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THE JOURNAL OF SYMBOLIC LoGIC
Volume 61, Number 3, Sept. 1996

GENERALIZED QUANTIFICATION AS
SUBSTRUCTURAL LOGIC

NATASHA ALECHINA AND MICHIEL VAN LAMBALGEN

Abstract. We show how sequent calculi for some generalized quantifiers can be obtained by generalizing
the Herbrand approach to ordinary first order proof theory. Typical of the Herbrand approach, as
compared to plain sequent calculus, is increased control over relations of dependence between variables.
In the case of generalized quantifiers, explicit attention to relations of dependence becomes indispensible
for setting up proof systems. It is shown that this can be done by turning variables into structured objects,
governed by various types of structural rules. These structured variables are interpreted semantically by
means of a dependence relation. This relation is an analogue of the accessibility relation in modal logic.
We then isolate a class of axioms for generalized quantifiers which correspond to first-order conditions on
the dependence relation.

§1. Introduction. Generalized quantifiers were introduced by Mostowski [1957]
to capture notions which are not expressible in first order logic, such as “finitely
many, or ‘uncountably many.” Abstractly, a generalized quantifier Q on a first
order model & = (4, ...} is a set of subsets of 4, which Mostowski required to be
closed under bijections. The latter requirement may be weakened to closure under
isomorphism of an appropriate type, to accomodate quantifiers such as Friedman’s
‘almost all,” which can be interpreted using either category or measure (cf. Steinhorn
[1985a,b]). If (&, Q) denotes the expanded model, we may define truth for a first
order language expanded with a quantifier Q as follows:

(#,0) | Oxp(x) if and only if {x| (#/, Q) = ¢(x)} € Q.

According to this definition, generalized quantifiers bind first order variables. They
generalize 3 and V in the sense that they can be interpreted as an essentially arbitrary
set of subsets of &, instead of just {B|B C A4, B nonempty} and {4}, respectively.
In other words, the generalization envisaged by Mostowski is semantic.

In trying to develop a Gentzen-style proof theory for generalized quantifiers,
which would contain either left- and right-introduction rules, or introduction and
elimination rules, one quickly notices that the semantic characterization gives very
little immediate information about syntactic behaviour.

What seems clear at the outset is that a generalized quantifier Q, even if it
resembles the universal quantifier in satisfying distribution over conjunction, is
nevertheless syntactically analogous to the existential quantifier. For instance, the
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GENERALIZED QUANTIFICATION AS SUBSTRUCTURAL LOGIC 1007

filter quantifier ‘co-countably many’ satisfies VxQy(x # y), but not @yVx(x # y),
which suggests that the variable bound by Q in a certain sense depends on the
variable bound by V. In the case of the existential quantifier, this dependence can
be characterized entirely by means of syntactic side conditions on the rules; can
something similar be done for generalized quantifiers?

We shall approach this problem in the following manner.

Firstly we reformulate first order logic in such a way that all dependencies are made
explicit in the notation, as indices on variables. The rules for 3 are stated in terms of
these indexed variables, and it is shown that we recover ordinary first order logic by
means of an additional rule which sanctions substitution of an ordinary variable by
an indexed variable (under certain restrictions). In other words, we consider that
the usual formulations of first order logic contain a hidden structural rule, namely,
the afore-mentioned substitution rule, which roughly has the effect of wiping out
dependencies in certain circumstances. One could perhaps quarrel with our usage of
the term ‘structural rule’ in this context. However, if one takes it to be characteristic
of a structural rule that no logical constant occurs in its formulation, then it seems
reasonable to call a substitution rule structural; indeed, in his introduction to Dogen
and Schroeder-Heister [1993], Do$en mentions a substitution rule as an example of
a structural rule (p. 5; cf. also his work on the interaction of substitution rules with
the familiar propositional structural rules, Dosen [1993]).

Secondly, having an explicit substitution rule at our disposal, we may now drop it,
or introduce weak versions instead, zo obtain a whole new class of substructural logics.
It can be shown that several well-known generalized quantifiers, such as ‘many,
‘uncountably many’ and ‘almost all,” have (complete) sequent systems which arise |
from various modified substitution rules, hence can be seen as substructural logics.
The situation here is roughly analogous to propositional logic, where different logics
(classical, intuitionistic or linear) share the same introduction and elimination rules
for connectives, but differ with respect to structural rules. Below, we shall illustrate
this phenomenon using the quantifier ‘uncountably many.’

However, the main empbhasis of this paper is on the interpretation of the sub-
stitution rules as properties of dependence between variables. In the case of first
order logic, the dependencies implicitely given by existential quantifiers can be
modelled by Skolem functions; in fact, soundness of the proof system for classi-
cal predicate logic containing indexed variables is shown by interpreting them as
Skolem functions. As was observed above, in the case of generalized quantifiers
also the quantifier bound by a ‘universal’ quantifier can be dependent; this type
of dependence will be modelled by a set-valued function, or in other words, by a
relation.

Typically, this is a relation between an object a and a finite set of objects B, with
the intuitive interpretation that a depends on B. Bearing in mind that the type of
dependence characteristic of first order logic can itself be characterized by first order
conditions (namely, functionality), we may now ask whether properties of general-
ized quantifiers correspond to first order properties of this more general notion of
dependence. Below, we isolate a class of formulas for which this is indeed the case;
for instance, the formula VxQy(x # y) corresponds to irreflexivity of the depen-
dence relation. We also show that not every formula has a correspondent in this
sense; in particular, the formula expressing extensionality has no correspondent.
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This is a consequence of a more general result on non-existence of correspondents,
the proof of which uses properties of the constructible hierarchy L. A slight adap-
tation of the argument even proves that the property of having a correspondent is
undecidable.

§2. Substitution as a structural rule. It is no exaggeration to say that the basic
problem in setting up a (Gentzen style) proof system for first order logic, is the
proper management of dependencies between variables. Classical analysis texts
used the fortuitious terminology of dependent and independent variables: in a
functional expression ‘y = f(x),’ y and x are called the dependent and independent
variable, respectively. Analogously, in a first order formula we may call a variable
bound by 3 dependent, and a variable bound by V independent. An explicit way of
dealing with dependence is provided by Herbrand’s approach to proof theory, where
dependence is modelled by Skolem functions; the increased control that this gives
can be exploited to prove decidability results, e.g., for prenex formulas beginning
with a prefix of the form 3---3v3. .- 3.

Some proof systems, especially those containing an existential instantiation rule,
make the dependencies explicit by using instantial terms indexed by the parameters
(typically obtained by universal instantiation) on which the term depends. A nice
overview of such systems is contained in Fine [1985] (cf. also de Queiroz and Gabbay
[1995]).

It is claimed here that introducing dependence explicitly into first order logic, as
indices on variables, allows one to formulate distinctions not otherwise expressible;
in particular, generalized quantifiers will be seen to arise from various forms of
substitution of indexed variables. An analogy with the propositional structural
rules may be helpful here. If in sequents ' = A, I" and A are sets, there is little
room for formulating distinctions in the way I and A are given. Substructural logics
can arise only when the I and A have been given more structure, be they multisets or
sequences. Similarly, we can formulate first order classical logic in such a way that
the different roles of variables are made explicit in the notation; suitable structural
rules will then ensure that for first order logic, these distinctions do not really matter.
There also exists a formal parallel between the two cases; it will be seen below that,
on the one hand, the structural rules necessary to retrieve first order logic are rather
like contraction and weakening, and, on the other hand, that contraction at the
index level interacts with contraction at the propositional level. As a consequence,
absence of these structural rules leads to a decidable system, because the number of
contractions used in a derivation can now be predicted.

2.1. Syntax. We shall define a language for first order logic where the variable
bound by 3 carries all (and only) the variables on which that variable depends.
These variables will be called indexed variables, denoted by x;. In the case of clas-
sical first order logic, indexed variables are interpreted using Skolem functions, but
in the context of generalized quantification, they will receive a modified interpreta-
tion. Since variables bound by existential quantifiers are always considered to be
dependent, we allow 3 only in expressions of the form 3x;. On the other hand,
variables bound by V are taken to be independent, so in principle V should only
occur in the form Vx, where x is a non-indexed variable. However, for convenience
we depart from this idea in two ways:
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(i) With respect to a classical semantics, =Vx— denotes an existential quantifier.
In accordance with our basic motivation to make all dependencies explicit, it would
be reasonable to disallow a formula of the form —Vx—¢. Nevertheless, we shall
continue to use such implicit dependencies (which in classical logic can be made
explicit).

(ii) It is also convenient to allow expressions such as Vx;, in anticipation of
the substructural logics where the universal quantifier may also depend on other
quantifiers. Of course, the structural rules adopted for classical first order logic
should be such that Vx;¢ and Vxyp are equivalent.

DEerFINITION 1. Let Var be the set of variables of a first order language .#. Define

a new set of variables IVar by recursion, as follows:

IVary = Var,

Warpy = Var, U{x;z,xL,x?,...|Z C IVar, is a finite set},

War =, IVar,.
Let Z(IVar) denote ¥ U IVar. We shall refer to variables in IVar\ Var as indexed
variables. Observe that xp (where () denotes the empty set) is an indexed variable,
not an ordinary variable. Occasionally we shall use s, ¢ as (meta) variables over
elements of IVar. -

DEFINITION 2. Form( % (IVar)), the set of formulas of .Z(IVar), is defined as
follows:

(i) If Aisann-aryrelation symbol, and ¢1,. .. ,¢, € IVar, then A(¢1,... ,t,) €
Form(% (Ivar)); the set of atomic formulas of Z(IVar) is denoted as
AtForm(Z (IVar)).

(ii) If @,y € Form(Z(IVar)), thensoare o Ay, oV y,p — v, —y.

(iii) If y € Form(Z(IVar)) and x € Var, then Vxy € Form(Z (IVar)).

(iv) If w € Form(Z(IVar)) and t € IVar\Var such that no variable occurring
in ¢ is bound by a quantifier in v, then 3ty, Vtw € Form(Z (IVar)). =

The condition on ¢ in (iv) is necessary to exclude oddities like Ix, It (x,, t); if
we read formulas from left to right, x, is already ‘partially bound’ in the formula
Jtp(x;, t), so it does not seem to make sense to quantify over x;.

The intuition behind this definition is that the index of an existentially quantified
variable contains exactly those (possibly indexed) variables on which the (quantifier
binding the) variable depends.

DEeFINITION 3. FV (), the set of free variables occurring in a formula v, is defined
inductively as follows, starting from the set F¥ (¢) of free variables occurring in
t €lvar:

(i) FV(x) = {x}, x € Var.
(ll) FV(xz—) = {xz—} UFV(Z]) U UFV(Zk) ifZ = Zlves 2k
(i) FV(A(ty,...,t,) =FV(t))U---UFV(¢,).
(iv) FV(-y) = FV(y),
FV{pAy)=FV(eVy)=FV(p —y)=FV(p) UFV(y).

FVv
(vi) FV (Yxy) = FV(y) — {x}. s



1010 NATASHA ALECHINA AND MICHIEL VAN LAMBALGEN

We may identify formulas of first order predicate logic with a subset of Form(%
(Ivar)):

DEFINITION 4. Define a translation * from Form(Z) U AtForm(<Z (IVar)) to
Form(% (IVar)) as follows:
(i) A(t,...,ts)* = A(t1,... ,t,), where the #; may denote indexed variables.
(ii) * commutes with —, A, V, —, V.
(iii)) 3yw(y,2))* = 3x:;w(xz, Z)*, where Z contains exactly the free (possibly
indexed) variables in Iyy. =
Observe that the slightly unusual formulation of (i) is necessary since applying *
to a sentence of first order logic will yield atomic formulas in which indexed variables
oceur.

The range of Form(%) under * will provisionally be called the set of linear
formulas (an extension of the notion of linearity will be given later). Equivalently,
one may define linear formulas as follows:

DErINITION 5. (1) A quantifier 3¢ (where ¢ € IVar\ Var) occurs linearly in 3tp(t)
if p(t) = p(¢,7) and ¢t = x;.

