the term involving ae has a similar
bound with another constant C:

M-t m+L
(5.29) lﬂz 3 (wh,w;”f—wgb)‘ < Cry(kO)M2TV2,

m=1n=m-+1

As far as the non-linear terms are concerned, consider the term ((V dZ_l)th,

UTH u}"). By the above argument and Sobolev imbeddings, we obtain

M—¢ m+tL

uk‘Q‘Z Z (Vd" Dl ZL)

m=1 n=m-+1

< Cu(k(t —1))+/?

M—-1

x (fj Hhw ) (30 kIV i)

n=1

= m-i-f m\ (|2 1/2 1/2
< (3 IV = up)3) < Culk0)2,
m=1

owing to the second part of (513 and (G.20).
In view of ([BI7), the term involving f has the bound

M—¢ m+L

W30 30 (P i i)

m=1 n=m+1
M—¢

p m 12
< VE—2|Q|1/2TU‘?(£ - 1))1/2(2 k”’wZnM —wp H2L2(Q)>

m=1

<Oy Q2T (ke) 2,
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Finally, the term involving &ﬂZ has the bound

M-~ m-+L

,uk2’ Z Z (515&:,1112”“ - wzl)‘

m=1 n=m+1

1/2771/2 < i) 12 (= m+- mi2 1/2
< k(e =) (S bl 3 ) (D Iwp = witl3ee )
m=1

n=2

< Cu(k€)1/2T1/27

owing to (23] and the assumption on I. Then ([E27)) follows by collecting these
estimates. (]

Remark 5.8. As stated in Remark [.2] there are particular meshes on which the
~n

lifting d;, satisfies the maximum principle. But extending this result to d} is

problematic. In particular, the steps in the proof of Lemma [3.4] cannot be applied

to the discrete system (.10, (GIII). O

5.4. Weak convergence. In order to establish convergence, it is convenient to
associate the following functions with the solution of (BI0), (BI1). First, let
upe € CO([0,T]); H5(Q)) and dy, € CO([0,T); H'(R)) be affine in each subinter-
val [tn—1,ts), 1 < n < M, with wpi(t,) = u}, dpi(t,) = dy, 0 < n < M. Next,
let up,, ul,, dj,, di, be constant in each subinterval |t, 1,t,[, 1 < n < M,
. ! -1 gn—1
with (Wi, di)l, 0 = (i dh)s @hidiily, o, = (up o dy ) respec-
tively, 1 < n < M. We define similarly the continuous functions dpx, dpr and
v~ Al ~1
the piecewise constant functions wyj,, d,:k, d,:k, d,, and dj;,. Then the scheme

EI0)-(ETID) can be written in terms of these functions as follows, eliminating the
pressure as usual by taking v in V3, see (@.1):

V(v,€) € Vi x Wi, (diunk, pdin), (v,€)) +a(whewp), (v )

30 + C((uﬁma dém)a (W, W), (v, 6)) =—p (7 ?(dik) + dtahk, €>7
and
(5.31) V(q,9) € My, b(“ZmQ) + M(VCAZZ/WVQ) - (w2k7g) =0.

Lemma [5.3] implies, in particular, that the following inclusions hold with con-
stants independent of k£ and h, but depending on &:

~r ~ ~
(Whis dpge)s (Uiuw d1.); (unk, dpi) in LOO(LQ(Q) X Hl(Q))a
(uhy, why) in LP(H'(Q) x L*(Q)).

Furthermore, it stems from (BI5) that the following inclusions are also uniform in
h and k,

d”f‘bk}’ diwkv dpy; in LOO(Hl(Q))
Moreover, ([5.14) easily implies that
~7 ~1
l[why, — wh, dpy, — Al 22 @) xH (@) < Ck'/2,

(5.32) . R "
[y, — Wik, A — ikl L2 (22 () () < C K2

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



802 V. GIRAULT AND F. GUILLEN-GONZALEZ
Finally, (5.24)) and (&26]) yield that the next inclusions are uniform in h and k:
iy djy in L (W2(Q).
From these uniform bounds, we infer that there is a subsequence (h', k") C (h, k),
still denoted by (h, k), and limit functions (u", (Alr), (u!, ;ll)7 (u,d) and w such that

ol (g d) = (a7 d ) weakdy® in L¥(L2(5) x H'(),

ol (e dy) = (@) weakly* in L (L(©) x H'().

(h7k1)ig1(070)<uhk,3hk> = (u,d) weakly* in L°(L*(Q) x H'(Q)),

(h,k%go,o)(qu’w2k> = (u",w) weakly in L?(H'(Q) x L*(Q)).

Next, ([5.32) implies that the limit functions satisfy

~
r l r

u =u =u,d :al:a.

