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Abstract

In this paper we deal with an eigenvalue problem in an interface elliptic equation.
We characterize the set of principal eigenvalues as a level set of a concave and regular
function. As application, we study a problem arising in population dynamics. In these
problems each species lives in a subdomain, and they interact in a common border,
which acts as a geographical barrier.
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1 Introduction
Recently, the following semilinear interface problems have been analyzed

—Au; = Afi(x,u;) inQi=1,2,
o u; = ’)’Z‘(Ug — ul) on X, (1)
Oyuz =0 on T,

where Q is a bounded domain of RY with
Q=0 U U,

with €; subdomains, with internal interface ¥ = 01, and I' = 90 \ X, v; is the outward
normal to €;, and we call v := v; = —vy (see Figure 1 where we have illustrated an
example of ).

In (1), u; represents the density of a species inhabiting in €;, and they interact on
Y. under the so called Kedem-Katchalsky conditions (see [7]), and it means that the flux
is proportional to the jump of the function through ¥ (see [3], [4], [5], [6] and references



Figure 1: A possible configuration of the domain 2 = Q U Qs U X.

therein). Here, f; : ©; x R — R are regular functions, v; > 0 stands for the proportional
coefficient of the jump and A is a real parameter representing the growth rate of the species,
the same in both subdomains. It seems natural to consider two different growth rates, one
for each species, that is, a problem as

—Aui = /\Zfl(x, uz) in Qi,
Oyu; = vi(ug —uy) on X, (2)
Oyus =0 on I,

with \; € R.
As a first step towards the study of (1), it is necessary to analyze the eigenvalue
problem

—Au; = dm(x)u;  in Q;,
Oyui = vi(ug —u1) on X, (3)
O,us =0 on I,

where m; € L*(€;), m; Z 0 in ;. (3) has been analyzed in [9] in the self-adjoint case
Y1 = 2. For that, the authors used variational arguments to prove the existence of
principal eigenvalue as well as its main properties. The general case v # 2 was studied
in [8] using a different argument. In [8], to study (3), the authors first analyze the problem

—Au; + ¢i(x)u; = Ay in
Oy = 7yi(ug — uq) on X, (4)
aVUQ =0 on F,

where ¢; € L™(€;). They prove the existence of a unique principal eigenvalue of (4),
denoted Aj(ci,c2). Hence, the study of (3) is equivalent to find the zeros of the map

AeR— f()\) = Al(—)\ml, —/\mQ).
The main goal of this paper is to study the following generalized eigenvalue problem:

Bl/ui = ’Y,L(’LL2 — 'LL]_) on Z, (5)
O,us =0 on I



Motivated by [8], to study (5) we analyze the zeros of the map
(A1, X2) € R? = F(A, \2) := A (—Aimy, —Aama),
that is, we analyze the set
C:={(M\,22) €ER?: F(\, \2) = 0}

We show that F' is a regular function, concave and F'(0,0) = 0. Hence, for instance, fixed
A1, there exist at most two values of Ao such that F'(A;, A2) = 0. Moreover, due to the
concavity of F, it is well known that the set {(A1, A2) € R?: F(\1, A2) < 0} is convex. In
any case, the study of the set C depends strongly on the signs of m;. It is obvious that
the case where the functions m; have a definite sign, for example they are positive, is a
simpler case than the case where one or both of them change sign.

We summarize the main results.

Our first result deals with the case both m; non-negative and non-trivial functions (see
Figure 2).

Theorem 1.1. Assume that m; > 0 in Q;, @ = 1,2. Then, there exist positive values A;-",
i = 1,2 such that:

1. Assume that \1 > Af. Then, F(A1,A2) < 0 for all A2 € R.

2. Assume that \1 < Af. There exists a unique Ag := H(A1) such that F(A1,A2) =0
and
F()\l, )\2) <0 fO?" Aoy > 7‘[()\1), F()\l, )\2) >0 fOT“ Ay < 7‘[()\1)

Moreover, the map A1 — H(\1) is continuous, decreasing, H(0) =0 and

lim H()\l) = A2+, lim 7‘[()\1) = —OQ.

A1 ——o00 A —AT

The values Af and A will be defined in Section 2.
In the next result we analyze the case m; non-negative and non-trivial and ms changing
sign (see Figure 3).

Theorem 1.2. Assume that m; > 0 in Q1 and ma changes sign in Qo. There exists
AT >0 such that:

1. If M > )\inax’ then F()\l,)\z) < 0 for all Ao € R.

2. If \1 = NP then there ewists a unique Ay such that F(NP* ;) = 0 and
F()\Ilnax, )\2) < 0 for all Ay € ]R\ {Xg}

3. For all A\; < MNP there exist Ay = H™ (A1) < Ay = HT(\1) such that
F(AL, A7) =F(\,A3) =0,
and

<0 for Ay >HT(A1) or Aa < H™ (A1),
F(Al’)\z){ >0 fordg € (H™ (M), HT(\)).



F(A, M) >0

Figure 2: Case m; and my both non-negative and non-trivial: we have represented in the
plane A; — Ay the curve F(A\,A2) = 0, as well as, the regions where F' is negative and
positive. In this case, C = {(A1, A2) : A2 = H(\1)}.

Moreover, the map Ay — HT (A1) (resp. H™(\1)) is continuous, decreasing (resp.
increasing) and

lim HE\) =AF and  lim  HEO\) =X

)\1%700 Alﬁ)\gnax

4. Finally,

(a) If o, ma <0, then AP >0 and Ay > 0.
(b) If [o, m2 >0, then AP >0 and A2 < 0.
(c) If fQ2 mg = 0, then NP = Xy = 0.
Remark 1.3. 1. In Figure 4 we have represented the cases my > 0 in £y, mo changes
sign in Qo, fQ2 mo > 0 and fﬂg mo = 0.