(2) A formula of & (IVar) is linear if (i) universal quantifiers occur only in the
form Vx (where x € Var), (ii) existential quantifiers occur linearly, and (iii) no
indexed variable occurs free. -

An example of a non-linear formula is Vy3x,Vz3x,¢; the semantics for indexed
variables described in Section 8 transforms this into the branching quantifier

Vy3x
( Vz3Ix’ ) @

Note that even in the case of first order logic, we allow nested dependencies, which
means that we also allow an existential quantifier to depend on existential quanti-
fiers which precede it. This expressiveness is not necessary for classical first order
logic (where we may take the existentially quantified variable to depend only on the
universal quantifiers which precede it), but it is essential for generalized quantifica-
tion. Some such extension is also necessary for intuitionistic versions of Herbrand’s
theorem, due to the fact that —Vxy is not equivalent to 3x—¢; in the construction
of Mints [1969], a Skolem function eliminating a positive quantifier Q also carries
arguments for each V in the scope of a —.

2.2. Semantics: Informal introduction. We shall now describe a semantics for
the fragment of .#(IVar) consisting of linear formulas. The advantage of linear
formulas is that negation is well-behaved, a feature that is exploited in clauses 4
and 6 of the definition below. In later sections, this fragment will be successively
enlarged to include for example branching generalized quantification; at this stage,
however, negation becomes troublesome (cf. Section 8.1). Of course, providing a
dependence semantics for predicate logic is belabouring the obvious, but we need
this groundwork for the extensions to come.

It might seem straightforward to provide a semantics for the language of indexed
variables; copy the usual definition with assignments f : IVar — A instead of
assignments f : Var — A. There is, however, a hidden subtlety here. Recall that
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the intuitive interpretation of an indexed variable is that it contains exactly those
variables on which an existential quantifier depends.

Consider a formula Vy3xpp(y, xp). Since the index of the variable bound by 3 is
empty, this quantifier should not depend on anything; in particular,

Vy3Ixge(y, xp) = IxgVye(y, xg)

should be valid.

Clearly, using the standard truth definition with assignments f : IVar — A4
does not give this.

Rather, we use assignments f : Var — A and interpret indexed variables by
means of compositions of Skolem functions.

Let & be a set of new function symbols F, countably many for each arity n. We
shall represent indexed variables by these Skolem functions, as follows. Let f}, be a
mapping 1-1 associating a function symbol F € & with each ¢ € I'Var\Var, such
that, if ¢t = x,,  ,,, then F has arity n. We may use o to define a mapping § from
IVar to compositions of functions from ¥ :

#(x) = x (x € Var)
ift= X Plyere sVn? ﬁ(t) = ﬂo(t)(ﬁ(h), cees ﬁ(yn))

# naturally leads to the set ITerm of indexed terms, obtained as follows:

ITermy = Var
ITermy, 1 = {Xg,.. 500 X4, 50+ |5 € IVar, or s; € ITermy, } U
U{F (s1,...,5)|F € F,s; € IVar, or s; € ITerm,}
ITerm = |, ITerm,.
# has an obvious extension to /7erm; we shall sometimes abuse notation by assuming
that § is also defined on ITerm.
For the definition of satisfaction it will be convenient to use implication as a

defined connective.

DEermNITION 6. Let & be a first order model. Satisfiability on & for the set of
linear formulas is given by a map § from Form{(%(ITerm)) into a second-order

language on Z (ITerm):
L ()4, ..., 1) = () A(81), - -, #(20))
2. o =t
3. 8p Ay) =t AMw, fle V) =t Viw
4. (o Ay) =t-e Vinw, i-(e V) = o Ay
5. #3t(t) = Mo ()i (2), i-3tp(t) = Vxfi—p(x) (where x is new)
6. #Vxp(x) = Vxfp(x), $-Vxp(x) = FHo(x;)—¢(x5,7) (where x5 is new

and j are exactly the free variables of Vxp(x)).
We say that a linear formula ¢ is satisfied in & under an assignment f if ¢ is satisfied
in & under f in the second-order sense. Observe that, by AC and diagonalisation,
fo can be transformed into the usual Skolem form. -

The following example will give the reader a glimpse of the extension of Defini-
tion 6 to be provided in Section 8.

ExampLE 1. &/ | Vy3x,Vz3x,p(y, x,,z,x.) iff & | IF3Fe(y, Fi(y),z,
F»(z)), hence the quantifierprefix Vy3x,Vz3x, is a branching quantifier.
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2.3. Proof theory. Our procedure will now be as follows. We give a sequent
calculus LIV for formulas containing indexed variables with the property that LK
proves I' = A if and only if LIV proves I'* = A* for sequences of first order
formulas I', A (where LK is the ordinary Gentzen calculus).

DerINITION 7. The sequent calculus LIV for linear formulas of # (IVar) is given
by the following rules. The propositional structural rules and the rules for —, A,
V, — and = are as usual. The rules for ¥V come in two forms: the usual rules for
Vy (with a proviso given below), where y € Var, and special rules V,/, r for indexed
variables.

Axioms A = A (note that 4 may contain indexed variables)
Rules

I'= ‘//(XE’Z):A I r’ W(xf} 2):A =)
I'= Ixsw(xs, 2),A T, 3x:p(x:, 2)=A
I'= ‘//(xz;z)’A 2 rs y/(xf;i):A .1
I'=Vxsw(x;:, 2), A i ILxsp(x:,2)=A !
I'=y(1),A Lyp(t)=A
Tovla SUBr  pLi=%- sum

REesTRICTIONS. In 3/ and V;r we require that x; does not occur free in I" and A,
also not in indices. In SUBr and SUBI, s and ¢ are elements of IVar; the restriction
on SUBr,! is that ¢t does not occur free in I' and A. The usual restriction on Vr
should be interpreted to mean also that the eigenvariable does not occur in an index
(cf. Definition 3). -

ConveNTION 1. The restrictions on substitution notwithstanding, it is useful to
have a supply of variables, carrying the same index, which are intersubstitutable.
Hence we shall assume that given a variable x;, there are countably many x. such
that the following substitution rule holds (with the obvious restrictions):

I'= wix;), A

T=yw(xl),A"

Similarly
I=y(y),A
I=y()),A
(y,y' € Var).

MortivaTiON. The left and right rules for 3 make explicit the idea implicit in first
order logic, that an object instantiating x in Ixw(x, Z) somehow depends on the
parameters Z. The substitution rules ensure that in cases where the dependency
is only apparent, that is, when the sequent puts no constraint on the value of an
indexed variable, the dependency may be erased; we may then replace an indexed
variable by an ordinary variable.
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Examples of derivations
1. =Vx—y(x, z)= 3x:w(x;, Z).

PrROOF. = - (x;, Z), w(x;,Z) [derivable]
= (xz,2), Ixzp(xz,2) [3r]
= w(x,Z),Ixsw(xs,z) [SUBr]
=Vx-y(x,z),Ix:w(xs,2) [Vr]
—Vx—w(x, 2)= Ixsw(xs, 2) [-r]
2. As is to be expected, one can also prove, using SUBr,
Vxzw(xs, Z)= Vxw(x, Z) and Vxy (x, 2)= Vx: v (x;, Z).
The following derived rules show that V, 3 have all the properties of
ordinary first order quantifiers.

T, l//(t, Z)i A )
r, ny/(x’ 2)$A Vi [dCI‘IVed].

PrOOF. w(x, %)= w(x, %)
Vxy(x,Z)= yw(x,z) [VI]
Vxw(x,Z2)=w(t,z) [SUBr] T, w(t,Z)=A
T, Vxy(x,2)= A [CUT]
FL:VZ,Y(’)C Z’)Z_’)A’ A Vr [derived]
(given that ¢ is not free in T, A).

Proor. Immediately from SUBr.

I'=y(4,7)A :
=350 (5),8 Jr [derived].

Proof. I'= w(t,7),A
I, _"//(t’ J_’):> A
[Vx—w(x,7)=A =VYx-y(x,7),Ix;p(x;,7)
= A, Ix,p(x;,7) [cUT]
Fgl;/c/;(;’ (yx)’?)’A A 3! [derived]
(given that ¢ is free in T, A).

Proor. Immediately from SUBI.

THEOREM 1. LK proves I'= A if and only if LIV proves I'*= A* for sequences of
first order formulas T, A.

Proor. (i) Take a proof of I'=> A; and replace instances of 3/, r by 3/, r[derived].
(ii) Let & be a first order model, and let &’ be the full second-order model on
&. It suffices to show that the rules of LIV are sound for &’. This is a routine
verification; e.g., SUBr is sound because the assumptions guarantee that fo(¢) does
not occur in I or A, so that it can take any value whatsoever. ~

Clearly the resulting derivation of I'™*=- A* uses many applications of CUT; to
obtain a proof system for the logic of indexed variables which enjoys cut elimination,
we have to add the rules Vr,/ [derived] and 3r,/ [derived] to LIV (note that SUBI
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can be derived from SUBr, but we have to add it for the same reason). This is
connected to the fact that LK does not have a subterm property; in LIV, CUT is
necessary to wipe out information on the indexed variables used in a proof. This
situation can be described alternatively as follows. We could have used Jr rules of

the form
I,=w(t)A
I'=3ty(t),A
and formulate the right contraction rule as Herbrand did: occurrences of a formula
which differ only in their bound (possibly indexed) variables can be identified. Here,
contraction is used to wipe out information stored in the variables’.

2.4. Logic without SUB and generalized quantifiers. Suppose we drop the sub-
stitution rules from the system introduced above. What could be the meaning of
this move? For a start, it is clear that the derivations just given, showing that Jx;
in Ix;w(x;z, Z) is the ordinary existential quantifier, do not go through anymore.
Dually, in the absence of the substitution rules, Vx gives rise to infinitely many non-
equivalent quantifiers Vx; which denote arbitrary choice depending on parameters
z.

Now clearly one can define a logic where one has both the usual 3, V and quan-
tifiers whose interpretations depend on parameters; for this it suffices to set aside
a collection of indexed variables for which the substitution rules hold, even though
they are not universally valid. Strictly speaking the language % (IVar) does not
allow this possibility; let & (IVar, 3) be the extended language with the appropriate
formation rule.

The main claim of this paper is that the logic of indexed variables without sub-
stitution rules is a natural environment to study the proof theory of generalized
quantifiers. That is, for the purposes of proof theory it is advantageous to view a
generalized quantifier Q in a formula Qxw (x, Z) as a quantifier whose interpretation
depends on z. Clearly the semantic characterization given by Mostowski does not
support such a view at all!

Hence we shall now define a basic generalized quantifier language as a sublan-
guage of & (IVar,3). We assume it to be known how to add a generalized quantifier
to a first order language .%; since we shall emphasize the analogies between gen-
eralized quantifiers and modal operators, we write O, for Qx and <, for the dual
—0,-. The resulting language is denoted by .Z(0).

DEFINITION 8. + is a translation from Form(%Z(0)) U AtForm( % (IVar)) into
Form(% (IVar,3)) given by
(1) + is the identity on atomic formulas
(ii) + commutes with the connectives and ordinary 3,V

(iif) (Oxp(x,2))*" = Vxz0(xz,2)*. -
DEFINITION 9. A formula of Form(% (IVar, 3)) is linear if it is in the image of
Form(%(O)) under +. ‘|

Un linear logic, absence of contraction and weakening does not have an effect on the properties of
¥ and 3. Strictly speaking this is true only if we identify a priori formulas which differ only in bound
variables. If we do not make this identification, we obtain a trivial proliferation of quantifiers; as we
hope to show, this proliferation becomes less trivial when the variables have internal structure.
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Until Section 8 we shall be concerned only with linear formulas. Observe that
the rules for the quantifiers Vx; and their duals can now be written more simply as

I'= W(XZ:Z):A Or FJW(XE’Z):>A Ol
I'=Ow(x, z),A ILOw(x,z)=A
r$ l//(XZ',Z),A Or r’ V/(XEJZ):>A Dl

F:> DXW(X,E),A F;DxV/(x:Z)éA

with the same restrictions as above.