~ ~1 ~
Similarly, the properties of the lifting sequences d;k, d;;. and dpk, imply that this
convergence can be extended to dj, dﬁlk and dpi. Finally,

(hllicr)n OcAle = d weakly in LAW3(Q)).
SR )—

Clearly, these weak convergences together with the approximation properties of
the finite element spaces Uy, P, Wy, Dy, and Vj, (for which we use the inf-sup
condition), allow us to pass to the limit in all bilinear terms of (B30) and (G31)).
But passing to the limit in the non-linear terms requires compactness in space and
time. While compactness in space is a straightforward consequence of Sobolev’s
imbeddings, proving compactness in time is much more delicate. This is the object
of the next section.

5.5. Compactness and passing to the limit. For proving that
. 1 l r T —
(h,k%lin(o,o) c((uhka dpp), (ups, wiy), (v, e)) = C((ua d), (u, w), (v, e)>7
(Fidh).€) = (F(a).e),

lim
(h,k)—(0,0)

which will lead to the conclusion that (u, d, w) solves ([@H]), [@0]) with test function
v in V', it suffices to show that the sequence of functions (quad;k) is compact
in L2(L*(Q) x H'(Q)). Indeed, in view of (5.32), the same result will be true for

(ub,, ahk) and (upk, ahk) This compactness argument will be split into two steps:
Step 1. Compactness of (u;k,ﬁzk) in L2(L*(Q) x L*(Q)).

We shall use the following theorem applied to (uf,, Zt;k)
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Theorem 5.9. The sequence of solutions (uzk,a;k) is compact in L*(L*() x
L?(Q)) if there exists a constant C, independent of h and k, such that

(5.33)
T—6 -, .,
V6 €10, T, /0 | whi(t 4 0) — whi(t), pldyy,(t+6) — dhk(t))H%?(Q)le(Q) dt
<2

Proof. Considering that the sequence (uj,,, Zl;k) is bounded in L?(H*(Q)x H'(Q)),
the Kazhikhov’s type a priori fractional estimate in time (£33]) implies compactness

of (uzk,azk) in L2(L*(Q) x L*(Q)), as a consequence of a vector extension of
the Kolmogorov’s characterization of relatively compact sets in L2(0,7T); see for
instance [36]. O

The corollary below states that the a priori estimate (533) stems from Proposi-
tion B.71
Corollary 5.10. Proposition B.1 implies that the sequence of solutions (ugk,ﬁzk)
is compact in L?(L*(Q) x L*(Q)).

Proof. We must prove (5.33]) for all real numbers § €]0,T'[, and it suffices to write
the proof for uj,. The argument depends upon the value of J.
(i) If 6 €]0, k[, then for any function f in L'(0,7), we can write

/0T5f(t) dt = Miz </t;"’+15f(t) dt+/t:jléf(t) dt) +/t::6f(t) dt.

=0
As the functions uj, are independent of time on each subinterval ]t,_1,%,], 1 <
n < M, this splitting leads to:
M—1

T—§
/O et +8) = (8) 2y dt =6 3 i — w22 -
=1

But (5.14) implies that
M-1
0 ™t = w1320 < C6,
i=1

and as § < k and necessarily k < 1, this implies (533]) for 0 < 0 < k.

(ii) Now, let 1 < ¢ < M — 1 and take 6 = k. Proceeding as above and applying
BE27), we easily derive:

T—0k M-t .
| bl ) w0y e = kY = w3 < OB
m=1

This establishes (533) for 6 = ¢k.

(iii) Finally, consider the remaining case where 1 < ¢ < M —1 and § = k(£ + 1),
with i €]0, 1[. Then the left-hand side of (5.33]) splits as follows:

T—6
/0 s (t + 6) — (82

M—2 M—(+1)
Y 0
= k(L) 3 et gyt R D T g
m=1 m=1
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Applying (527), this becomes:
T—6
| et 8) = w0l dt < CR2 (1= m)e s n(e+ 1)2).
0
But all  €]0, 1] and all positive integers ¢ satisfy

(=2 + (0 + D2 < V2L )2,
whence (£.33) holds for § = k(¢ + n) and therefore in all cases. O

Step 2. Compactness of dj ;. in L>(H'(Q)).
The compactness of 3;k in L2(H(Q)) follows from the convergence

(h)kl)i_{ﬂ(o’o) dpnillz2 (o)) = 4l L2y )-
Indeed, by taking g = d,, in (B31), using the compactness of d,, in L2(L*(Q))
and finally taking g = d in ([Z0), we obtain
T

[ 1980yt = [ (@ ) [ (i) ao )

T
= | IVd(®)]Lq) dt.
0 )

Then the compactness of the lifting sequence E;k, yields the compactness of d} ;. in
L2(H' (%)),

By combining this with the material of Section 5.4l we obtain immediately the
following convergence theorem.

Theorem 5.11. The limit functions w, d and w solve problem (AX), @6l with
test function v in V.

Remark 5.12. As in the Navier-Stokes equations, establishing convergence of the
pressure is more delicate because it involves convergence of the time derivative of the
discrete velocity whose proof is fairly long and intricate; cf. Lions [27] and Temam
[37). To avoid this difficulty and save space we turn directly to error estimates. O

6. ERROR ESTIMATES

In this section, we shall prove that, if the exact solution is sufficiently smooth,
the error of the scheme (.10), (1)) (or equivalently (5.12])) is of order one in time
and space. As usual, this is achieved by inserting in the error equations suitable
interpolations of the exact solution.