2. Of course, by symmetry, a similar result holds for mi changing sing in Q1 and mo
non-negative and non-trivial.

Finally, we deal with the case of both m; changing sing.

Theorem 1.4. Assume that m; changes sign in ;. Then, there exists a closed curve
C C R2, such that F(\1,\2) = 0 if and only if (A1, \2) € C. Moreover,

F(A1,X2) > 0 if and only if (A1, A2) € int(C),

and
F(A1,A2) <0 if and only if (A1, A2) € Ext(C).
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Figure 4: Case m1 > 0, m1 # 0, me changing sign and fQ2 mg > 0 (left) and fm mo =0
(right).

Remark 1.5. The form and structure of C depends strongly on the sign of the integrals
of m;. In all the cases, (0,0) € C.
In the following result, we complete the above Theorem, see Figure 5.

Theorem 1.6. Assume that m; changes sign for i = 1,2. There exist \Pm < 0 < \nax
such that

1. If Ay < NP or Ay > AP then Fi(Aq, A2) < 0 for all Ay € R.

2. If \y = AP (resp. A\ = A1) then there exists a unique Ao (Tesp. Ay)
such that F(NP* Xy) = 0 (resp. F(AP,)\) = 0) and F(A\P*, \y) < 0 (resp.
F(NMR ) < 0) for all A € R.

3. If Ay € (AP AAX) there exist unique Ay = H (A1) < AJ = HT (A1) such that
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Figure 5: Cases m; changing sign. [ m1 <0 and: [, ma < 0 (left), [, m2 > 0 (center)
and fQQ ma = 0 (right).

F(A\1, M) = 0. Moreover,

F(A, M) <0 for Ao >HT (A1) or Ao < H™(\1),
D2V >0 for Ay € (- (A1), HT(\)).
Finally,
im HE\) =Xy, and  lm _ HE(\) = o

)\1-}){““‘ )\1*})\11"&’(

We apply these results to the nonlinear problem

—Aui = )\zmz(m’)u, — ufl in Qi,
Oyu; = 7i(ug — u1) on %, (6)
Oyuz =0 on I

with A\; € R, m; € LOO(QZ) and p; > 1.
We prove (Theorem 5.1) that (6) possesses a positive solution if and only if

F()\l, )\2) < 0.

Moreover, in such a case, the solution is the unique positive solution. Hence, we can give
the following consequences:

1. Assume that m; and mo are non-negative and non-trivial functions.

(a) For A\; large (A1 > A7), there exists a positive solution for all Ay € R.

(b) For A\; < A7, there exists a value Ay = H(\;) such that (6) possesses a positive
solution for Ao > H(\1).

In both cases, for A\; > 0 we have that there exists a positive solution for negative
growth rate (A2) of ug. In the case without interface, this is not possible, that is,
even if the population has negative growth in one part of the domain, the interface
effect makes it possible for the species to persist throughout the domain.

2. Assume that mq is non-negative and non-trivial and mo changes sign. Then, if Ay
is large, then there exists positive solution for all Ay € IR. However, for A\; < A",
then there exists positive solution for Ay < H™ (A1) or Ay > H1(\1).



3. Assume that m; and mg change sign. There exist A" < AP guch that for
A1 > AP or \; < AR (6) possesses a positive solution for all Ay € R. However, for
A1 € (APIn \Pax) - there exist H (A1) < HT (A1) such that (6) possesses a positive
solution only for Ao < H™ (A1) or Ada > HT(\1).

An outline of the paper is: in Section 2 we include some preliminary results related
to scalar eigenvalue problems. Section 3 is devoted to show some general properties of
F (A1, A2). The main results concerning to the eigenvalue problem (5) are proved in Section
4. Finally, in Section 5, we analyze (6).

2 Preliminary results

2.1 Scalar eigenvalue problem

In this section we recall some results concerning to scalar eigenvalue problems, see [2] for
example.

Here G is a C?®, a € (0,1), domain of RY, 0G =T';y UTy, I'1 N Ty = ) and v is the
outward unit normal vector field. For ¢ € L*°(G), h € C(I'1), g € C(T'2), we denote by
0 (=A +¢; N + h, N + g) the principal eigenvalue of the problem

—A¢p+ce(x)p=Ap in G,

% 1 he¢ =0 on T4,

% +g9=0 on I'y,
and by O'IG(—A + ¢; N + h, D) that of the problem

—A¢p+ce(x)p=Ap in G,
% +ho=0 on I,
¢ =0 on FQ.

We will quote some important properties of 0¢'(—=A+4¢; N +h, N4g) and o (=A+c; N+
h, D). We denote the boundary operator

| Ovp+hp=0 only, | Op+hp=0 only,
B(¢)_{ay¢+g¢=o onTy, B(¢)_{¢:0 on T,
Proposition 2.1. 1. The map ¢ € L®(G) — of(=A + ¢;B) is continuous and
INCreasing.

2. It holds that
0F(=A+¢N+h N+g) <ol (=A+¢ N +h,D).

3. Assume that there exists a positive supersolution, that is, a positive function u €
W2P(Q), p > N, such that

—Atu+c(x)u>0 inG, B(m) >0 ondG,



and some strict inequalities, then
G .
o' (—A+¢B) > 0.

Now, we define
pA) =0 (=A = Xe;B), AeR.

The main properties of () are stated in the next result.

Proposition 2.2. 1. Assume that ¢ # 0 in G. Then, A € R — u(X) is regular and
concave.

2. Assume that ¢ > 0 in G, define

Co:=G\{z € G:c(x)> 0}, (7)
and assume that
dist(0Co N G, 0G) > 0. (8)
The map A — u(\) is decreasing and
I A) = - I \) = o{(—A; D).
Jm p(d) =—oo,  lim p(X) =01°(-A; D)

3. Assume that ¢ changes sign, then

lim p(A\) = —o0.