DEFINITION 10. Minimal logic L,;, is the subsystem of LIV consisting of the
propositional rules, the rules for = plus Or,/ and ©r,/ (without rules for the first
order quantifiers). -

Observe that L,,;, does not allow us to prove that O is extensional; we only have
Vx(p(x,2) & y(x,2)) — (Oc(p(x, 2) & Oxp(x, 2))
for the formulas with the same free variables.

THEOREM 2 (Alechina [1994,1995]). Minimal logic without equality is decidable.
_|

The theorem follows from the fact that every sequent derivable in minimal logic
has a cut-free derivation, such that the number of contractions is bounded by
a primitive recursive function of the length of the sequent. This does not hold
any more if dependencies can be erased; in other words, full predicate logic and
undecidability arise from the erasure of dependencies.?

2.5. Proof theory for generalized quantifiers. We next illustrate how weak forms
of SUBr can be used to derive axioms for generalized quantifiers.

ExaMPLE 2. A non-principal filter quantifier is axiomatized by
(0) Oyp < O,¢, when y is free for x in ¢
(1) Ox (x =X )
(2) VyO.(y # x)
(3) Oxp ADOxy — Ox{p Ay)
(4) Oup AVx(p — y) — Oup.
We show how to derive these principles from rules governing indexed variables. (0)
is automatic given the definition of O,.¢.
(1) follows from an identity axiom:

= Xp = Xp

= O (x = x) ©Or:

(2) requires a new axiom, called Nonld:

=y #x, [Nonld]
=0y #x) O,

2This theorem, for the minimal logic with identity, also follows from a more general result in Andréka
and Németi [1994] which is proved model-theoretically.
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=VyO,(y #x) Vr

Note that SUBr is inconsistent with Nonld. 3
SUBI and SUBr could be used to derive (3) and (4), but since we have already
assumed Nonld, we have to replace SUBr by a weaker statement. The following is
exactly what we need:
I'= W(Xﬁf,Z),A
I'= 'iy(xﬁf) 2)’ A
with the customary restrictions on x;:. The sequent calculus for a free filter quan-
tifier is denoted LFF. The rule is called SUB,,, because it is responsible for the
extensionality of the quantifier O,. It says that only dependence on variables ac-
tually occurring in a formula really matters; other dependencies can be added or

erased at will.
Immediate consequences of SUB,,; are the following derived rules:

S UB ext

I'> go(xyz—,j/), A

T=0,0(x)), A Or[derived]

F’ QD(XJ‘;;?, .}-)):> A

T, O.p(x,7)=A
with the customary restrictions on xj;. The proof of 0O/ [derived] uses CUT, as in
Section 2.3:

0O/[derived]

PROOE.
QD(XJ;, )-)):> QD(X};, j;)
DXQO(X, J7):> (P(xf’ f)SUBm
DXQD(X, )-)): So(x}z'; J-}) r’ So(x)'/z" j}):> A
I,O0(x, 7)=A CUT.
As an example of the use of SUB,,, we show how to derive the monotonicity
property (4); the reader may try to derive (3) for herself.

PROOF OF (4).

@(x52,7) ANVx(p(x,7) = w(x,2))=> w(xy:,Z) [derivable]

DXQO(X, j}-) A VX((P(X,)_}) - V/(x,Z-))=> V/(x}_)z_;f) Dl[derived]

Oep(x, 7) AVx{p(x,7) = w(x,2)=> w(x:,2) SUB.u

Oxp(x, 7) AVx{(p(x,7) — w(x,2))=O.p(x,Z) Or
CoMMENT. SUB,,; can be decomposed in the following two rules:

r$ ‘//(xtiz'a E)aA

I'=s w(x:z),A

3Hence adding Nonld differentiates Vx and Vx:. Quantifiers of this type have been considered
previously; for instance, Hintikka proposed to interpret the quantifier combination VyVx as “for all y and
for all x different from y”, which in our notation would be written as VyVx,, satisfying VyVx, (y # xy).
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and
I'= w(xs: z),A

I's v/(xﬁfaf):A°

The first rule can be seen as an analogue of contraction, eliminating spurious
dependencies, whereas the second rule is rather like weakening, which allows us to
introduce spurious dependency.

ExaMPLE 3. The quantifier ‘co-countably many’ (Keisler [1970]) is axiomatized
by properties (0—4) of the previous example together with an axiom which says that
the union of countably many countable sets is countable :

(5) VyOyp ADVxp — O, Vyp.

It is well-known that the proof theory of this quantifier presents considerable
difficulties. Since interpolation fails for ‘co-countably many, it was conjectured that
there is no good sequent calculus for the full axioms (see e.g., Barwise’s introduction
to Barwise and Feferman [1985]). We show here that there does exist a sequent
calculus for ‘co-countably many,” formulated in the language of indexed variables.
The rule which corresponds to (5) is a substitution rule which licenses substitution
of an indexed variable under certain restrictions. However, to derive (5) from this
substitution rule we need to apply CUT to an identity statement. While this does
not yet prove that CUT is not eliminable, it makes it extremely unlikely. In any case,
we shall see that = plays a very important role here.

To derive (5) we need the following substitution rules. We keep SUB,,;, but now
this rule is fortified by a new rule SUB,.:

I = y#xL, N T=0(x:,5,2),A
r’ rléso(xz_syyi),A,Al

SUB,..

Here, we assume that x} does not occur free in I'" and A’ and x:, does not occur
freeinI', TV, Aand A’.

The resulting system is called LCC.

Clearly SUB,, follows from SUBr and it also says that in certain circumstances
a dependency can be erased.

One may question whether SUB,, is a proper structural rule. Observe that SUB..,
is equivalent to the following rule:*

r’vx;'(y ?é x;)i(p(xyf)yyz)iA SUB/
LVxiy # x1)=o(xz,5,2), A ce’

with the obvious restriction on x,; and x;. We have preferred SUB,. over SUB.,
because the latter rule involves a non-linear formula, namely Vx.(y # x.). This
formula Vx.(y # x.) can be interpreted as saying that y is not accessible from z.
Indeed, in analogy with linear logic, we view the presence of this specific context
as something like an exponential, which can be used to formulate a restricted form
of the structural rules. More precisely, whereas the exponentials of linear logic are
concerned with the question, sow many copies of an object are available, in this case
the storage operators are concerned with the location of an object.

4To derive SUB.. from SUB.,, use Cut and Weakening; the other direction is trivial.
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We now show how to derive (5) from SUB,. and contradiction. Observe that it
suffices to derive the following two sequents:

(1) O,Vxp(x,p,2)=y # x,¢(xz), 9, 2)
(1) VyOxe(x,y,2), 0,Vxp(x, y, 2)= ¢ (xzy, y, 2).
For in this case we may argue as follows:

(I) (11)

Vny(P(X, Vs Z), DyVX‘P(x’ Vs 2)’ DyVMP(Xs}’, 2)=> So(xz"y’ 2)’ <p(xz'; Vs 2) SUBcc
VyOep(x, y,2),0,Vxp(x,y,Z2)=> ¢(x:,y,Z) Contradiction

VyOep(x, y,2),0,Vxp(x, , 2)= Vyp(x:,»,2Z) Vr

VyO.p(x,y,2),0,Vxp(x, y, 2)= 0. Vyp(x,y,Z) Or.
The derivation of (I) is based on properties of =:

o(xz,xt,2),y = xt= @(xz,y,2) [ =-axioms]

Vxp(x, xz,2), y = x;= p(xz,9,2) VI [derived]

O, Vxp(x,y,2),y = x;=> p(xz,y,2) Ol

O, Vxp (6, E)o y 7 X plin, 1 5)
Now we derive (II):

(P(xz'yi Vs Z)’ Dnycp(x, Vs 5)$ ‘P(xz_y’y’ 2) [derivable]

DXQD(X, Vs 2)1 Dyvxso(xy Vs Z):> So(xz'yi Y 2) o/ [derived]

Vnyso(x’ Vs 2)’ Dyvx‘P(x’y’ 2): So(xfy’y’ 2) Vi

We see that the derivation essentially involves =, although = need not occur in
the conclusion of the derivation. A further discussion of this proof system is given
in Section 8.3. —1

2.6. Soundness, and what the reader may expect next. The obvious question to
be asked is: granted that Axiom (5) is derivable from a curious substitution rule,
how do we know that LCC is conservative over Keisler’s logic? This requires
giving a semantics to the logic of indexed variables for which the substitution rules
comprising LCC are sound.

It turns out that this semantics is given by first order models expanded with a
dependence relation R, holding between objects and finite sets of objects, in such a
way that substitution rules correspond to specific properties of R. (Here, a variable
x; is interpreted as ranging over {x|R(x, Z)}.) For example, we shall see that SUB,
corresponds to the following universal condition on R:

-R(x,yZ) A=R(y,Z) — =R(x, Z).

The precise meaning of this notion of correspondence will be given in the next
section.
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From this example we see that there exists a connection between axioms for
generalized quantifiers, substitution rules for indexed variables, and properties of
the dependence relation. Actually, to find the substitution rules that allow one to
derive a particular quantifier axiom, it is very helpful to have at one’s disposal an
R-correspondent for this axiom, so the fundamental problem in this area seems
to be the connection between quantifier axioms and properties of the dependence
relation. To put it succinctly, we claim that quantifier axioms implicitly determine
patterns of dependence between variables, and we are interested in the question
whether these patterns can be made explicit.

Accordingly, our next topic will be an investigation of the relation between quanti-
fier axioms and properties of the relation R. Here, the analogy between generalized
quantifiers and modal operators comes to the fore. We shall treat such questions as:
when does a quantifier axiom correspond to a statement in the language {R,=}?
which quantifier axioms do not have a correspondent? is the property of having a
correspondent decidable?

§3. Models with a dependence relation. Now that a generalized quantifier O, in a
formula O,¢(x, Z) is interpreted as Vx;, i.e., as a quantifier over variables dependent
on Z, we can introduce a new kind of model for generalized quantifiers.

To do this, we introduce an analogue of the expansion of a language by Skolem
functions to model dependencies. It turns out that that dependencies characteristic
for universal quantifiers are modelled by set-valued functions, that is, by relations.

DEerFNITION 11. Let R(x, 7) be a relation of indefinite arity. The intuitive inter-
pretation of R(x, y) is “x depends on 7.” Since this is a relation between objects
and finite sets of objects, we shall tacitly assume axioms on R which guarantee that
y can be thought of as a set. In other words, the second argument of R is invariant
under permutations and repetitions. The standard translation st : Z(0) — Z(R)
is defined inductively as follows:

st(P(x1,...,%2) = P{x1,...,%x,);

st(—y) = —st(y);

st(y1 A wa) = st(y1) A st(y2);

st(Vxy) = Vxst(w);

st(Oxy (x, 7)) = Vx(R(x, 7) — sty (x, 7). -

We see that, in the formula O,y (x, ) the bound variable x depends only on 7,
not on y (this is different from Skolem functions).

As in the case of Skolem functions, we would like to prove that every theory T’
has a conservative extension to a theory 7' such that

(b) T 'FOxp(x, 915 s 7n) =VX(ROG Y1, 5 m) = @06 V1500 5 V).

For theories which are consistent with the minimal logic we can indeed prove
that a conservative extension T with (b) exists. First we define the required model
extension,

DEFINITION 12. A relational model for #(0) is a triple M = (D, R, V'), where
D is a non-empty domain, V interprets predicate symbols, and R is a relation
between elements and finite sets of elements of D, called the dependence relation.
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We assume that {d|R(d, b)} is non-empty for every finite subset » of D. The notion
of a formula being satisfied in a model under a variable assignment is standard; the
clause for O, reads as follows:

M =° O,0(x,7) & Vd € D(R(d,a(5)) — M =2 o(d, 7).