We shall need to approximate both the velocity and its time derivative by the
same operator, and since we do not want to impose much regularity on this de-
rivative, we need an operator that is stable in a larger space than W11(Q). For
this, it is convenient to use the following variant Jj, of SZ, introduced in [14], that
takes averages in elements instead of faces. Thus, for each interior node a of Ty, we
associate once and for all an element T, of T, with vertex a, and for any function
v € L'(Q), and all interior vertices a of T;,, we define

1

(6.1) Jrv(a) = m -

v(x) dx.
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To enforce the zero boundary value, we set Jov(a) = 0 on all boundary vertices
a, and we interpolate these values with P; functions in each T. This operator is
stable in L"(2) for any r and it has optimal approximation properties in spaces of
functions that vanish on the boundary. Now, to approximate the velocity in each
element T, we define the operator I, by

1
(6.2) Yve Ll(T) , Ihv|T = Jh’U|T + brer, er = m / ('U - th)(a:)das,
7 9T4T JT

where by is the bubble function defined in (B2]). By construction, Iv belongs to
Upy, if v belongs to Ll(Q) and it is easy to check that the approximation properties
of Ip, stem directly from those of J,. Furthermore, it satisfies

(6.3) VT € Th, Yo € LY(T), /T(v — Iv)(x)dx = 0.

This property implies on one hand that (cf. [15])
(6.4) Yo € HY(Q), Yau € Py, (v (v — Iyw), qh> =0,

which in turn implies a uniform inf-sup condition. On the other hand, (63)) readily
yields that

(6.5) Yv € LQ(Q) , v — Ih’UHH—l(Q) <Chl|v- Ih’lJHLz(Q).

We approximate the director field and the pressure with the regularization operator
SZy, defined in (5.8)). Strictly speaking SZ;, does not preserve the zero mean value
in Q, but it is easy to correct it without changing its approximation properties.
To avoid a multiplicity of notation, we still denote the corrected operator by SZj,.
Finally, we approximate the auxiliary field w by the L? projection operator K, on
constants in each T

1
(6.6) VT € Th,Yw € LA(T) , Kpw|r = m/ w(z)dz.
T

In addition to ([G.5]), we shall use the following approximation and stability prop-
erties of Ip,, SZ;, and K}, valid for any number p € [1, oo]:

(6.7) [ Thvllwn e @) < Cllvllwnr@) n=0,1,
[1hv = vllwne) < Chlvlwntie) n=0,1,
(6.8) 1S Znd — d||wn.r ) < Chldlynire) n=0,1,
(6.9) [Kpwl[re@) < Cllwllie),  [Kpw —wllre) < Chlwlwieg),
(6.10) 1S Znp = pllL2) < C hlpla (o)

With these operators, we define the (fully discrete) errors

=uy — Ihu(ty), ej:=dy —SZyd(t,), el :=wp — Kyw(ty).

e w

n
u

6.1. Consistency errors. By integrating (L)) with respect to time between t,,_1
and t,, by taking ([@0]) at time ¢t = ¢,, and by subtracting (5IZ), we obtain the
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806 V. GIRAULT AND F. GUILLEN-GONZALEZ

error equations respectively for all (vp,ep) € X}, and (qn, g;,) € Mp:

ko ((u(t) = uf p(d(ta) — 7)), (vn.en))

# [ a0 - hawto) —wi)oonen)a+ [ o(onnto) - i)

n—1 n—1

1)+ [ (et a0, (o) w0, (o)

n—1

— oy dp ), (it wp), (vnsen)) )t

+ M/ttn (?(d(t)) — f(dp), eh)dt =0,

n—1

(6.12)  b(u(ta) — uf,an) +u(V(d(t) - 7).V gy) — (w(ta) —wi.g,) = 0.

This system involves the following consistency error terms (the derivative with
respect to time is denoted by a prime):

5;;,1(%%):/; (') = D' (8), p(d (1) = SZ4d (1)) (wonre) )t

n—1

Ena(vn,en) =& o 1(vn,en) + & o o(vn, en)

_ /ttn af (u(t) = uult), w(t) = Knw(®)), (vn,en) ) di

n—1

[ a0 ) = ut0) K0 ~ wl2)) o)t

n—1

tn
Etaon) = [ (o)~ SZup(0), 7 - v )t
tn—1

tn
[ (SZ0(o6) = p(6)), 7 o),
tn—1
R (en) = 1.y (en) + R ralen)

— /t " (}(d(t)) - }(szhd(t)),eh)dt

n—1

+ py /ttn (?(Szhd(t)) - }(SZhd(tn—1))7eh)dt7

n—1

En (v, en) = & o1 (vn, en) + & e o(vn, en) + & 3(Vn, en) + E4 o a(vn, en)