A—ZFo0o

Moreover, there exists \g € R such that p'(Ng) = 0, /(X)) > 0 for A < Ao and
w'(N) <0 for X > Xp.

We can describe the exactly the sign of the map u(\).

Corollary 2.3. 1. Assume that ¢ > 0 and the set Cy satisfies (8). Then, there exists
a unique zero of the map pu(\), we denote it by \{ (G, c;B), and as consequence,

>0 if A<\ (G,¢B),
p(A){ =0 if \=\(G,cB),
<0 if x>\ (G,¢B).

2. Asume that ¢ changes sign.

(a) If u(Xo) <0, then u(A) <0 for all X € R.

(b) If w(No) = 0, then Ao is the unique zero of the map p(\).

(c) If u(No) > 0, then there exist two zeros of the map p(N\), we call them
AN (G,¢;B) < X < A (G,¢;B). As a consequence,

>0 ifAe (N (G, B), M\ (G, b)),
pA) < =0 if \= X[ (G,¢;B) or A= )] (G, ¢;B),
<0 if \<A[(G,¢;B) or A > )] (G, ¢;B).



2.2 Interface eigenvalue problem

First, we fix some notations that will be used throughout the paper. For convenience, we
write u = (u1, ug) with u; defined in €; and similarly ¢ = (¢1, ¢2). In order to simplify the
notation we write the boundary conditions as

{ Oy = vi(ug —up) on X, }

By = 0 onT, <= Z(u)=0 onXUT.

We write
Oyur > y1(ug —uy) on X,
Z(u) =0 on (X,T) <= ¢ Jyus < vo(ug —ui) on X,
Oyuz >0 on T

We consider the Banach spaces

LP:={u:u; € LP()}, p>1,
H' .= {u T € Hl(Qi)},
WP = {u:u; € W2P(Q,)}, p>1.

The norm of a function u is defined as the sum of the norms of u; in the respective spaces.
On the other hand, given u = (u1,uz) we write u > 0 in Q if u; > 0 in Q; for i = 1,2
and u > 0 in Q if both u; > 0 in €; for ¢ = 1,2, and finally u # 0 in Q if u; # 0 in a subset
of positive measure of €); for some i = 1, 2.
Given ¢; € L*(£;), we denote by Aj(c) = Aj(c1,c2) the principal eigenvalue of (see

[9])

—Au; + ci(r)u; = Ay in Q,
{ (9)

Z(u)=0 on XUT.
First, we recall some properties of Aj(cy,c2), see [8].

Definition 2.4. Given u > 0 in Q, w = (uy,us), u € W?P, p > N, is a strict
supersolution of (—A + ¢, T) if

—Au+c(z)u>0 nQ, Z(@) >0 on(XD),
and some of these inequalities are strict.

Proposition 2.5. 1. Assume that ¢ < d in Q. Then, A1(c) < Ay(d). Moreover, if
c#d inQ, Ai(c) < Ai(d).

2. Assume that ¢, — ¢ in L>, then Ai(c,) — Ai(c).
3. It holds that

Ai(e) < min{of (A + c13 N +71), 072 (A + o N + 72, N) .
4. The map ¢ € L™ — Aj(c) is concave.

5. Ai(c) > 0 if and only if there exists a strict positive supersolution @ of (—A +c¢,Z).
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3 Generalized interface principal eigenvalue: first
properties

The main goal in this paper is to analyze the eigenvalue problem

{ —Aui = /\Zmz(ac)u, in Qi, (10)

Z(u) =0 on XUT,
where m; € L*(;), m; Z 0 in ;, i = 1,2. It is obvious that
(A1, A2) is an eigenvalue of (10) if and only if Aj(—A1m1, —Aama) = 0.
Hence, we define F : R? — R by
F(A, A2) := A (= Aimq, —Aama).
The following result addresses the concavity of Aj(ci, o) in each component.

Proposition 3.1. Fiz c; € L*(Qy). Then, the map ¢; € L>®(Q1) — Ai(c1,c2) € R s
concave.

Proof. Denote G(c1) := Ai(c1,c2), take ¢ € L®(Q4), i =1,2 and t € [0,1]. Then,
Gt +(1—t)cd) = Aq(tel+(1—t)ed, co) = Ay (tel+(1—t) 3, teat+-(1—t)ca) = Ay (tet+-(1—t)d),
where ¢ = (¢}, c2) and d = (¢}, ¢2). Using now Proposition 2.5 4., we get that

Gtk + (1 —t)c?) = Ay(tc+ (1 —t)d)

> thi(c) + (1 —t)A1(d)
= tAi(cl o) + (1 —t)A1(c2, )
= tG(c}) + (1 —t)G(c}).
This completes the proof. ]

As a consequence, we deduce the concavity of the map F(A1, A2).

Corollary 3.2. Fized \ € R, \y — F (A1, \2) is concave, and then, there exist at most
two values of Ao such that F(A1,\2) = 0. A similar result holds when we fiz Aa.

In order to simplify the notation, we denote (recall Corollary 2.3)
AT = XE(Qu,mi N +v), AT = XE(Qg,ma; N + 79, N). (11)

Observe that if we denote by p(\) = a?l(—A — Am1; N + 71), then p(0) > 0. Hence, if
my changes sign the existence of A7 < 0 < Af is guaranteed by Corollary 2.3. If m; >0
in 0y then A} = —oo0.