A canonical relational model is a relational model where the dependence relation
satisfies

R(x,7)= N\ Ouplx7) - o(x,5).
e(x,p)ez ()
If there is no danger of confusion, a relational model will be written in the form
(&, R), where & is a first order model. -

Definition 12 does not refer to indexed variables; Skolem-type dependencies are
implicit in the standard translation of a formula (which is first order). However,
relational models may be used to interpret indexed variables; this is helpful, indeed
necessary, when proving soundness of the substitution rules appropriate for general-
ized quantifiers, or when defining branching compounds of generalized quantifiers.
An interpretation of indexed variables can be given by extending Definition 6. First
we introduce a notational convenience: if ¢ is an indexed variable, ind{¢) denotes
the index of ¢, i.e,, if t = x5, ind(¢) = 7.

DermviTION 13. Let (&, R) be a relational model. We may interpret the linear
formulas on (&7, R) by means of a map { from Form(% (ITerm)) to a second-order
language containing the predicate R:

1. ﬂ(_‘)A(tI: SO tn) = /\i ﬂR(ti’ind(ti)) A (_')A(ﬂ(tl)’ cees ﬂ(tn))
2. =, A,V as in Definition 6.
3. §3t0(¢) = o ()R (2, ind(2)) A (1)),
f—=3tp(t) = VxR (x,ind(¢)) — #—p(x)) (where x is new).
4. §Vsp(s) = Vx(#R(x,ind(s)) — #o(x)) (where x is new),
ﬂ"V.;'(p(S) = Elxind(s)(’ifz(xind(s))’ind S)) A ﬁ_'so(xind(s)))’ (Where Xind(s) is
new).
A linear formula ¢ is satisfied in (&, R) under an assignment f if fp is satisfied
under f in the second-order sense. -

TN -

The reader may verify that this notion of satisfiability is equivalent to the one
given in Definition 12.
The existence of 7 satisfying (b) now follows from

THEOREM 3. Every L,;,-consistent set of %(0) formulas has a Henkin canonical
relational model.

The proof (a standard Henkin argument) can be found in van Benthem and
Alechina [1993]. =

Given the standard translation, a quantifier axiom corresponds to a schema in
the language #(R); the main question then becomes: when can this schema be
replaced by a first-order condition on R?

The reader will have observed that both the set-up and the main problem are very
much analogous to familiar themes in modal logic: R plays the role of the accessi-
bility relation, and what we ask for is a Sahlqvist theorem, i.e., a characterization
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of a class of formulas for which there is a first order correspondent (cf. Sahlqvist
[1975]).

§4. Correspondence theory for generalized quantifiers. In order to be able to talk
about axioms (that is, formulas) and not schemata, we introduce the substitution
rule

F(D(P(Xl,... ,X,,))

E®(p(xi,...,xn),

provided P(x) and ¢(x) have precisely the same free variables. This restriction is
necessary due to the fact that in the minimal logic we have only a restricted form of
extensionality. As usual, if 4 is an axiom, then every substitutional instance (in the
above sense) of A4 is an axiom.

DerINITION 14. If A is a quantifier axiom, a correspondent in the sense of com-
pleteness is a first order condition At on R with the following two properties:
(i) any set of sentences consistent with A in L,,;, has a relational model where
AT holds;
(ii) A is satisfied on any relational model where 4 holds. -

Recall that a modal logic L is called first order complete if there is a set A of first
order sentences in the language {R, =} (where R is the accessibility relation) such
that

1 ¢ if and only if for every Kripke model M: if M |= A then M = ¢;

equivalently, F, ¢ if and only if ¢ is true on any frame which satisfies A. This
notion can be reformulated for the generalized quantifiers as follows:

DeriNiTION 15. If L is a generalized quantifier logic, then L is first order complete
if there is a set A of first order sentences in the language Z(R) so that for every
quantifier formula ¢, - ¢ if and only if for every relational model M: if M = A
then M = o. -

Note that, if L is finitely axiomatizable then by compactness A can be taken to
be finite.

Definition 14 can be reformulated as follows: 4 has a correspondent for com-
pleteness A7 if L,,;, + A is first order complete with respect to the class of models
satisfying 41,

One can define a stronger notion of first order completeness using the notion of
a canonical model, which plays an important role in modal correspondence theory.

DEerFINITION 16. If L is a generalized quantifier logic, then L is canonical if L is
first order complete and the corresponding set A of first order sentences holds in
every w-saturated canonical relational model of L. -

This definition is motivated by the fact that in modal logic canonical models are
w-saturated.

The correspondence theory for generalized quantifiers developed in van Benthem
and Alechina [1993] is based on the notion of frame correspondence:
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DEerINITION 17. If A is a quantifier axiom, a frame correspondent is a first order
condition 4* on R such that (D, R) = A* if and only if for any interpretation V,
(D,R, V) |= A. .

However, this notion is not quite adequate for our purposes. It will be seen below
that the two notions of having a correspondent are different; for example, there are
formulas which have a frame correspondent, but do not have a correspondent for
completeness. However, the following holds:

PROPOSITION 1. If A has a correspondent for completeness A" and a frame corre-
spondent A*, then t-po; AT — A*.

ProoF. Let (D, R) = A'. Then by Definition 14 (ii), for every interpretation ¥,
(D,R,V) = A. By Definition 17, (D, R) = A*. o

We now formulate the completeness part of the Sahlqvist theorem, which de-
scribes a class of formulas ¢ defining first-order conditions on R so that for any
logic L in the language of .#(0) which has a canonical relational model, L U {p}
as an axiom is complete for the class of models where R has the first order property
corresponding to . This class is strictly smaller than the class of formulas having
a frame correspondent (cf. van Benthem and Alechina [1993]). We shall call these
formulas weak Sahlqvist formulas. For the formulation of the theorem it is conve-
nient to assume that the language contains special formulas T(Z) and L (Z), which
denote a tautology, resp. a contradiction with exactly the free variables Z.

THEOREM 4 (Completeness part of the Sahlqvist theorem). All “weak Sahlqvist
Sformulas” y of the form \ Qz,---Qz,(A — B), where n > 0, each Q is either
Y or O, and

1. A is constructed from
a. atomic formulas, possibly with a quantifier prefix Qx - - - Qxi, where
each Q is a O- or V-quantifier;
b. formulas in which atomic formulas occur only negatively,
c. constant formulas (where the only predicate letters are T, | and =),
using A\ and V,
2. in B all predicate letters occur only positively
3. every occurrence of a predicate letter has the same free variables
have a correspondent in the sense of completeness; moreover, this correspondent holds
in every w-saturated canonical relational model of a logic in which x is provable.

All conditions of the theorem can be shown to be necessary, namely, if a formula
does not satisfy one of them, then it need not have a correspondent for completeness.
For some conditions this is proved in van Benthem and Alechina [1993], for the rest
in Section 6.

The idea of the proof of the Theorem 4 (very similar to the one used in Sambin
and Vaccaro [1989]) can be illustrated by the following example.

EXAMPLE 4. Let & be a canonical® model. We show that if for every P and S

0. P(x,7) = O«(P(x,7) Vv S(x,2))

SHenceforth, “canonical model” will always mean “canonical relational model.”
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is valid in &, then the accessibility relation in & has the property R(x, jzZ) —
R(x, 7).

Proor. It is easy to see (since the consequent is monotone in S) that the axiom
above is equivalent to O, P(x, 7) — O, (P(x, 7)V L(x, Z)). We translate the validity
conditions using second-order quantifiers which range only over definable relations
of # (this is the difference with the case of the frame correspondence). To emphasize
this difference we use quantifiers V. Note that due to the restricted Substitution
Rule, if P is an n-place predicate symbol, then formulas which can be substituted for
P must have precisely »n variable places. Using this notation the validity condition
of the axiom reads as follows:

Vo[Vx(R(x,7) = ¢(x, 7)) = Vx(R(x, 72) — ¢(x,7) V L(x,2))].

This is equivalent to Vi [Vx (R(x, 7) — ¢(x, 7)) — Vx(R(x,7Z) — ¢(x, 7))], and,
in turn, to /\‘P(x’y){‘v/x(R(x,)?Z) — @(x,7)) : Vx(R(x,7) — o(x,7))}. Moving the
conjunction inside (the proof that this can be done for any positive logical function
of ¢, is given in the Intersection Lemma; in the given case the proof is obvious), we
obtain

Vx(R(x,52) = N {e(x,7) : Vx(R(x, 5) = o (x, 7))

@(x.7)

But by canonicity in & A, ;) {e(x, 7)) : Vx(R(x,7) — ¢(x,7))}) = R(x, ).
Substituting R(x, 7) instead of the infinite conjunction yields the first-order equiv-
alent Vx(R(x, 7Z) — R(x,7)).

It is easy to check that in every model where Vx(R(x, 7Z) — R(x, 7)) holds, the
axiom is valid. 4

The general case is slightly more complicated because to obtain a correspondent
we must sometimes move to a different canonical model, namely, to an w-saturated
canonical model. The existence of such model for every L,,;,-consistent set of
sentences is proved in Section 4.1. For canonical w-saturated models we have

INTERSECTION LEMMA. If X is a set of formulas with the same free variables, closed
with respect to A, and B is a formula where @ occurs positively, then in an w-saturated
model

N{B(p): v € X} =B(\{p: ¢ X))

The proof of Theorem 4 consists of the same three ingredients as those in the
example: translation of the validity conditions of an axiom (eventually accompanied
by some syntactic transformations), application of the Intersection Lemma, and
making use of the fact that for some first-order expression & with R as the only
predicate symbol

%(%,7) = /\{w?i VE(R(%,5) — o(%, 7))}

The class of such expressions will be isolated in the Closure Lemma below. But first
we need
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DEerFINITION 18. Let M be a canonical model, and 4 a conjunction of atomic
formulas which are prefixed by universal and O-quantifiers, so that all occurrences
of a predicate symbol have the same free variables. Every occurrence of a predicate
symbol P in A is therefore of the form Q—,JEP()E, ¥), where 0 is the quantifier prefix
of the ith occurrence. P has a good minimal substitutionin A if M = N{p(x,7) :
N; O:i%p(%,7)} = p, where p is a first-order formula built using the predicates R,
=, T and L only. -

For example, we have seen that if the only occurrence of P in A is of the form
0O, P(x, ), then P has a good minimal substitution in 4: for every canonical model
M,

M E N\{e(x,7) : Oep(x, 7)} = R(x, 7).

Before we formulate the Closure Lemma, we shall get rid of two degenerate cases.

(a) Henceforth we assume that all quantifiers are non-vacuous, i.e., if we write a
formula O, ¢, then x occurs free in . This is justified by the assumption that R is
always non-empty.

(b) We shall also assume that every quantifier prefix in 4 contains at least one O.
That this is no loss of generality can be seen as follows.

Let P occur in 4 with a purely universal prefix, Vx; - - - Vx, P(%, 7). Then this
occurrence implies all other possible occurrences of P in 4, and A4 is equivalent to
a conjunction where Vxi - - - Vx, P(X, 7) is the only occurrence of P.

M = N\{p(%,5) : V1 Vxup(%, 5)} = T(%, ),

so P has a good minimal substitution in A.
Now we can state the Closure Lemma which is proved in Section 4.2:

CLOSURE LEMMA. Let A be a conjunction of atomic formulas prefixed by ¥ and
D-quantifiers, so that all occurrences of a predicate symbol in A have the same free
variables. Then every atomic formula in A has a good minimal substitution, and this
minimal substitution is the same as the one used to obtain the frame correspondent.

4.1. w-saturated models and the Intersection Lemma. Let X = {¢;(x), p2(x),...}
be a finitely realizable type in a model M, that is, for every n there is an element a,, in
the domain of M such that ¢y (a,), ... ,p,(a,)is truein M. If M isjust an ordinary
Henkin model, there does not necessarily exist an element a such that for every ¢
in X o(a) is true in M. Among other things this implies that O A{p 1 ¢ € X} is
not equivalent to A{Cxy 1 ¢ € X} in M. But in the proof we do need that

ME O Ne:peXx}= \{Ow:peX}

(an analogue of Esakia’s lemma). We therefore move from the original Henkin
model to a mildly saturated extension.