:/t” c((u(t),d(t)),(u(t)_Ihu(t),w(t)_Khw(t)),(vh,eh))dt

n—1

[ (). do). (Tnult) = u(t)). Ki(w(t) = w(t). () )

n—1

+ / " c((u(t) — Tyult), d(t) — SZud(t)), (Inu(tn), Knw(t,)), (vh,eh))dt

n—1
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[ eIt = ulta-)), SZu(dle) ~ dit,-1)

n—

(Inu(t,), Kyw(t )),(vh,eh))dt,

Ei(gn) = n(V(d(tn) — SZpd(tn), V ;) = (wltn) = Knw(ta).g,).
Note that on one hand the second term in Sﬁb(vh) vanishes because vy, belongs to

Vi, and on the other hand, we use (64) in the definition of £'(g,).

Let us bound each term, assuming that the solution is sufficiently smooth. To
simplify the notation, we drop the dependence on v, and e, and we set [
(tn—1,ts). For estimating &, we apply (G.A) and the first part of (6.7) with

n=0,p=2:
‘/ — Inu'(t), vh)dt‘ < Chl[w |2, 2 @)k *1onl i o);
and we apply (G.8) withn =0, p=2:
‘/t — SZ,d'(t) eh)dt‘ < Ch|d | Lo, m k' P llenll L2 )-
ot
Thus
(6.13) (R | < ChE [ | a1, 2y s loms €l -

Similarly, by applying the second part of ([G.7) with n = 1, p = 2 and ([€9), we
obtain

(6.14) €8l < ChE2 v et ywll oy oy o 100 €nl -

To estimate the second term in &} ,, we consider, for instance,
;

/ttj (V1 (wlt) = w(tn), Vi )dt = (wh/t“ (w(t) - u(ta))dt, Vv

n—1

—(th /tn (/tn u'(s)ds)dt,Vvh) = —/tn (s — tn,l)(v Ihu’(s),VUh)ds

tn—1 t tn—1

Thus, applying the first part of (67) with n = 1, p = 2, we derive:

b C
(6.15) \/ (VIh(u(t)—u(tn)),Vvh)dt’ < B2 | r, (o [0 )
tn—1 \/§

Hence,
n ¢ 3/2 1 /
(6.16) |Ehas| < ﬁk v,y w HL2(In;H1(Q)><L2(Q))th’eh”X'
Similarly,
(6.17) €8] < C hllpllLa(r,m )k [on] mri () -

Now, we turn to the non-linear terms. First, considering that |d| < 1 and the
operator SZj, preserves this property, we apply formula (8] in the Appendix and
obtain

|F(d(t)) — F(SZnd(1))] < 2|d<t>—szhd<t>!.
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Applying ([68) with n =0, p = 2, yields

n 3
‘5h,f,1’ < /W;Ch HdHLz(ln;Hl(Q))k1/2Heh||L2(Q)~

For the second term in &7} ;, by applying again formula (8.I), we have

1F(SZud(t)) — F(SZnd(tn_1))| < E%yszh (d(t) — d(ta_))|-

Therefore, proceeding as in the derivation of (6I5]), we obtain

N V3
|E 0] < Mz Clld|| L2, b ) K> lenll L2 o -

Therefore,

" C
(6.18) |& | < M’YS—Qk‘l/Q (3 hlldl 21,11 () + \/ngd/HL?(In;Hl(Q))) lenllzz(q)-

It remains to consider the terms involving trilinear form c. First, as w(t) belongs
to V', we write the first term of &7 , ; as follows:

tn

/ " (ult) - V(u(t) - Tu(t)), vn)dt = — / " (ult) - Vo ult) — Dnu(t))dt.

tn—1 tn—1
Therefore, applying the second part of (1) with n = 0, p = 3 and Sobolev’s
imbedding, we obtain

‘ / ) (u(t) - V(u(t) = Inu(t)), ’Uh)dt‘

tn—1
< Ch k|l poe (1, @) [l L2 (1w 300 VR 0 (0)-

For the second term in &}, we use the second part of (6.1) with n =0, p =6
and ([€9) with p = 2:

| /tt ((u(t) = () - ¥ (0, en)d +| /tt (on - V d(t), w(t) — Kyw(t))dt]

= Chk1/2||d||L°°(1n§Wl’3(Q))Hu’wHL?(I,L;leG(Q)XHl(Q))||vh’eh”X'
The sum of these two bounds gives
& en| < ChEM? (NHeh”LQ(Q)||d||L°°(In;W1=3(Q))||u||L2(In;W1v6(Q))
(6.19) + [onl m ) (lull Lo (1,5 ) 1l 21 w5 @)
+ MHdHLoo(I,L;Wl»S(Q))||w||L2(1,L;H1(Q))))-
Next, proceeding as in the derivation of (6.15]), we write

/tn (u(t) VI (u(t) - u(tn)),vh)dt =— /tn (u(t) -V p, /tt Ihu’(s)ds)dt.