The first result provides upper bounds of F'(A1, A2).
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Lemma 3.3. It holds:

F(A1, A2) < min{o$ (=A = \ymi; N + 1), 032 (=A — Agma; N + 42, N) 3, (12)
and
=1 [ mi—=X [ ma+ (71 +2)X|
F(\, \g) < o] L . 13
o) = o+ e

Proof. (12) follows from Proposition 2.5 3.
Let ¢ = (1, ¢2) be a positive eigenfunction associated to F'(A1, A2). Observe that

—Ap; — A\imi(z)p; = F(A1, A2)p;  in Q;,
Z(p) =0 on X UT.

Multiplying by 1/;, integrating and adding the two resulting equations, we obtain

Ve | Vipo|?
PO (] 190 =0 [ = [ ma— ([ TREL [ TR
o Qo o 1 o P2

2 2
Y2 M Y1¥3 + Y2
L= (2-2) = uvls| - [ 22000,
b ©2 ¥1 b P1P2

Observe that

whence we conclude (13).
O

Corollary 3.4. 1. F(A1,\3) <0 for Ay € (=00, AT]U[A],+00) or Ay € (=00, A5 ] U
(A7, +00).

2. Assume that F(A\1,\2) = 0. Then,
AT <M <Af and Ay <X < AJ.

Proof. 1. Observe that if A\; € (—oo, A7] U[A],+00), then, by Corollary 2.3, we get
o' (=A — A\ymy; N + 1) < 0. Hence, by (12) we obtain that

F()\l, )\2) < 0.

2. Since F(A1, A2) =0, by (12), we have that
0< min{a?l(—A —Atmi; N 4+ 71), 0?2(—A — Xama; N + 2, N)},
and then 0?1(—A —Am1; N+ 1) > 0 and 0?2(—A — Aamao; N + 72, N) > 0, and

hence the result concludes by Corollary 2.3.
O
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The following result will be very useful. First, we introduce some notation. Assume
that m > 0 in €2, define

M = Q;\ {z € Q; : my(z) > 0}
and assume that 9M? is a regular and
dist(OM? Ny, 0Q;) > 0. (14)

Proposition 3.5. Assume that m; > 0 in Q; and that the sets M? verify (14). Take two
sequences {a,} and {b,} such that

an = Gy € (—00,00), b, = —00 asn — +oo.

Then, at least for a subsequence,

lim F(an,by,) = min{a?l(—A —aymy; N + 71),0i\/[20(—A; D)}.

n—o0

Proof. Observe that
F(ap,b,) < min{a?l(—A —apmi; N +71), J§22(—A — byma; N +v2, N)}.
By continuity;,
‘7?1(—A —apmy; N +71) — J?%—A —asmi; N + 1),
and using Proposition 2.2 2., we get
072 (=A = byma; N + 72, N) — Giwg(—A; D).
Hence, F'(ay,by) is bounded.
Assume that

0
0g = Ji\@ (—A;D) < Uih(_A = axmi; N + 7). (15)

Consequently, we conclude that, for a subsequence,

M3

F(an,bp) = Fo < og=0, *(-A; D) < 0?1(—A —axmi; N +71) <oo asn — oo.

Without loss of generality, we consider ¢, = (©1n, Y2n) a positive eigenfunction associated
to F'(an,by) such that ||¢y|l2 = 1. Then,

/QIV%!Q—an i m1pt,—bn i mz@%ﬁ/z(vwfnﬂzsogn)—(’nﬂz)/Esmnmn = F(an,bn) < C,
1 2

where we have denoted )
/ ‘V‘Pn|2 = Z/ ’v%’n’Q-
@ i=1 7S

Since b, <0, m > 0 in 2 and a,, — a* € (—o00,0), we get that

/ |V(,0n’2 - (71 +72)/ P1nP2n < C. (16)
Q =
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Using now the inequalities

/Zu1u2§;</zu%+/zu%>, (17)

and that for any € > 0 there exists C(¢) > 0 such that

2 2 2 1y
/Ev §5/Qi|VU| +0(5)/Q 2 e HY(Qy), (18)

i

(see for instance Lemma 1 in [1]) and ||¢,|l2 = 1, wet get that

1 1
by by P Q Q9

and then from (16) we get
/ ‘V(PnF <C.
Q

lenllar < Co.

Hence,

Thus,
©n — Poo = (P1oos P200) = 0 in H', ¢, = ¢s in L? and LQ(E) with ||psoll2 = 1.

By definition of F'(ay,b,) we have that

2
> </ Vin - Vi —an [ migimvr — by mzsoznw) +
i=1 N

Ql Q2
+ / (p2n — ©1n) (y2v2 — 1101) = F(an, by) (/ P1nU1 +/ 802nU2> . Yo € HY ().
by 1971 Qo
(19)
First, we prove that
P20 € Hy (M3). (20)

Since

HY (M) = {uec H' (D) : u=01in Q \ MY},

we claim that g = 0 in Qo \ MY,
By contradiction, assume that g9 > 0 in D, for some D C Q9 \ Mg and take vy =0
in ; and vy € C§°(D), v2 > 0in D. Then, by (19)

—/ AU2<P2n—bn/ ma(z)panve ZF(ambn)/ P2nV2. (21)
D D D

If o > 0in D, then —b, fD ma(z)panvy — o0 as b, — —oo, a contradiction with (21).
Hence, we conclude that pos = 0 in D. This implies (20).
Taking v1 € H*(Q4) and vy = 0 in (19), taking limit, we get

Vi, - Vo —ap mi1p1nv1 + / (p2n — @1n)(—=m1v1) = F(an, by) / P1nV1,
Q1 1971 % Q1
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then passing to the limit, taking into account (20) in the boundary integral,

Vi - VU1 — a4 M1 P11 + 71/ PlooV1 = Fo/ P1lool1-
04 (951 ¥ 191

Hence, if ||p100]|2 # 0, then Fy = a?l(—A — aym1; N + 1), an absurdum due to Fy < oy
and (15). Then, ||p1o|l2 = 0. Hence,

[p200ll2 = 1.
Then, take v1 = 0 and v € H} (M) in (19), we obtain

/ Voo - Vg = Fo/ P20002,
Mg M2

0

Mg

which yields that Fy = o, ?(—A; D) = oy.
M3

A similar reasoning can be carried out when 0?1 (—A—aymi; N+v) <oy 2(=A; D).
This finishes the proof.
]

4 Proofs of the main results

The main idea of the proof can be summarized as follows. Instead of looking for solutions
of F(A1,A2) =0 in the general form (A1, \2), we look for solutions in the particular form
Ao = pAg, for all u € R.