THEOREM 5. Every consistent set of (D) formulas has a model ¢ which is w-
saturated and canonical, that is
(i) every finitely realizable type which contains finitely many parameters is
realized; _ )
(ll) R,E( (d: d) =df /\ép(x,d_)G.S’(D) DXQO(X, d) - QD(d, d)
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ProoF. From the completeness proof for the minimal logic we know that every
consistent set of formulas has a canonical model € where

Re(x,7)= N\ Dupx7) —o(x, 7).
e(x,7)ez(0)

By the truth definition
& | Oxp(x,7) © Vx(Re(x,7) = € | o(x, 7).

Therefore there is a first-order model * (with R = Rg justan ordinary predicate)
such that if y € Z(0)

T Eyo®Estiy).

We shall use this fact to build the saturated model which we need, because one
can apply the standard procedure of constructing an w-saturated extension of €*.
(While extending a model for a generalized quantifier is much more difficult.)

Take an w-saturated elementary extension &* of @*. It is clear that

Ty e k) o Esi(y),

for every sentence w of & (D).

Every type finitely realizable in € is finitely realizable in &* and is therefore
realized in &/*. But &* is still a first-order model; to make an #(0) model & out
of it, we could define the accessibility relation R in & to be the interpretation of R
in &*, i.e., stipulate

A | Oxp(x,7) & Vx(R(x,7) = & | ¢(x, 7).

However, it is not obvious that . is still canonical.
Instead we define the accessibility relation anew in &. & will be the expansion
(7*, Ry ) of &*, where Ry is defined on &/* as

Ru(x,7) = A Vx(R(x,7) — st(p(x, 7)) = stle(x, 7).
st(p(x,7))p(x,5)e2(0)

Note that the intersection is only over the formulas s¢(¢(x, 7)) such that ¢(x, y) €
Z(O).
We are done if we can show that

LeMMA 1. & = ¢ & &* |= st{ep) for all formulas ¢ € (D).

Proor. By induction on the complexity of ¢. The only non-trivial case is ¢ =
Oxp(x, 7).

To prove the direction from right to left, assume that &* = s¢(0, w(x, 7)), that
is, &* = Vx(R(x,7) — st(w(x,7))). We want to prove &/ = O,y (x, y), that is
o ’= VX(RM(X!}-}) - ‘//(x’);))

Let Ry(x,7) hold in &. By the definition of Ry, &* | Vx(R(x,y) —
st(y(x,7))) — st(w(x,7)). We know that &* = Vx(R(x,7) — st(w(x,7))).
Therefore &/* |= st(w(x, 7)) and, by the inductive hypothesis, & = w(x, 7).

From left to right: let & = O, w(x,7), thatis & | Vx(Ruy(x,7) — w(x,7)).
Let R(x, 7) hold in &/*. We want to show that &* k= st(w(x, 7)). It is enough to
show that R(x, ) implies Ry (x, 7). If this is so, we obtain w(x, 7) from R(x, )
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and the fact that &/ |= Vx(Ry(x,7) — w(x, 7)), and hence applying the inductive
hypothesis we also get st(w(x, 7)).

Let R(x, 7). Take a formula st(y) such that Vx(R(x,7) — st(x(x,7))). Then
st(x(x,7)). This way we prove that for all st(x), R(x,7) — (Vx(R(x,7) —
st(x(x,7))) — st(x(x, 7))).

Therefore R(x, 7) — Ay, (VX (R(x,7) — st(x(x,7))) — st(x{x,7))), which
means that R(x, y) implies Ry (x, 7). =

This completes the proof of Theorem 5. o

COMMENT. ¥ is an elementary extension of & with respect to #(0) formulas,
but not necessarily with respect to #(R) formulas if R is interpreted as Ry.

Now we are ready to prove that in & the Intersection Lemma holds.

Lemma 2 (Intersection Lemma). If X is a set of formulas with the same free vari-
ables, closed with respect to A, and B is a formula where ¢ occurs positively, then in
an w-saturated model

N\{Blp):peX}=B(\{p:peX}.

Proor. By induction on the complexity of B. The basis and propositional cases
are trivial.

o Let B = VxB;. A{VxBi(p) : ¢ € X} = Vx A{Bi(p) : ¢ € X} (because
V distributes over A ), and by the inductive hypothesis this is equivalent to
VxBi(A{e: ¢ € X}).

e Let B = O,B;. This case is analogous, but since O distributes only over
conjunctions of formulas with the same free variables, it is important that
all formulas in X (and therefore in {Bi(p) : ¢ € X}) have the same free
variables.

e Let B = O,B;. We have to show A{CxBi(p) : ¢ € X} = O Bi(A{e :
¢ € X}), and here we need the model to be w-saturated. Since <, B;(—) is
monotone, the direction from right to left is immediate. As to the converse,
assume M = O,Bjp, for all ¢ € X. Choose Bi(y1),...,B(p,) with
p; € X. Since X is closed under conjunction, we have by assumption
M = O Bi(p1 A\ Apy). Bymonotonicity of O, and By, M = O, (B (p1)A
-+ A Bi(n)). This means that there is d, such that M |= R(d,, &) A Bi(¢1) A
-+ A Bi(pn). Because M is w-saturated, there is an element d: M k=
R(u,e) AN N{Bi(p) : ¢ € X}. Therefore, M = Ox A{Bi(p) : ¢ € X}, as
required.

e Let B = dxB;: the proof is analogous to the previous case. -

4.2. Closure Lemma. Let 4 be a conjunction as in the condition of the Clo-
sure Lemma. We also assume that all quantifiers are non-vacuous and that every
quantifier prefix contains at least one O-quantifier.

Let A’ be the subformula of 4 which contains all and only occurrences of the pred-
icate symbol P. We shall use both the #(0)-form of 4’, namely A, 0; % P(%, ), and
its standard translation A\, V%(%; — P(X,7)), where i runs over the occurrences
of P. In the sequel we call the &; R-conditions. The standard translation of 4’ is
thus equivalent to Vx(\/; % — P(x,7)). P(x, ) has a good minimal substitution
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in 4 if
\ % = N{e(%,5) : ¥2(\/ & — o(%,57))}.
ExampLE 5. The R-condition corresponding to 0,0, P(x, y) is R(x) A R(y, x).
ExAMPLE 6. Let 4’ = Vx0O,P(x, y) A O,VyP(x, y), then
A™ =VxVy(R(y,x) = P(x,y)) AVxVy(R(x) — P(x,y))

which is equivalent to VxVy(R(y, x) V R(x) — P(x,y)). The good minimal sub-
stitution for P in 4 must be therefore R(y, x) V R(x).

We are going to prove the existence of good minimal substitutions for all non-
vacuous quantifier prefixes containing at least one 0. But first we need several
propositions.

PROPOSITION 2. Let & be an R-condition, such that
R(%,7) = Ne(x,7) :V2(Z(%,7) - 0,7}

then

and vice versa: if
2(%,5) = Ny (x,52) : Vev2(2(%, ) — (%, 72)},
then
2(%,5) = Ne(%,5) : VR(E(%,5) — ¢(%,7))}.
Proor. The proof is routine. —

To prove the next proposition, we shall use the following tautology of the minimal
logic: L F O,(0,60 — 6) (the proof is easy).
PROPOSITION 3. R(z,%7) = N{p(z,%,7) : VzVZ(R(z, X7) — ¢(z, %, 7))}
Proor. The direction from left to right is trivial. For the converse direction, we
have to prove A{¢(z, %,7) : VzVx(R(z,x5) — ¢(z,%,7))} — R(z,%7), in other
words,
AVED.0(z, %, 5) = 0(2,%,7) > \(Qyw(z%,5) = w(z 2, 7).
4 14
It suffices to derive A, O,w(z,e,5) — w(de,j) from A, VxO,p(z, x,5) —
@(d,é,7). Take an arbitrary y(z, %, 7). We substitute this formula for 8 in the
tautology above:
VX0 (O:y(z,%,7) — yw(z, %, 7).
We assume that the conjunction A , VX0, ¢(z, %, ) — o(d, e, 7)holds. Asaspecial
case we obtain

VO, (D.y(z,%,7) = w(z, %, 7)) = (O:v(2,8,5) - v
Since this holds for every y, we can derive A, O, y(2,¢,7) — y(d, €, 7). =
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ProposITION 4. If Ox1,... , Ox, contains at least one O-quantifier, and all quan-
tifiers are non-vacuous, and the only occurrence of P(%,7) in A is of the form
Ox1...0x,P(%,7), then P has a good minimal substitution in A.

ProoF. The general form of the prefix described in the condition of this proposi-
tion, is
V()10 V(@)20;, - - - V(@) Oz, V(@)1 P(X, 7),
where k > 0 (that is, there is at least one O in the prefix), and 7z = %. The standard
translation of this formula is
VX(R(ZI, (’2)1’,)7) JARERWAN R(Zk’ (’Z)k’zk—l’ (&)k—b ey 2], (12)1’}7) - P(ia .}_)))

(since there is at least one O-quantifier in the prefix).

‘We have to show that
i=k

F = /\ R(Zi) (u})gl's )-))’
i=1

where (1i%)<; are the variables bound by the quantifiers preceding O,,, is a good
minimal substitution for P.
By Propositions 2 and 3 (observe that z; (1) <; C %),

R(zi, (u2)<i, 7) = N\ (%,7) : VE(R(z, (82) <1, 7) = (%, 7))}
7

Note that here we essentially use the fact that the z; occur in P(x, ), that is, that

O-quantifiers are non-vacuous.
Itiseasy to see that A, R(z;, (4Z)<i, 7) — N{e(x,7) : VX(A; R(z:, (u%)<i, 7) —
e(%, 7))}

To prove the other direction, namely

N 5) V2 (A\ Rz, () <1, 5) = 9 (%, 7))} — /\R zi, (2)<i» ),

we argue as follows:
{p(%,7) : V2(R(zi, (42)<i, 7) — ¢(%,7))} C
{e(%7): VE(/\ R(z:, (2)<i, 7) = (%, 7))}

therefore
/\{<p(i,)'z) : Vi(/\ R(z;, (u)<i, ) — (%, 7))} —

Ne(,5) : VE(R(zi, (i) <i, 5) — ¢ (%, 7))}
and this means that

Ao (&, 5) : VE(A Rz, ()0, 5) — (%, 7))} = Rlz, (182) <0, 5).

i

Since this holds for every i,

PN (5,): Y\ Rl ()09) = (5,90} = \ Rz (). 7),
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that is, # is a good minimal substitution. 4

PROPOSITION 5. A disjunction of good minimal substitutions is a good minimal
substitution, i.e., if for everyi, 1 <i <n,

#(2:,7) = N\, 5) : VR (2, 7) = o(%, 7))},

where zZ; C X, then

\/9? Z, 7 /\{cp %,7): Vx( Vg? (Zi,7) = (%, 7))}

Proor. Since for every %;
{o(x,7): Vi(\/%i(fi,i) — (%, 7))} S {e(%,7) : V2(R(2,7) — 0(%, 7))},

N5, 7) V2 (2, 5) = ¢(%,57))} —
N 5) 920\ #(z,5) = e, 7))},

that is, for every %, & — N{¢(%,7) : V2V, %(z:,7) — (%, 7))}, and this
implies \/i Hi — /\{90()?! )-}) : V)??(Vl '%i(éi’.}_)) - QD(-{-’ .}_)))}

Now we prove that the implication holds also in the other direction. From
Proposition 2 follows that if %#;(Z;,7) = A{¢(%,7) : V(& (2, 7) — (X, 7))},
7; C %, then %;(%;,7) = N{w (%, 7) : VZ: (% (2, 7) — w(Z, 7))}

Now, assume that A{p(%, 7) : VE(V, Zi(%:,7) — ¢(X, 7))} holds and none of
the %;(Z;, 7) holds. Then as we have just seen, there are formulas y1, ... , ¥,, such
that for every i, VZ;(%;(%;,7) — wi(Z;,7)) and —w;(Z;, 7). Take the disjunction
of these formulas, \/; w;(Z;, 7). The resulting formula is also false. An equivalent
formula with free variables %, 7, namely, \/; w:(Z;, 7) vV L(X), belongs to the set
{o(x,7) :YX(V, % (3, 7) — ¢(%, 7))}; but this formula is false, a contradiction.