tn—1 tn—1 n

Hence, applying the first part of ([G.7) with n = 0, p = 3, we have
tn
‘ / (u(t) VI (u(t) - u(tn)),vh)dt}
tnfl

< %k3/2”u”Lm(I”;H1(Q))”ul|L2(In;L3(Q))|vh|H1(Q)-
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Similarly, arguing as in the proof of (6IX]), we have the following bound for the
second term in & . 5:

| / (T alt) — w(tn)) - V (1), ex)dt] 4 / (vn - 7 d(t), Kn(w(t) = w(t,)))dt|

tn—1 tn—1

< SRy [ oo e 2o

+ Hd”L“’(I”;le?’(Q))Hw/HL?(QxIn)|vh|H1(Q))-
Hence,
el < Qk?’/? d !
‘ h,c,2’ =3 M||€h\|L2(Q)|| ||L°°(In;W116(Q))Hu ||L2(In;L3(Q))

(6.20) + \Uh|H1(Q)(HUHLOC(In;Hl(Q))Hu/||L2(1n;L3(Q))

+ M||d||Loo(1n;W1=3(Q)) ”w/”Lz(Qxln)))

Next, the bound for &7 5 is a straightforward variant of (6.19), and we skip the
details:

& es| <Ch k2 (ﬂHeh||L2(Q)HUHL‘”([n;Hl(Q))||d||L2(In;W2’3(Q))
(6.21) + |vnl e o) (1wl o (1,10 () 1wl 21, 005
+ /LHwHLoc(In;B(Q))Hde(IH;W?ﬂ(Q))))-
Similarly, the bound for &' . , is a straightforward variant of 620)

C
|ER ca| < 7 )3/ (MHehHLQ(Q)||u||L°°(In;H1(Q))||d/||L2(I,,,;W1‘3(Q))

(6.22) + ‘vh|H1(Q)(HUHLOC(I";Hl(Q))HU/HLQ(I";LS(Q))

+ MHd/HL?(In;Wlﬁ(Q))||wHL°°(I,,,;L2(Q))))-
Finally, we easily derive a bound for g,’;, applying (6.8]) with p = 2, n = 1 and the
second part of (69) with p = 6/5:
Etlan)| < Chlgnl e oy (lldta) pr2(0) + l0(ta) lwr oy )

6.2. Total error estimates. Let &' denote the sum of the consistency errors in
the first system:

Ep(vn,en) =& (vn,en) + & (Vi en) + Ey(vn) + & pen) + E (vn, en).
Then the error equations (6.11]), (612) can be expressed in terms of the total errors

n o on pn.
€ur€q)Ew:

(6.23)

Y(vp,en) € Vi, x Wy,

k(ét(eﬁ, pel), (vn, eh)) + ka((eﬁ, el), (vp, eh))
(6.24) ke (Inulta-1), SZnd(ta1), (€4, €%), (vn,en))
he((en s (up, wh), (vn,en))

=& (onen) — kny (F(d ) = F(SZnd(t)).en ).
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(6.25) Vg, € Doy, ku(VeZ, Vgh) — k(eﬁ,,gh) = kg,’f(gh)

Note that there is no pressure error term in the left-hand side of (6:24]) because vy,
belongs to V}, and similarly, there is no velocity error term in the left-hand side of
([628) because el belongs to Vj,.

Let us choose (vp,ep) = (e, el) € Vi, x Wy, in ([624)) and substitute into it

U Cw

(©25) with g;, = poel € Doy, Since
k(ez,, ;L(SteZ) = k? (Veg, vateg) — kEM(udiel),
and in view of (3],
o((In(ultn-1), SZnd(tn-1)), (e €h), (€l €h)) =0,
(e eq™), (ugtywi), (en, ei)

= c((en en™), (Tnultn), Knw(ta), (€4, ei) )

this gives

1 n|2 n—1(2 n n—1(2

3 letlze v e + et =t~ o)}

+% {\62@7{1(9) — e () + led — 63_1|12HI(Q)~}
(6.26) +vkleq 3 ) + Vkllen 72y = € (en, el) + kuép (drey)

—ke((en ey, (hulta), Knw(ta). (€L, e) )
ke (F(dy ") = F(SZnd(tn-)). €3 )
=h+DL+I3+ 14

Let us bound first I;, Is and I4. The bound for I; is based on ([@I3)), (610)—([622).
Next,

627 13| < Ck|lu(tn), w(t,)|| (Wiss(@)nL> (@) x L3 ()

X ||ez_l’uegiluLZ(Q)le(Q)Hez’eg’“X’

owing to the first part of ([G.7) with p = 3, n = 1 and the first part of ([G3]) with
p = 3. Finally,

1] < % [ Max(s1+ 1 eyl o
(6.28) < Ckg(\ldﬁ’l\lmm) + 1)”63_1HLﬁ(Q)He:ZHL?(Q)
< Ok ey oo etz o),
owing to properties (8 and [B2]) of } established in the Appendix, and owing to
the uniform bound for ||d2_1||L3(Q) that stems from (@.I5]).