Hence, the following map plays an essential role in our study. Given p € R, we define

Ju(A1) == A (=Aimy, =Aipuma) = F(A1, Ap).

In the following result we state that, for A # 0, it is equivalent to solve F(A1, A2) = 0 to
fu(A1) = 0. Specifically, we have:

Proposition 4.1. Assume that F(A},\}) = 0 and X} # 0, then f,,(\Y) = 0 for
o = AY/AS.
Conversely, if fu,(A)) =0 then F(AY,\3) =0 for A = poA!.
In what follows, we explore the particular case Ay = 0.
Proposition 4.2. Assume that A\ = 0 and denote
g()\g) = F(O, /\2) = Al(O, —)\2m2).

The map Ay — g(A2) is reqular, concave, g(0) =0 and

sign((0)) = sign (— / 2 m2) | (22)

Moreover,
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1. If mg > 0 in Qq, then Ao — g(A2) is decreasing and

lim g(Xg) = —oco and  lim g(\p) = min{o{ (—A; N —1—71),0{‘/[3(

Ao—+00 Ag——00

—A;D)}.

In this case, g(A2) > 0 for Ao < 0 and g(A2) < 0 if Ay > 0.
2. If mo changes sign in g, then

lim g(A2) = —o0.

AQ—):EOO

Moreover,

(a) If fﬂz mg = 0, then ¢'(0) = 0 and Ay = 0 is the unique root of g(A2) = 0. As a
consequence, g(Aa) < 0 for Ag # 0.

(b) If fQ2 ma < 0, then ¢'(0) > 0 and there exists \j > 0 such that g(\3) = 0. In
this case,
>0 if hy € (0,A7),
g(/\Z){ <0 ifda<0or >\

(c) If fQ2 mg > 0, then ¢'(0) < 0 and there exists Ay < 0 such that g(A\y) = 0.
Hence,
>0 if A € (A7,0),
Q(AQ){ <0 if Ay <Ay or Ay > 0.

Proof. To begin with, the regularity of g follows by the regularity of the function F.
On the other hand, by Proposition 3.1 follows that g(\) is concave. It is obvious that
g(0) = F(0,0) = A1(0,0) = 0. On the other hand, taking m = (0, mz2) in Proposition 3.17
in [8], we conclude (22).

Finally, observe that by (12) we have

g(>\2) <J§22(—A—)\2m2;N+’Y27N), (23)
whence we deduce that lim g(A2) = —oo from Proposition 2.2 2. and 3.
Ag——+00

1. Assume that mga > 0 in Q9. In this case, g is decreasing. Moreover, by Proposition
3.5, taking a, = 0, we conclude that
0
lim g(\2) = min{o$" (—A; N +m1), 07 (

o —A;D)}.

2. Assume that mg changes sign. Then, using (23) and Proposition 2.2 3., we deduce
that
lim g(A\2) = —o0.

)\2—>—oo

Now, from the sign of ¢’(0) in (22), we conclude the result.

In the next result, we study in detail the map A\; — f,(A1).



16

Proposition 4.3. Fiz € R. Then, \y — f,(\1) is regular, concave, f,(0) =0 and

suﬂdeUD)=:—snﬂl(v2 91"”_%”71/22"”)‘ (24)

1. If my > 0 in Qq, then
lim fﬂ()‘l) = —00

A1 —+o0

2. If m1 or mo changes sign, then

lim f,u,(Al) = —OQ.

)\1—>:|:OO

Proof. 1t is clear that f,(0) = 0. The regularity follows by the regularity of F', the
concavity of f,(A1) follows by Proposition 2.5 4., and (24) follows taking m = (my, ums)
in Proposition 3.17 in [8].

On the other hand, by (12) we get

fu(A) < min{g?l(—A —Aimy; N + 1), 0?2(—A — Apma; N + 2, N)},

and then lim f,(A1) = —oo, and if m; or mg changes sign, lim f,(A) = —oc0. O
A1 —+00 A1 ——00

For [, ma # 0, we define

72 my
" Q
poi=— L (25)
it ma
Qo
in such a way that f.(0) = 0.
4.1 Case m; > 0in €;, 1 =1,2.
Observe that in this case
pt <.

Proposition 4.4. Assume that m; >0 in Q;, i =1,2.

1. If p > 0, the unique zero of f, (A1) is Ay = 0.

2. If p < 0, u # p*, there exists an unique A\ = hi(pn) # 0 such that f, (A1) = 0.

Moreover,
<0 ifp>p",
ha(p)§ =0 if p=yp,
>0 if p<ut.

3. The map p € (—00,0) — hi(u) is continuous and decreasing. Moreover,

lim hy (1) = — lm  hy(p) =AY
itn fy (1) co,  lm hi(p) = A
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Proof. 1. Assume that g > 0. Then, since \y — f (A1) is decreasing and f,(0) = 0,
the result follows.

2. Assume that ¢ < 0. Recall that A\; — f,(A1) is concave and f,(0) = 0. If p > p*
then f,,(0) <0, and hence there exists a unique h1(p) < 0 such that f,,(h1(pn)) = 0.
Similarly, when p < p* there exists a unique hq(p) > 0 such that f,(hi(p)) = 0.