Lemma 3 (Closure Lemma). Let A be a conjunction of atomic formulas prefixed
by Y and O-quantifiers, so that all occurrences of a predicate symbol in A have the same
free variables. Then every atomic formula in A has a good minimal substitution, and
this minimal substitution is the same as the one used to obtain a frame correspondent.

ProOF. The lemma follows from the four propositions proved above. -

4.3. Syntactic transformations. We now describe the syntactic transformations
which reduce the task of finding a correspondent for an axiom y to simple appli-
cations of the Intersection and Closure Lemmas, thus finishing the proof of the
Theorem 4.

Assume that a formula y is of the form A, x;, where each y; is of the form
Qz -+ Qz,(A — B), A and B as in the Theorem 4. Then if every conjunct in y
corresponds to a first-order condition on R in the canonical model, say )(, , x itself
corresponds to a first-order condition on R (namely, a conjunction of y; . So, it
suffices to prove that every y; corresponds to a first-order condition on R.
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Writing down the validity conditions of y;, we obtain
v‘Pl . ’V‘PnQZl s QZm(A - B)’

where V¢, are the quantifiers over definable relations corresponding to the predicate
symbols in y;. If P; is an n-place predicate symbol, then V¢ ; can be instantiated
on any formula with precisely » variable places.

If m > 0, then translating the truth conditions for the quantifiers in first-order
logic, we obtain

Vi1 VpuVzy -+ Yz, (T — (st(4) — st(B))),

where I' is a conjunction of R-conditions corresponding to the O-quantifiers in the
prefix (if there are such quantifiers). This is equivalent to

Vzy - Vzu(T — Yo, -+ -V, (st(4) — st(B))).

Our proceedings in cases when A4 contains disjunctions, constant formulas (without
predicate symbols other than =, T and 1), negative formulas, are pretty obvious.
For example, in case when s7(A) is of the form V;st(4;), we apply the fact that

V1 - - - Voo (Vist(4;) — st(B))

is equivalent to
ANy - -Vopu(st(4;) — st(B));

substituting this formula in the formula above gives
AiVZ1 Yz (T — Vo1 - -V, (st(4;) — st(B)));

now it again suffices to prove that each conjunct has a correspondent.
Finally, we have a formula

™ Vzy - V(T — V1 - - -V, (4" — B')),

where I" is first-order, B’ is a positive first-order formula, and 4’ is a conjunction
of formulas st(Qx - - - Qxxp;), where all quantifiers are non-vacuous.

Assume that there is only one predicate letter P in y. Then the reasoning goes as
follows: P occurs in 4’ in subformulas of the form s¢(Qx; - - - Qx; P(X, 7)), where
the ¥ are bound and the j free (rename the bound variables if necessary). The condi-
tion (*) can be rewritten as Vz; - - - Vz, (" — A{B'(0(X, 7)) : A, st(Qi (%, 7))}).

Applying the Intersection Lemma,

vz V(T = B (\{e(%,5) : \st(Qise (7)1,

and by the Closure Lemma (P has a good minimal substitution in 4’, say p), this
is equivalent to Vz; - - - Vz,,(I" — B'(p)), which is a first-order statement in R.
Now we consider the general case, when there is more than one predicate symbol.
Then we eliminate the second-order quantifiers one by one in the following way.
Split A’ in two parts, 4; and A, so that 4, contains all and only occurrences of P,:

Vzi o+ Vzu,(I" = Ve - -V, (4" — B'))
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is equivalent to
Vz1 - Vzu(I' — V1 -V, (41 A 42 — B')),
and this in turn to
Vzy V(I — Vi - - Vou_1(41 = VY, (42 — B'))).

We now apply the Intersection Lemma and the Closure Lemma to Ve, (4, — B’').

This way all second-order quantifiers which bind predicate symbols occurring
both in the antecedent and in the consequent can be eliminated.

If B contains predicate symbols which are not in the antecedent, these can be
replaced by a fixed contradiction having the same parameters as the original atomic
formula; since B is positive, and therefore monotone, the resulting formula is
equivalent to the original one. Analogously, a predicate symbol occurring only in
the antecedent can be replaced by a tautology.

Assume that 4 contains a predicate symbol which does not have a quantifier
prefix, that is, 4 — B can be written as 4’ A P(x) — B(P(x)). By assumption,
the % are free in B. Since B is positive, B(P(%)) can be equivalent to B’ A P(X) or
B'v P(x).

A" AP(x%) = B'V P(x)
obviously corresponds to a first order condition, namely a trivial one, and
A' A P(%) = B' A P(%)

is equivalent to 4’ A P(X) — B’, the case which we treated above.

Let ! be the result of applying this algorithm to y. We proved that if y is an
axiom, then in a canonical w-saturated model y holds.

The proof of the converse, namely that for every model M, if M = xt, then
M |= y, is standard (cf. Sambin and Vaccaro [1989], van Benthem and Alechina
[1993]). One can show that - xt =VP, - -VP,x, where Py,... , P, are all predicate
letters occurring in y (the proof uses the fact that here the quantifiers range over all
possible interpretations of predicate letters, including good minimal substitutions
for P;). And this implies that if M = x%, then M makes every instance of x true.

ExaMPLE 7. All axioms of the free filter quantifier (except extensionality) have
correspondents for completeness.

ProOF. We check the axioms given in Example 2.
O, x = x has a correspondent in every model, namely 3x(R(x) A x = x),
which is equivalent to IxR(x).
O,x # y has a correspondent in every model, namely, Vx(R(x,y) — x #
), which is equivalent to Vx—R(x, x).
O, AOyw — O.(@Ay) is equivalent to the formula treated in Example 4;
its correspondent is VxVyVZ(R(x, 7Z) — R(x,7)).
Vx(p — w) — (O, — O,y) is not a weak Sahlqvist formula. We shall
see later that it does not have a correspondent for completeness.

ExAMPLE 8. The characteristic axiom of the “for almost all” quantifier (the Fu-
bini property):
DnyP(x: Vs 2) - DnyP(-x: Ys 2)



1032 NATASHA ALECHINA AND MICHIEL VAN LAMBALGEN

corresponds to the following condition on R:
R(y,Z) AR(x,yz) — R(x,Z) AR(y, x%).
Proor. Rewriting the validity conditions of the axiom gives
Vo (VxVy (R(x,Z) A R(y,xZ) — p(x,¥,2)) —
VyVx(R(y,2) A R(x, yz) — ¢(x,y,7))
which is equivalent to
NP9 (R(y,2) AR(x,p2) = ¢(x,,2)) :
VxVy(R(x,Z) A R(y,xZ) — p(x,»,2))}.
By the Intersection Lemma,
VyVx(R(y,Z) AR(x, p2) = \{p(x,2,2) :
VxVy(R(x,2) A R(y, x2) — ¢(x,,2))}),
while by the Closure Lemma
N\{p(x,3,2)) : VxVp(R(x,2) A R(p, x2) — ¢(x,,2)} = R(x,Z) A R(y, x2)
in every canonical model. Thus we obtain the correspondent
VyVx(R(y,Z) AR(x,yZ) — R(x,Z) A R(y, xZ)). -

ExaMPLE 9. The characteristic axiom of the “co-countably many” quantifier
(Keisler’s axiom):

VxO,P(x,y,Z) ANOVyP(x,y,2) —» O,VxP(x,,7),

corresponds to
VxVy(R(y,Z) — R(y,xZ) V R(x, 2)).

ProOOF. The axiom is valid iff
Vo (VxVy(R(y, xZ) — ¢(x,,2)) AVxVy(R(x,Z) — ¢(x,5,2)) —

VxVy(R(y, 2) — ¢(x, 5, %)),
namely,

Vo (VxVy(R(y, xZ) V R(x,Z)) = ¢(x,y,2)) = VxVy(R(y,Z) — o(x, y,2)).
This can be rewritten as

ANxY(R(7,2) = ¢(x, 3, 2)) : VxVp(R(y, x2) V R(x,2)) = (%, 3,2))};
by the Intersection Lemma,

VxVy(R(y,2) = N\{p(x,2,2) : ¥xVp(R(y, x2) V R(x,2)) > o(x, 5, 2))},
and by the Closure Lemma, VxVy(R(y,Z) — R(y,xZ) V R(x, Z)). 4

The correspondent of the Fubini property is in Horn form, whereas the corre-
spondent of Keisler’s axiom is not. In Section 8.3 we shall see that this distinction is
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of some importance, so it would be of interest to isolate the class of weak Sahlqvist
formulas whose correspondents are in Horn form.

§5. Soundness of the substitution rules. In this section we show that if LCC proves
p, for ¢ € Z(0), then ¢ is derivable from the Keisler axioms. To show this, we
proceed as follows. First we show that LCC is sound for relational models where R
satisfies the following properties:

1. 3xR(x, p)
-R (X ’ )C)
R(x,7Z) — R(x,7)
_‘R(xs yf) A _‘-R(y’ 2) - _\R(X, 2)
For every formula 6(x, 7) in the image of the standard translation:

SNk w

Vx(R(x,z3) — 0(x, 7)) = Vx(R(x, 7) — 0(x, 7)).

Informally, x; is interpreted as ranging over {x : R(x, y)}; formally, we consider
assignments f : IVar — A, constrained by R(f (x;), f(7)). The rules Or,[ are
sound because {x|R(x, )]} is non-empty.

y # x, holds because y = x, would imply R(y, y), contradicting 2.

SUB,x

I'= !}V(X,;g, 2), A
I'=> ()&I(Xﬁg,f),A

is sound because 3 and 5 together imply
Vx(R(x, yit) — 0(x,7)) — Vx(R(x, 9) — 0(x, 7).
Lastly, we consider SUB,.:

"=y #xL,A T=p(x,:,p,2),A
I,T'=o(x;5,y,2),A, N ’

where x. does not occur free in I, A" and x,; does not occur freein I', I, A, A'.
Observe that the premises of SUB,. imply under our interpretation of indexed
variables

I' - Vx'(R(x",2) - y #x' VA')
and
I = Vx(R(x,yZ) — ¢(x,y,Z) VA),

respectively (given that x! is not free in I/, A’, and x;y) is not free in I', A). We
want to derive the conclusion, namely

I, T/ - Vx(R(x,Z) = p(x,y,Z) VAV A).

Assume that T, I” and R(x, Z) hold. If one of A, A’ holds, we are done. Assume that
A and A’ do not hold. Then I' implies Vx/(R(x’,Z) — y # x'), that is, =R(y, 7).
By 4, R(x, yZ). But then I implies ¢(x, y, Z).

Hence SUB,. is sound for relational models (&, R) satisfying 4.
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Now suppose ¢ is not derivable from the Keisler axioms; by Theorem 3 there
exists a canonical relational model (&, R) for - and the Keisler axioms®. By
Theorem 4, (&, R) satisfies 1-5 above; hence this model shows that LCC+—¢ is
consistent. o

§6. Non-existence of correspondents for completeness.

6.1. Restrictions imposed in the Sahlqvist theorem. In this section we show that
not all formulas have a correspondent for completeness. First we prove this for the
truth definition we are working with,; later the result is generalized.

The following theorem also shows why occurrences of <, in the antecedent are
forbidden in Theorem 4.

THEOREM 6. Orp — (¢ V y) does not have a correspondent in the sense of
completeness.