Accordingly, by summing ([G.26]) from n = 1 to n = m, applying suitably Young’s
inequality, and using the above inequalities, estimate for dj given in (&I3]), and
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the fact that the initial errors are zero, we derive the intermediate error inequality:

m
Hem|2L2(Q) + H2|6¢T|§LII(Q) + Z(Ile’; - 6371H2L2(Q) +ulle — el i Q))

n=1

+ Z (V|EZ\311(Q) + 7||eZ;||2L2(Q))

n=

C(llu, wl?

=

Lo (W13(@)nL>(Q)x L3(Q)) +1)

X Zk e 1HL2(Q +pPley” 1|§11(Q))

n=1
(6.29) + O R (||, wll72 g2 0 prt ey + 14 F a0
. + ||UIH%2(L2(Q)) + ||pH%2(H1(Q))

2 2
+ ||d||L<>0(W1>3(Q))||u’wHL2(W1’5(Q)><H1(Q))
+ ||d||i2(W2’3(Q))||uv w||2Loo(H1(Q)xL2(Q))
+ [l 22 owra ) 1l < (1 (0)))
+ Ok (|l w2 +[ld]? ', w2
’ L2(H'(Q)x L*(Q)) Loo(W16(Q)) ) L2(L3(Q)x L (%))

+ ||d/||iQ(H1(Q)) + ”d/H%2(W1’3(Q))HuvaiOC(Hl(Q)xL%Q))
m

0l e o g 10 3 s ) + 2003 K (B
n=1

In order to estimate I, it is useful to switch the discrete time derivative from
el to &' by means of a “discrete” integration by parts, as follows:

n=1

and

SiEM (e ) = M(wt(d(tm) — SZnd(t)), vegﬂ)

— (8w (tm) — Knw(tn), e ™).
Then, applying ([623)), we derive

2| ° K (et

n=1

< Cphk'? Z(“HleL2(ln;H2(Q)) + 1l wl||L2(In;W1~6/5(Q)))|6371‘H1(Q)

n=1

+ C ph|l(pd, w)|| L (g2 Q) xwiers )€ [ r @)

<6p? Z kleg™ ! %—11(9) + 5M2‘e?‘ill(ﬂ)

C 2 2 2
ek (”“dl’ W3 e e orscay) + 10001 e gz gy ey )
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for any 6 > 0, for instance, § = 1/2. When substituted into (629, this choice
yields

1 ¢ _ _
||em|iz(9) + §N2|eg|§il(ﬂ) + Z(Hez —ey 1||2L2(Q) +p’leg — e 1@11(9))

n=1
+ Z k(yle:iﬁ—ll(ﬂ) + W’HeTqLHQL?(Q))
n=1

<C*+ k) +C Z k(lew HIzz) + u2|63_1|311(9))~

n=1
Then Gronwall’s Lemma implies the main result of this section.

Theorem 6.1. Assume that the triangulation is quasi-uniform (see ([B16l)) and
the solution (uw,p,d) has the following regularity:

(u,d,w) € L2(H*(Q) x W?3(Q) x H'(Q)),
u € L®(WH(Q) N L¥(Q), p e L*(H'(Q),
(Byw, Bpd, Dyw) € L2(H (D) x H(Q) x WH0/5(Q)).

Then the fully discrete scheme (B0, (BI1)) satisfies the optimal error estimates
for1 <m <mn:

1
||6ZLH%2(Q) + §M2|€Zf|§il(m
(6.30) + (e — en M zao) + 17l — €3 i (o)
n=1

+ Z k(”kﬁﬁp(m +’V||EZJH2L2(Q)) < C(h* +k?),

n=1

with a constant C' that depends exponentially on E%, but is independent of h, k, and
m.

Note that the regularity assumptions on the velocity and pressure do not require
a global compatibility condition on the initial data. More precisely, Lin and Liu
establish in [24] local existence in time of solutions with this regularity and global
existence in time with the same regularity when the viscosity parameter v is large
enough.

Pressure error estimates are similar to those obtained for the Navier-Stokes equa-
tions [37], but as expected, they rely on upper bounds for the difference quotients
d+e;, and d.e}j. In three dimensions, these can be respectively derived by testing the
velocity’s error system with the discrete time derivative d,e}. and applying strong
estimates for the linear discrete Stokes problem, and by testing the auxiliary vari-
able’s (w) error system with the discrete time derivative d;el, and applying strong
estimates for the linear discrete Poisson problem. This argument is rather different
from that used in deriving error estimates for the velocity and will be the subject
of a forthcoming work [20].
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7. DECOUPLING THE COMPUTATION OF THE VELOCITY AND DIRECTIONS FIELDS

Computing the solution of (&I0), (EIT) is highly time-consuming because this
system, albeit linear, couples all unknowns and its matrix has a complex structure.
In this section, we propose three algorithms for decoupling, at least partly, this
computation.