3. We will show that p — hi(p) is decreasing. Take now p; < pe < 0. Observe that
—piA1 > —poAr if Ay > 0 and —pu1 Ay < —poAy if Ay < 0. Hence, we distinguish
several cases:

(a) Assume that p* < pp < pe < 0. In this case, hi(u2) and hi(p) are negative,
and then we compare the functions f,, and f,, for negative values. Indeed,
observe that f,,, (A1) > fu, (A1) for Ay <0, and then hq(p2) < hi(p1).

(b) Assume that u; < p* < pg < 0: in this case hi(u2) < 0 < hy(p1).
(c) Assume that pu; < po < p* <0, then f,,(A1) < fu, (A1) for Ay > 0, and then
hi(p2) < hi(pa)-
This shows that p+— hq(u) is decreasing.

We prove now the continuity. Take u, € (—00,0) — po < 0 and consider
An = hi(pn). Since 0 = f,. (An) = F(An, nApn), by Corollary 3.4 we conclude

that
An < Af and  ppA, < A; (26)
Hence, there exists A\; € (—oo, +00) such that A, — A;. We have to show that
Xl = hl(MO)'

Indeed, observe that
0= fu,(An) = A (=Anm1, =Anpinma) = Ar(=Aimi, —Aipome) = fue(A1),
that is, f., (A1) = 0. We separate now two cases:

(a) po # p*: In this case, we assert. that A; # 0. Indeed, assume that \; = 0, that
is, hi(un) — 0. If, for instance, o > p*, then there exists p1(pn) € (h1(pn),0)
such that f;, (p1(n)) = 0. Since hi(un) — 0, then pi(p,) — 0, and as
consequence, f;o (0) = 0, a contradiction. This shows that A; # 0. Then, since
h1(to) is the unique nonzero root of f,,(A1) = 0, we have that A\ = hy (o).

(b) po = p*: in this case f,+(A\1) = 0 implies that Ay = 0 = hy(p*).

This concludes that A\; = hi(u0), and hence the continuity.

We claim that
hi(pn) = —o0  as u, — 0. (27)

Assume that |hq ()| < C. Then, we can assume that, at least for a subsequence,
hi(pn) — hT < 0 and hence

0 = Ar(=h1(pn)m1, —pnhi (pn)ma) — A1(=himi,0) =0,
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a contradiction because Aj(—himy,0) > 0. This proves (27).

By (26), if 4 — —oo we can assume that hy(x) — h* < Af and h* > 0. Then,
why(p) — —oo. Since

0= fu(h1(p)) = F(hi(p), ha(p)p)

and by Proposition 3.5
0
0 = F(ha(), ha(p)p) = min{o" (—A = Xmy; N + 1), 01 (—A; D)},
it follows that
Mg(

0= min{o’?l(fA —XN'my, N +7v1),07 2(—A,D)}.

0
Since O'i\/IZ (=A, D) > 0, we conclude that 03" (—=A — h*my, N +~;) = 0, that means
that h* = A, that is
lim hy(p) = A].

p—>—00

This concludes the proof. O

Once we have studied the map p — hi(u), we need to analyze the map
€ (=00,0) = ha(p) == pha(p).

Proposition 4.5. The map p € (—00,0) — ha(p) := phi(p) is continuous, increasing,

>0 if p>pt,
ho(p) 4 =0 if p=p*,
<0 if p <yt
ngpoo ha(p) = —oo, (28)
and
lim ho(p) = AJ. (29)
u—0

Proof. To start with, the continuity and the sign of the map hg(u) follow directly from
Proposition 4.4. Moreover, it is clear that

lim ho(p) = lm phy(p) = —oc.

p—>—00 p—>—00

In order to prove (29) we can argue exactly as the proof of Proposition 4.4.
Finally, using that F' is increasing, we prove that the map pu +— ho(u) is increasing.
Take p1 < po and assume that ho(py) > ha(ue). Since hy(p1) > hi(pe), then

0= F(h1(p1), h2(p1)) < F(hi(p2), ha(p1)) < F(ha(p2), ha(p2)) = 0,

a contradiction. O
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Figure 6: Case m; > 0 in €;, ¢ = 1,2. We have represented the functions p — hi(u) (left)

—

and g +— ho(p) (right).

In Figure 6 we have represented the functions pu +— hq(u), ha(p). Now, we proceed to
the proof of Theorem 1.1.
Proof of Theorem 1.1: (see Figure 2)

1. Observe that by Corollary 3.4, we obtain

F()\l,)\z) <0 if A\ > A;r or Ay > A;r

2. Take A\; < A]. Then, by Proposition 4.4 there exists a unique p = p(\1) < 0 such
that A\; = hqi(n). Take Ao = ho(p) = phi(u), then

F(A1, A2) = F(ha(p), ha(p)) = F(ha(p), phi(p)) = fu(hi(p)) = 0.
We define the function
H(M1) == ha(hyt(\1)), A< A

It is clear that H is well-defined (observe that h1_1 exists due to that hp is an
increasing function), is continuous and

F(\,H(M\)) =0.

Moreover, since fixed A1, the map Ao — F(A1, \2) is concave, it follows that
F()\l, )\2) > 0 for Ay < 7‘[()\1) and F()\l,)\g) < 0 for Ay > H(/\l)

Furthermore, by Propositions 4.4 and 4.5,

lim H(A) = lim ho(hi(A)) = lim he(p) = —oo,
MTAY () AtAT 2(h (M) pr—00 2(4)

and,

. T —1 T A+
A}%IPOOH(M = \Jm ha(hy ™ (A1) = Jinmy ha(p) = Ay
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Finally, we prove that Ay — H (A1) is increasing. Take A\; < A < Af and consider
H(A1) and H(\1). We are going to show that H(A;) > H(A1). Assume that
H(A1) < H(A1), then

0=F(\,H(\)) > F(A, H(A)) = F(A, H(A)) =0,
a contradiction.