ProoF. Let us call O, — O, (o V w) A. Although A4 does have a frame corre-
spondent, namely VxVyVZ(R(x, ) — R(x,7Z)), (see van Benthem and Alechina
[1993]) we show that it does not have a correspondent for completeness. Assume that
AT exists. The following axioms are consistent with 4: O, x = x and Vy—< pX =y,
Hence, together with 4 they have a model where A" holds. From Proposition 1
follows that AT implies VxVyVZ(R(x, 7) — R(x, 7Z)). Since the correspondents of
the other two axioms (being their standard translations) hold in every model, we
have a model where VxVjVz(R(x,7) — R(x,7Z)), 3xR(x) and Yx—R(x, x) hold
simultaneously. But this is impossible. -

An immediate consequence of the theorem is that “O over A”-combination in
the antecedent cannot be allowed, since the axiom considered above can be written
equivalently as

D (e Ay) — Dep.
Also, we have

COROLLARY 1. Extensionality, that isVx(p = w) — (O, = O, y) does not have
a correspondent in the sense of completeness.

ProoF. One can check that extensionality is consistent with O,x = x and
-O,x = y, and that extensionality implies O, — O.{p V w). Hence if ex-
tensionality would have a correspondent for completeness, it would imply the frame
correspondent of Oy — <O,(¢ V w). The rest of the argument is the same as
above. o

COROLLARY 2. Oy — Oy does not have a correspondent in the sense of com-
pleteness.

Proor. The proof is analogous; the consistency can be shown by constructing
a model where D is infinite, R(x,7) < A,x # y:, and for each predicate P",
V(P") = D", 4

% Alternatively, take the model given by Keisler’s completeness theorem and define R as a countable
intersection.
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COROLLARY 3. 3x(x # y A p(x,y)) — Ox(p(x,¥) V w) does not have a corre-
spondent in the sense of completeness.

PrOOF. Analogous. -

The clause of Theorem 4 forbidding occurrences of the same predicate letter with
different free variables is also necessary. Suppose that there is a variable in the
antecedent not occurring in the consequent, as in O, (0, P(x,y) — O, P(x,z)), is
equivalentto ¢, (0, P(x, y)AT(x)) — O, P(x,z),andVy (O, P(x,y) — O, P(x,z))
is equivalent to Iy0, P(x, y) — O, P(x, z).

This shows that the class of weak Sahlgvist formulas is strictly smaller than the
class of all Sahlqvist formulas and that none of the conditions of Theorem 4 can be
dropped.

6.2. Other truth definitions. Let us first of all compare the results of this paper
with results previously obtained for modal logic. Recall that a modal logic L is
called first order complete if there is a set A of first order sentences in the language
{R, =} such that

1  if and only if for every Kripke model M: if M |= A then M |= ;

Sahlqvist’s theorem tells us that modal logics axiomatized by Sahlqvist formulas,
such as K4, S4, S5, etc. are first order complete. When we transfer this concept of
first order completeness to generalized quantifiers (cf. Definition 15), we see that
there is an important quantifier logic axiomatized by Sahlqvist formulas which is not
first order complete, namely the “almost all” quantifier axiomatized by LI-L4 below
plus O — O (pVw) (whichisequivalentto LI~ L5 given the minimallogic). We
do have first order completeness for logics axiomatized by weak Sahlqvist formulas,
but since extensionality is not weak Sahlqvist, this result is not very interesting
taken by itself. Indeed, we can obtain even stronger negative results, as follows. The
reader may have observed that for generalized quantifier logics a stronger form of
first order completeness can be defined: the truth definition we considered above is
universal, but nothing prevents us from considering more complex truth definitions.
Might we not obtain a first order correspondent to extensionality this way? E.g., the
following truth definition studied in Jervell [1975], Mijajlovic [1985] and Krynicki
[1990] trivially yields extensionality:

D, (x) if and only if 3y¥x(R(x,y) — ¢(x)),
where R is a new binary predicate and y does not occur free in . But in this case
Keisler’s axiom for “co-countably many”

VxO,o AOVyp — 0O,Vxep

corresponds to a schema, not to a first order condition as above.

This is not accidental. For instance, for the quantifier “almost all” it can be shown
that any truth definition, however complex, involving an accessibility relation R,
will make at least one axiom correspond to a schema.

In this subsection, we shall consider even more general truth definitions involving
a relation R(x, Y), where Y is a finite subset of the domain. Consideration of this
relation is natural, because one might argue that dependence really is a relation
between objects and finite sets of objects (compare algebraic or linear dependence).
Such truth definitions, where quantifiers over finite sets are allowed, will be called
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weak second-order. The truth definition that we employed up till now can be
expressed in the new language as follows:

Oxp(X, Y1502 s n) &
IYVx(R(x, Y) = o1, ) A \vi € Y AVZ € Y(\/ 2 = o))

For any given weak second-order definition, we may now ask whether quantifier
axioms have correspondents for completeness in the language {R, €,=}.

THEOREM 7. For any weak second-order truth definition, the conjunction of the

Friedman axioms

Ll Oyx=x

L2 O,x#y

L3 Oxp AOyy — O (p Ay)

L4 D0, —0O,0,¢

L5 Vx(p — y) = (Ocp — O.y)
does not have a correspondent for completeness.

Proor. Choose a weak second-order truth definition and suppose that the con-
junction of the Friedman axioms does have a correspondent for completeness. Then
the following statement would be true:

(C) 3X3D3IR(X =D AR C D x X A ‘R satisfies the correspondent

for completeness for the conjunction of the Friedman axioms’).

The part in quotes is Ag since all second-order quantifiers range over X. Further-
more the formula X = D<? is X;, hence the entire statement is ;.

From the Levy-Shoenfield Absoluteness Lemma (cf. Jech [1978], p. 120) it fol-
lows that (C) holds in the constructible universe L. We now show that this is a
contradiction.

Observe first that by using our truth definition in L, we may add a generalized
quantifier O to the language {€, =}, where €, = have the standard interpretation;
QO will satisfy the conjunction of the Friedman axioms for this language since R
satisfies its correspondent for completeness. In L, define a relation S by

S(x’J_}) =df /\QX(P(x’)-") - <P(X;J-’)

and a new quantifier O by O,¢(x, ) =47 Vx(S(x,7) — ¢(x,7)). We show that
we must have O,p(x, 7) = Qx¢p(x, 7). The direction from right to left is trivial.
For the converse it suffices if Q is closed under countable intersections in L, for in
that case

(@) Oxe(x7) =Vx((A, Qxy(x,7) = y(x, 7)) = ¢(x, 7))

(b) A, @xy(x,7) = Qxy(x,7) = Ox(A, Oxy(x,7) — y(x, 7))
whence (by L5) Oxp(x, 7).

To show that Q is closed under countable intersections in L, argue as follows: let

Q be defined on D (ie., @ C #(D) and D € Q), and let (4,),c., bein L, such that
A, C D and forall n, Qx(x € 4,). We want to show Ox(x € ), 4.).
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Define a relation T'(x, y) by
T(x,y) =ar Vn(x € 45 - Vm(y € A,,)V3Im > n(y € 45,))VV¥n(x € A,Ay € D).

Then VxQyT (x, y): forif x € (), 4n, then y € D, and if for some n, x ¢ A,, then
¥ € Nm<n Am. Hence QxQyT(x,y) and by L4 QyQOxT (x, y).

If y € A5, then {x : T(x,y)} =N, 4n UU,<nm 45; and if y € N, Am, then
{x:T(x,y)} = D. It follows that ,, 4» C {y : OxT(x,y)}. If we have equality,
also Qy(y € N,, Am). Otherwise, let m be such that y € 4¢, and QxT'(x,y). It
follows that Ox(x € N, 4n U U, <., 45), whence Ox(x € ), 4x).

Hence O, (x, 7) = Qxp(x, 7), and it follows that O also satisfies the Friedman
axioms. Applying the Sahlqvist algorithm to the Friedman axioms (note that we
now have obtained a canonical relational model, and that the Friedman axioms do
not have existential quantifiers in the antecedent, hence their correspondents hold
in every canonical model) shows that S satisfies

(a) IxS(x)

(b) _‘S(x: x)

(©) S(x,72) = S(x,7)

(d) S(x,y2)AS(y,Z) — S(y, x2).
Furthermore, rewriting extensionality in terms of .S shows that .S satisfies, for every
formula of the form st(y)

Ix(S(x, 7) A =st(y)(x, 7)) — 3x(S(x, 72) A —st(w(x, 7))
that is

® Vx(S(x, yz) — st{y(x, 7)) — Vx(S(x, 7) — st(w(x, 7))).

We show that L does not have a definable well-ordering, which is a contradiction.

Suppose that < is a definable well-ordering on D. Define P(x,z) as S(x,Z) A
Vy(S(y,xz) — x < y). Since IZVx—P(x, Z) implies (with the Axiom of Dependent
Choice, which holds in L) the existence of an infinite descending chain, we must
have Vz3x P(x, Z). Then we can choose xo with S{xp) and Yy (S(y, x¢) — x¢ < y)
and x; with S(x;, xo) and Vy(S(y, xox1) — x1 < y). Due to the property (}§) the
following holds:

Vy(S(y, x1) = x1 < ).
S(x0) AS(x1, xo) implies together with (d) S (xo, x1), therefore x; < xo. This yields
X0 = x1, a contradiction with S(x|, xo) by (b) (cf. Theorem 1.5.3 in van Lambalgen
[1994]). 4
A slight rearrangement of the argument above yields

COROLLARY 4. Let Q be a weak second-order definable filter quantifier satisfying
OxQyp — QyQOxyp. Then Q is a principal filter.

§7. Undecidability of the correspondence problem. In modal logic, the problem
whether a formula has a first order frame correspondent is undecidable. This was
proved by Chagrova [1991]. It is easy to show that this result implies undecid-
ability of the frame correspondence problem for generalized quantifiers (cf. van



1038 NATASHA ALECHINA AND MICHIEL VAN LAMBALGEN

Benthem and Alechina [1993]). The same result holds for the correspondence for
completeness problem, even for logic which does not have ordinary quantifiers.

TuEOREM 8. For any weak second-order truth definition, it is undecidable whether
a formula in the language with generalized quantifiers has a correspondent for com-
pleteness.

Proor. It is undecidable whether a formula without ordinary quantifiers is satis-
fiable in Friedman’s logic (Steinhorn [1985b]). Let F be Friedman’s logic; F can be
written as Fy + EXT, where EXT is extensionality, and Fj is a conjunction of weak
Sahlqvist formulas.

Let 4 be any formula with O’s but no first order quantifiers.

o If Fy + EXT + A is satisfiable, then it does not have a correspondent for
completeness by the argument in L.

o If Fy+ EXT + A is not satisfiable, then L is a correspondent for completeness.

Hence if we could decide whether a schema has a correspondent for completeness,

we could also decide satisfiability in Friedman’s logic. -

§8. Digraphs on variables.

8.1. Negation. We wish to provide a semantics for a fragment of % (IVar) cor-
responding to partially ordered complexes of generalized quantifiers. Partially
ordered quantifiers Q (also known as Henkin quantifiers or branching quantifiers)
can be defined formally as follows: Q is a relational system (#p, <), Where &/ is
a finite set of first order quantifiers with distinct variables and < is an asymmetric
partial order on &.

A dependency of a p.o. quantifier Q is an element of < of the form (Va, 3b); the
essential order of Q is the set of all dependencies of Q. A little reflection shows that
<o can be captured formally by means of suitable indexed variables, and indeed the
semantics for & (IVar) will be such that all Henkin quantifiers can be represented.
For example, the Henkin quantifier

Vydx
(22 st

(where ¢ is first order) is represented by Vy3x,Vu3x, (y, x,, u, x,), in the sense that
both formulas receive the semantical interpretation

IF3AGYYYup(y, F(»), u, G (u)).

Clearly, both in the case of Henkin quantifiers and in that of Z(IVar), we can
construct much more complex formulas by means of —; the question is how to
interpret these formulas. We illustrate the difficulty using Harel’s [1979] semantics.
For Harel, the following formulas are all wellformed:

(a) —~Vy3x,Yudx,e(y, xy, u, xy)

(b) \Vlyaxy_‘(vuaxu)‘;o (v, Xy, U, xy)

(C) ﬂ(\Vluzlxu)\Vlyaxy‘P(y’ Xy, Uy xu)’
where the brackets indicate the scope of —. These formulas receive the following
interpretations:

(a) VFVG3IyIu—p(y, F(y),u, G(u))
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(b) IFVYGYyTu~p(y, F(y),u, G(u))
(c) VFIGIyJu—p(y, F(y),u, G(u)).