7.1. Algorithms. For any n > 1, given wZ_l, dzfl, 'u,Z_l and pZ_l, we present

three iterative algorithms for approximating w, dj, u} and pj.

(1) (a) Let wq be a first guess for w?; for instance, wo = w} ™', if n > 1, or
wo = —pKp(Ady), if n =1; see (6.0).
(b) For ¢ > 1, knowing w;_1, compute (u;,p;) € Upp, X P, the solution of:

Yo € Upn , %(u — u;;—l,v) n V(Vui,Vv) _ (pi,v : v)
+(u;j—1 V4 %v g, v) - u((VdZ_l)twi_l, v),
Ve Py, (V-uiq) =0,
(¢) Next, compute (w;,d;) € Wy, x Dy, with (d;)|sq = I}, the solution of:
Ve € Wi, %(di —dte) + g(w e) = —(ui vyt e) —(Fldy).e),
vg € Don, 4(Vd;, Vg) — (wi.g) =0.
(2) (a) Let ug = uy "

(b) Knowing w;_1, compute (w;,d;) € Wj, x Dy, with (d;)|aq = 1, the
solution of:

1 ~
Ve € W, E(di - d;;*l,e) T %(wi,e> _ _(uH . Vd;jfl,e) _ 7<f(d271),e),
vg € Do, 4(Vd;, Vg) = (wi,g) = 0.
(¢) Next, compute (u;,p;) € Uy, X Pp, solving:
1
Vv € Uy, E(uZ — uZ_l,v) + V(Vui,V'v) — (pi,V . 'U)
1
—l—(uz_l -Vu; + §V cup g, 'U) = u((VdZ_l)twi, 'U),
Ve Py, (V- uiq) = 0.
(3) (a) Let ug = uz_l and wy = wz_l, ifn > 1, or wg = —puKp(Ady), if
n=1.
(b) Knowing w;_; and w;_1, compute in parallel
o (w;,d;) € Wy, x Dy, with (d;)]aq = I}, the solution of
1 ~
Ve € W), E(di —die) + %(wi,e) = (w1 Vdy o) —(Fdp ) e),

vg € Do, 4(Vd;, Vg) — (wig) =0,
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814 V. GIRAULT AND F. GUILLEN-GONZALEZ
e and (u;,p;) € Upp X Py, the solution of
1
Vv € Upy, , E(uz — uzfl,v) + V(Vui, Vv) — (pi,V . v)
n—1\t n—1 1 n—1
= M((th ) wi—l;”) - (uh “Vu;_1 + EV tUu, uz‘—17’0)7

Vg € Py, (V-ui,q) —0.

In the practical implementation of these three schemes, the problems for (w;,d;)
have the generic form: Given F, compute (w,d) € Wy, x Dy, with d|aq = I},, such

that:
(7.1) Ve € Wy, u% (d, e) + 'y<w,e) = (F,e),
(7.2) Vg € Doy, ,u(Vd, Vg) — (w,g) = 0.

Note that, since W}, is generated by constant functions in each element, the term
’y(w,e) has a diagonal mass matrix, and hence (I]) defines w as an explicit

function of d. When substituted into (C2]), this gives a linear elliptic equation
where d is the only unknown. Once this equation is solved, w is recovered from its
explicit expression in terms of d.

Remark 7.1. If we change the discrete space W, to the space generated by P finite
elements, i.e., W), = Dy, then choosing e = g € Dy, in ([LI) and using (T.2), we
arrive at the following problem: Compute d € Dj, with d|gq = I} such that

1 1

(d.g) +7(va.vg) = - (F.9).

k jz

Afterward, w can be computed from ([ZI]), the matrix of this system being the mass

v.quOhv

matrix (with P; basis functions) arising from the term 'y('w, e).

7.2. Convergence. The convergence of these algorithms when ¢ — oo (for fixed

h,k,n) follows from a fixed-point argument. For the sake of conciseness, we only

present this proof for the parallel algorithm that achieves a stronger decoupling,

but the proofs of convergence for the other algorithms follow the same lines.
Introducing the notation

Ui=ui—ui1, P=pi—pi-1, Di=di—diy, W;,=w;—w;,
we obtain the following equations for i > 2:
e (W,,D;) € W), X Doy, satisfies:

Ve € W, %(Di,e) —|—7(Wi,e) S N(Ui_1 ~VdZ’1,e),
vg € Doy, u(VD:, V) =(Wi.g);
o (U, P) € Uy x Py satisfies:
Vv € Up %(Ui,v)w(vm,w) - (H,V : 'u) - u((VdZ’l)tWi_l,v>
S (I %v T U w),

Vg € Py, (V-Ui,q) —0.
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The first system with test function (e, g) = (W, D;) gives
1 o
EHMVDZ'”%?(Q) +7 ||WiH2L2(Q) = _M(Uifl -V, 1= Wz)
The second system with test function (v,q) = (U;, P;) becomes
1 .
U0y + v VU 300y = (V&) Wi U
1
— (’U,Z_l . VU1;1 + §V . ’U/Z_IUZ‘,l, Uz)

By adding these two equations, we have the following a priori estimates for W;, D;
and U;:

%(”:U'VDiHi?(Q) + HUi”i?(Q)) +7 HWiHi?(Q) +v HVUiH2L2(Q)
< lup o) IVU -1l 2@y 10l 22 o
219w g U oo 10l oo
+ 1V sy (Wil zo@ 10l o) + (Ui s [Will 2@ )

These estimates yield useful bounds provided dj is bounded in W'%(Q) and u} is
bounded in H*(Q). This is the subject of the next lemma.