This concludes the proof. ]

4.2 Case m; > 0 in ); and my changes sign in (2,.

In this case, the results depend on the sign of fsb mo. We detail the case
mo < 0,
similarly the other cases can be studied (see Remark 4.8). Observe that in this case

72 mi
W= SR S > 0.

7 ma
Q2

Proposition 4.6. Assume that m; > 0 in 1, mo changes sign in Qs and fQQ meo < 0.
Then, for each p # 0 there exists a unique hi(pn) € R such that f,,(h1(p)) = 0. Moreover,

>0 if p>pt,
ha(p)§ =0 if p=p",
<0 if u<p*.

Furthermore, the map pu € R\ {0} — hi1(p) € R is continuous, and

li =0, Ili = —o0.
“;rfwhl(u) 0, ulgg]hl(u) 00

As consequence, there exists pimax > 1* such that

h = h1(tmax) := A",
1;1%( 1(p) 1(Mmax) 1

Finally, the map p € R\ {0} — hi(pn) € R is increasing in (0, pmax) and decreasing in
(—00,0) and (fmax, 00).

Proof. The proof of this result is rather similar to the proof of Proposition 4.4, hence we
sketch the proof.
Since fy,,, (A1 (pen)) = F(h1(pn), nhi(pn)) = 0, by Corollary 3.4 we get

Ay < ha(pn)pn < A;a

whence we conclude that hi(u,) — 0 as u, — +oo.
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Before proving the monotony, we claim that for any ¢ € R there exist at most two
values of p such that

hi(p) = c.

We argue by contradiction. Assume that for p; < po < pug we get hi(u;) = cfori=1,2,3.
Taking A\, = cju; we obtain

0=F(c,Ay), A< A5 <A,

a contradiction because, fixed ¢, the map Ao — F(c, \2) is concave.

Now, for instance, we show that hj(u) is decreasing in (—o00,0). Take p < pg < 0 and
assume that hi(u1) < hi(pg). Since hy(p) — 0 as p — —oo and hy(u) — —oc as p — 0.
Then, there exists ¢ < 0 such that h;(u) = ¢ possesses at least three solutions. This is a
contradiction and proves that hq () is decreasing in (—oo,0). With a similar argument, it
can be proved that hj(u) is decreasing in (ftmax, 00) and increasing in (0, fimax) - O

Again, we can deduce properties of the map ha(p) = phy(p).

[

Then ho(p) = phi(p) is continuous in p # 0, increasing and verifies

Proposition 4.7. Assume that m1 > 0 in 1, ms changes sign in o and fﬁg meo < 0.

>0 ifpu>p" oru<o,
ho(p) ¢ =0 if p=p",
<0 if pe(0,u%),

and
Mlggi ha(p) = A3, Jm o) = X,
for some X5 € (0,A3).
Proof. Ass&me that pu, — 07, then since ho(uy) is bounded, at least for a subsequence,
ha(pn) — A2 < 0. Observe that since hi(uy,) — —oo, by Proposition 3.5

0= F(hi(pn), h2(pn)) = 072 (=A = Xgma; N 472, N) =0,

and then Ay = A, . Analogously for y, — 07. o
On the other hand, assume that p, — +oo and ha(pn) — A2 < 0. In this case,
hi(uyn) — 0, and then

0= F(_hl (Mn)mla —h2(Mn)m2) — F(07 _Emﬁv

whence \g = M.
Observe that

0= F(0,=\smz) < 02(=A — Nsmag; N + 4, N)

and so A5 < AJ.

Finally, with an argument similar to the one used in Proposition 4.6 we can conclude
that the equation ho(p) = ¢ possesses at most a unique solution. Hence, the monotony of
ho(u) follows. This completes the proof. O
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hi(w)

h}(u)

Figure 7: Representation of the maps hi(p) (left) and ho(p) (right) in the case m; non-
negative and non-trivial, mo changing sign and f§22 ma < 0.

In Figure 7, one may see a representation of the maps p — hi(u), ho(u).

Remark 4.8. 1. In the case

mo >0
Qo

we can obtain a similar result switching u by —p (see Figure 8).

2. When
mo = 0
Q2

observe that f,,(0) <0 for all p (see (24)), and then hi(p) <0 for all p. The global
behavior of hi(u) at = 0 and p — oo is similar to Proposition 4.6 (see Figure

9).

Proof of Theorem 1.2: (See Figure 3). Assume that sz mg < 0 (see Figure 7). We
introduce the following notation:

hi(p) if 4 <0,
hl(ﬂ) — h%(u) if p e (O,Mmax]a
h:{’(u) if > pimax-

1. If Ay > AP, then there does not exist 4 € R such that A\; = hi(p). Hence,
F(A,A2) # 0 for all A2 € R, in fact, F'(A,\2) < 0 for all A2 € R. Indeed, if for
some Ay we have F(A1, A\2) > 0, then there exists at least A9 such that F(A1,\9) = 0.
Then, for some py we have \y = hq(up), a contradiction.
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ha(p) ha(p2)

Figure 8: Representations of the maps hq(p) (left) and ha(p) (right) in the case m; non-
negative and non-trivial, mo changing sign and fm mg > 0.

2. If Ap = A\, there exists a unique fimqz > p* such that A" = hq(fmax), and then
AR = ho(fmax) > 0 and F(AT#, AP#¥) = 0.