We see that, firstly, — introduces new dependencies (in (b), y depends on u; in (c), y
depends on G ), and, secondly, that (b) and (c) receive different interpretations, al-
though Vy3x,Vu3x,o(y, x,,u, x,) and Vu3x,Vy3x,o(p, x,, 4, x,) are equivalent.
In other words, the order in which we write the independent prefixes now matters;
and neither (b) nor (c) is a representation of

Vy3
( —\Juﬂxv ) o lx 3 u,v).

Part of the trouble seems to be that the negation of a universal quantifier introduces
a dependency, but that the nature of this dependency is underdetermined. Since we
have no intuition whatsoever about the behaviour of dependencies in the presence
of negation, we shall restrict ourselves to a fragment where these problems do not
arise. We believe, however, that a semantics for a fragment including negations of
prefixes should be based on the idea that partially ordered quantifiers are connected
to games with imperfect information.

8.2. Semantics for interpretable formulas.

DEFINITION 19. A prefix is a sequence of quantifiers Q;¢ - - - Q,¢, such that for
all i, all variables occurring in the index of #; € IVar are bound by quantifiers

Oty Qi1ti1. =

DEerFINITION 20. The set of interpretable formulas is defined as follows:
1. Quantifier-free formulas of # (IVar) are interpretable.
2. If P is a prefix and ¢ is an interpretable formula such that no variable
bound in ¢ occurs in P, then Py is an interpretable formula. .

We shall provide two semantics for interpretable formulas; the first (Definition 22)
adequate for the case of full substitution rules (where we may take V binding
x € Var only), the second (Definition 23) appropriate for the case when there are
no substitution rules, i.e., when indexed variables have to be restricted to a relation
R.

DerINITION 21. If P is a prefix, we define the second-order part sop(P) of P to be
Io(z1) - - - Ho(#x), where each ¢; is an indexed variable bound by 3.

The first order part fop(P) of P consists of the sequence of all universal quantifiers
in P. —

DEerFINITION 22. Let & be a first order model. Satisfaction of interpretable for-

mulas is given by a map # from Form (% (ITerm)) into a second-order language:

L. ﬁ(_‘)A(tl, cees tn) = (_')A(u({l)’ s ﬂ(tn))

2. =, A,V as in Definition 6.

3. Ifforaprefix P, Py isinterpretable, f P = sop(P)fop(P)#e (whereindexed

variables in fop(P) are replaced by new ordinary variables).

We say that an interpretable formula ¢ is satisfied in & under an assignment f if
i is satisfied in & under f in the second-order sense. The reader may check that,
for linear prefixes, this definition is equivalent to Definition 6. =
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It would be no problem to extend the first order semantics to a larger class of
formulas where also negations of prefixes are allowed, thus obtaining a system
equivalent with second-order logic (Harel [1979]); but as remarked above we shall
refrain from doing so, for want of a perspicuous interpretation.

Lastly, we provide the interpretable formulas with a relational semantics, appro-
priate for models (&, R).

DEFINITION 23. Relation semantics for the interpretable formulas is given by a
map ff from Form(< (ITerm)) to a second-order language containing R, which can
be described as follows.

Given an interpretable formula ¢, replace successively each quantifier 3¢ by
3¢(R(z,ind(2)) A - - -) and each quantifier V¢ by Vx(R(x,ind(¢)) — ---) (where x is
a new variable). Write the resulting expression in prenex form and define fip to be
the formula obtained by applying Definition 22. We say that ¢ is satisfied in (%, R)
under an assignment £ if ffi is satisfied in (&, R) under f the second-order sense.
_|

The definition can be easily extended to many-sorted languages with indexed
variables, corresponding to models with several R predicates.

ExaMmpLE 10. Take a standard model (&7, Q) for the quantifier ‘co-countably
many’ and expand & to a model (&7, O, R) by taking countable intersections. On
this model we may now interpret the branching quantifier

< zzgi: ) w(x,y,u,v).

Similarly, we may define branching compounds of many different generalized
quantifiers. This should be compared to Barwise’s [1979] definition.

8.3. Digraphs. Lastly, we investigate the graphical interpretation of branching
compounds of generalized quantifiers. Henkin quantifiers can be represented as a
partial order on variables, labelled by first order quantifiers. Interpretable formulas
of & (Ivar) can also be represented as a labelled structure on variables, but in this
case the structure is not always a partial order.

First we introduce some graph-theoretic terminology (see Harary, Norman and
Cartwright [1965]). A digraph (from directed graph) is a pair D = (¥, 4), where V’
is the set of vertices and A4 is a set of ordered pairs (u, v), where u # v € V; elements
of A are called arcs. u is a transmitter in D if there is no v such that (v,u) € 4;
u is a receiver if there is no v such that (u,v) € 4. A path is a sequence of arcs
(ug, vo) - - - (un, vyn) such that v; = u; + 1; this path is a cycle if in addition uy = v,,.
A digraph is acyclic if it does not contain a cycle.

We shall now construct acyclic digraphs corresponding to indexed variables and
prefixes. We need an auxiliary

DEFINITION 24. If ¢ € IVar is of the form ¢t = x,, . ,,, we say that ¢ immediately
dependson yi,... , yn. .
Given ¢ € I'Var, we construct an acyclic digraph D(¢) as follows:

V = {s|s occurs in the construction tree of ¢}
A = {{u,v) |u,v € V,v immediately depends on u}.
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D(t) has the following properties: between any two vertices there is at most one
arc, the transmitters are variables of the form y € Var or xg, and there is a unique
receiver (namely #).
If ¢ occurs in a linear formula, D(¢) is transitive in the sense that the relation A is
transitive (since for such ¢z, the relation of immediate dependency is transitive).
Conversely, let D = (¥, A) be an acyclic digraph with unique reciever, then we
can find ¢ € IVar such that D is isomorphic to D(¢):

- label the transmitters of D by ordinary variables or by variables with empty
index

- if v is a vertex such that all # with (u,v) € 4 have been labelled, label v by
x indexed by the labels of immediate predecessors of v (where x is new).

If ¢ is the label of the receiver, D is isomorphic to D(¢); the assumption that D is
acyclic guarantees that each vertex will be labelled (cf. Harary et al. [1965], Theorem
10.1).

More generally, we may view prefixes as acyclic digraphs labelled by quantifiers.
Take a prefix P and construct a digraph D(P) = (¥, 4) by

V is the set of variables which hereditarily occur in P
A = {{u,v) |u,v € V,v immediately depends on u}.

If we label D (P) in the obvious way by quantifiers, we obtain a graphical represen-
tation of P. In general, D(P) will have several receivers; but if P is part of a linear
formula, D{P) is a transtive acyclic digraph with unique receiver. As above, there is
also a converse: if D is an acyclic digraph, then D is isomorphic to D (P) for some
prefix P.

It follows that we can dispense with indexed variables in favour of a representation
using acyclic digraphs. Let D be an acyclic digraph such that ¥ C Var, and each
vertex is labelled by a quantifier, then we can find an isomorphic D’ on IVar which
together with the corresponding labelling defines a prefix. Conversely, any labelled
acyclic digraph arising from a prefix is isomorphic to a labelled acyclic digraph on
a subset of Var. Hence we may view the formalism of indexed variables as a linear
representation of acyclic digraphs labelled by quantifiers.

That we really need digraphs and not just partial orders, is illustrated by the fol-
lowing example. In the case of generalized quantifiers, the prefixes Vydx,3x,, and
Vy3x,3x, ., have different interpretations, namely as Vy3x3z(R(x, y) A R(z,x) A
-+-)and Vy3x3z(R(x,y) A R(z,xy) A - - -) respectively. These correspond to the
following digraphs:

.. . and . .

However, the first digraph is not a partial order.

Since acyclic digraphs on ordinary variables and indexed variables are inter-
changeable, we could (perhaps more perspicuously) reformulate the proof systems
for generalized quantifiers in terms of sequents labelled by sets of digraphs. To do
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this precisely would require an article in itself, so we leave to the reader the pleasure
of playing with digraphs to verify the assertions made here’.

For a start, a proof step in such a labelled calculus of sequents may consist in the
transformation of a formula, a digraph, or both; in any case the transformation will
depend on both input parameters. For instance, quantifiers can be introduced only
on variables which are receivers in a digraph; after introducing the quantifiers, all
arcs leading to the variable are deleted.

Substitution rules such as SUBr or SUB,,, correspond to operations on digraphs.
SUB,,, can be viewed as sanctioning the addition or deletion of certain arcs; and
the action of SUB, is best described as licensing taking a quotient of the digraph
for the equivalence relation of intersubstitutibility. The reader may verify (using the
correspondent computed in Example 8) that the substitution rule corresponding to
the axiom 0,0, — 0,0, consists of reversing an arc in a digraph. Note that
this correspondent is in Horn form.

However, SUB.. (based on a correspondent not in Horn form) does not lead to an
operation on digraphs. If we reformulate the proof of Keisler’s axiom from SUB,,
(in Section 2.5) in terms of SUB!,, then the argument can be seen as involving a
dichotomy: either Ix%(y = x%) or Vx4(y # x.). In terms of digraphs, this means
that we make some assumptions on the sturcture of the digraph, assumptions which
are later discharged. If we were to reformulate these systems in a natural deduction
format, this would imply that there are also improper inference rules involving
digraphs.

Itisinstructive to compare this with the proof theory of stationary logic developed
by Barwise, Kaufmann and Makkai [1979,1981]. Stationary logic was designed to
smooth out certain rough edges of Keisler’s logic. Its main object of study is the
quantifier aa s, interpreted as *for almost all countable subsets s°, where *almost all’
refers to the cub filter. Although s is a second-order variable, the techniques of the
present paper can be applied to compute correspondents of the axioms determining
aa; for example, the correspondent for completeness of the diagonal intersection
axiom is R(s,Z) — (x € s — R(s,xZ). The diagonal intersection axiom implies
Keisler’s axiom for ’co-countably many’, but observe that the correspondent of the
former now is a Horn formula.

The authors represent the dependence relation by a linear order on first and
second-order variables, such that s depends only on variables which occur to its
left; each sequent is labelled by such a linear order, and the non-trivial proof rules
consist in manipulations with this linear order. We meet some old friends here: the
(D) and (Add) rules of stationary logic, which allow one to delete or add variables
under certain conditions, are the same as our SUB,,,. The rule corresponding
to the diagonal intersection axiom can be read off from the correspondent given
above; it is an operation on the linear order. It is also much ‘nicer’ in the sense that
the derivation of the diagonal intersection axiom does not need CUT, unlike our
derivation of Keisler’s axiom. It seems likely that this difference is due to the fact

"The presentation in terms of digraphs might be useful to develop proof systems which approximate
the (E%) set of validities of Henkin quantifiers. A pleasant feature is that the non-linear representation of
formulas allows us to introduce quantifiers in a non-deterministic manner. For the connection between
NP and Henkin quantifiers, see Blass and Gurevich [1986].
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that the correspondent of the diagonal intersection axiom is in Horn form, whence
it translates into an operation on a linear order on the variables.

§9. Conclusion. The main thesis of this paper is that proof systems for general-
ized quantifiers can conveniently be constructed by giving attention to relationships
of dependence between variables. Many properties of quantifiers determine de-
pendencies, which sometimes can be made explicit. There are at least two ways to
do this: one may endow variables with structure, or one may consider formulas
to be pairs (D, ), where D is a digraph on the variables occurring in ¢. Corre-
spondingly, proof rules for dependencies take one of two forms: substitution rules
for indexed variables, or operations on (or more generally, arguments involving)
digraphs. There appear to be formal connections between this type of substructural
logic and logics obtained by deleting the propositonal structural rules; for instance,
contraction together with suitable identification of formulas differing only in bound
variables has the same effect as a substitution rule. However, the precise nature of
this correspondence remains to be explored.
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