Lemma 7.2. Let the space and time steps satisfy the mild condition h* < 0k for
some constant 0 independent of h and k. Suppose Q is conver and l is the trace of
a function 1 in H*(Q). Then, under the hypotheses of Theorem B, there exists a
constant C, independent of h and n, such that

Similarly,
(7.5) Vn =1, upl o) < C.

Proof. The proof is a straightforward variant of that of Lemma 55 with the func-
tion d(h) defined by

—,uAd(h) = wZ in Q, d(h)|agz = L‘{QQ.

The function d(h) — L € H{(f) solves a Laplace equation with right-hand side
wi + pA L € L*(Q). Since Q is convex, it belongs to H?(Q) and we easily derive
that

ld(m)lwe) < CllwhllLe) + mlI Ll a2 o)-

Then (74) follows from the a priori estimate ([6.30), and the fact that the relation
between h and k implies that there exists a constant C, independent of h and n,
such that

vn =1, [[willLz@q) < C.

The second inequality ([CH]) is a straightforward consequence of ([630) and the
relation between h and k. O

Then, we have the following convergence theorem.
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Theorem 7.3. Under the hypotheses of Lemma [[2], and if k is sufficiently small,
there exists a constant L < 1, independent of h and k, such that for alli > 1:

(7.6)
1V (d; — dZ)HQH(Q) + [Ju; — Uﬁ”i?(sz) + k<7 |w; — U’ZH%"‘(Q)
0V (s — ) )

< Ll = w3 + k(Y o = il + v 90— ui) 3 )

Proof. For any i > 1, set
= ||lu VDiH%?(Q) + ||Ui||2L?(Q) +k (7 ||Wi||i2(sz) +v ||VUi||%2(SZ)>'
By substituting (7.4]) and (Z3]) into (Z3]), and applying the interpolation inequality
Yo e Hy(Q), [vlFs0) < Cllvllez@ IV oll2 o)

and Young’s inequality, we obtain

VU,

A < Ck(IVU i 2oy U5 L)

@
1/2 1/2
+ 1l Wiall 2@ 10 o VUG5 o

VU )

1/2
+ Wil ooy 1Tl T

(@

< s A+ S BVE(IU @) + RO ity + PV 1)),

where E = E(u,v,v) > 0. Let 0 < L < 1 be a fixed number and define ky > 0 by

L
Vko = I (i.e. Ev/ko = L).
Then, for all k£ < kg, we have
Ay < LA
Thus the mapping defining d;, u;, w; is a contraction and

lim d; =d! in H(Q) , lim w; = u} in H'(Q) , lim w; = w} in L*(Q).

i—00 i—00 i—00

Of course, by taking the difference between the equations of the algorithm and
(6.I0), (5.I00), we immediately derive that the differences u; —uj, d; —dy,, w; —w}
satisfy the analogue of the estimate (7Z.3]) with the same constants. Therefore, the
above argument yields

[pV(di — dﬁ)”i’z(g) + [Jui — U’ZH%Q(Q)
k(7 ws = Wil @) + 7 V(s = w320 )
< 1 lluo — ui 320y + k(7 llwo — wil30) + v IV (o — ui) 32y ) -

thus proving (Z.0). O
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8. APPENDIX

Recall the definition of ;":

1 2 .
vd e RN F(dy= ] =(d—Dd ifld <1,
0 otherwise.

Proposition 8.1. The function } 18 locally Lipschitz-continuous in the following

Sense:
(i) For all d,e € RY such that |d| < 1 and |e| < 1, we have
~ ~ 3
(8.1) [£(d) — fe)] < ;ld —e].
(ii) For all d,e € RN such that |d| > 1 and |e| < 1, we have
~ ~ 1
(8.2) 17(d) — fle)l < 5 (1 +1dl)|d—el.
Proof. Let |d| <1 and |e| < 1; then
~ ~ 1
F(d) =~ Fle) = {(d? — D~ (e — De}
1
= 5 {(1d? = 1)(d—e) + (1dP — [e[*)e}
1
= 5{(d? - 1)d=-e)+(d—e)- (@d+e)e}
1
< Sld—el{lld* =1/ + |d| + lel}
3
< gld-e

Similarly, let |e] <1 and |d| > 1, then

F(d) - Fle)| = |F(e)| = =

2

1 2 2y _ 1
< S(d ~lel”) = z(d—e) - (d+e) <

(1—1ef*)le]

1
= (ld| +1)|d ~el. O
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