3. We fix A\; € (0, \"®*). Then, (see Figure 7) there exist ug, uz with p* < ps <
Pmaz < p3 such that k¢ (u;) = A\ i = 2,3. To these values correspond two different
values of ha(u;). Moreover, as A\ — 0, then pus — p* and ps — +oo, and this case
ha(p2) = h3(p2) — h3(p*) = 0 and ho(us) = h3(us) — As.

4. On the other hand, when A\ € (—00,0). There exist u; < 0 < pa < p* such
that Ay = hY(w) ¢ = 1,2, with gy — —oo and pe — p* as Ay — 0. Then,
ha(p1) = hy(pn) — A5 and ha(pz) = h3(u2) — 0.

Observe that when A\; — —oo then 1 — 0~ and pu2 — 0%, and hence ho(u1) — AT
and hg(,u,g) — AQ_

With this construction, we can define

ha((h3)~1(\1)) if Ap € (0, Amax],
o :_{ b <o,

and

H™ (A1) == ho((RD)7H (1)) if Ay < A2,
Observe that thanks to the monotony of the maps h} for i = 1,2,3, H* and H~ are well
defined. Moreover,

lim 7—[+()\1):Ali_r>%+h2((h‘i’)_1(/\1)): lim  ho(p) = A3,
1

A1—07F p—>—4-00

and
lim HE(A) = lim ho((h1)"'(A1)) = lim_ ha(p) = Aj.

A1—0— A1—0— s
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ha(p) ha(p)

hi ()

Figure 9: We have represented the maps hj(u) (left) and ho(p) (right) in the case my
non-negative and non-trivial, mgy changing sign and ng mg = 0.

As a consequence, H™T is continuous.
On the other hand,

lim H+()\1): lim hQ(M):XQ,

)\1 H)\xl‘nax M—> lbmax

lim H_()\l) = lim hg(ﬂ) = Xg.

)\1*})\3“&)( M= Mmax
Finally,
lim M (M) = lim ho(u) = A,
A1——00 /_1,—)()+
and

lim H™ (A1) = lm ho(p) = A;.

Al ——00 /J—>O*

We show that H*()\;) is decreasing. Take A} < A%

1. When M < A2 < 0: then (h])7'(M\}) < (h)7'(A\]) < 0 and so ho((h])71(M\D)) <
hao((h1)~1(A})). This concludes that

HE(AD > HT(A).
2. Assume now that A} < 0 < A\?: in this case (hi)"1(A\]) < 0 < (R$)71()\?) and then
ha((h1) 71 (A1)) > 0> ho((h)~1(A])), that is HF(A]) > HF(AD).

3. Finally when 0 < Al < A2: in this case 0 < (h3)71(\2) < (A})~1(A\}). Again,
HE(A) > HH (D).

We can argue in the same manner for ~. This completes the proof. O
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Remark 4.9. Case sz mo > 0 can be handled in an analogous way, but the case
fQ2 mg = 0 deserves a comment. In this case, HT and H~ should be defined as follows:

1\—1 i
HH () = { ()00 0 <0

and ha((h2)~1(A if A <0
H™(\) ::{ 02(( 1) (M) sziio’

4.3 Case m; changes sign, ¢ = 1, 2.

Consider in this case

my <0, me < 0,
91 Q2
and then

pt <.

Proposition 4.10. Assume that m; changes sign fori = 1,2 and le my <0, fﬂg ma < 0.
Then, for each p € R there exists a unique value \i = hi(p) such that f, (A1) = 0.
Moreover, the map p € R+~ hi(u) is continuous,

>0 if p>pt,
hi(p) ¢ =0 if p=yp",
<0 if p<pt,
and
MEI:EOO hl('u) =0

As consequence, there exist pimin < U < fimax Such that

h (fmin) = L%lﬁl hi(p) = )‘Ilnin <0, hi(tmaz) = r;?eali}{{ ha(p) = AP > 0.

Finally, the map p — hi(u) is decreasing in (—o0, fimin) and (fmax, 00) and increasing in
(Mmina Mmax) .
For ho(pu), we can deduce the following

Proposition 4.11. Assume that m; changes sign fori = 1,2 and le mi < 0, fQQ mg < 0.
Then, the map 1 € R — ha(p) is continuous,

>0 if p<p* orpu>0,

ha(p){ =0 if p=p" and p =0,

<0 ifpe (u,0).
Moreover,

o) = A

As a consequence, there exists pimin € (u*,0) such that

ho(fmin) = min ho(p) = A} < 0.
2(tmin) min 2(1) = A5 <0
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hi ()

Figure 10: Functions hj(u) (left) and ho(p) (right) in the case m; and msg changing sign
and le my < 0 and fQQ mo < 0.

A

k) Ahz (1)

v

v

Figure 11: Functions hj(u) (left) and ho(p) (right) in the case m; and mg changing sign
and le mq < 0 and sz mg = 0.

We have represented in Figures 10 and 11 some examples of the maps hq () and ho(u)
in the case my and mo changing sign and le m1 < 0 and fﬂg meo < 0.

Proof of Theorem 1.6: 1. By Proposition 4.10, we deduce that

F(AL, A2) <0 if Ay > A1 or Ap < AT or Ay > AF or Ay < A

2. Now, we introduce some notation:

h% (:U) if H < Umin,
hl(:u) = h%(:u) ifH € [,U/minaﬂmax]a
hi(p) if g > pmax.
a) When Ay = A"®* there exists a unique value of p, g = pmax such that
i

h1(pmax) = A1. The value ho(pmax) := A2 verifies that F(A8X o) = 0.
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(b) Take now A; € (0, \1"3). Then, there exist u* < u2 < pg such that A\; = hi(u;)
i = 2,3, specifically, A\ = h?(u2) = h3(us3).
Moreover, ps — p* and u3 — +oo as Ay — 0. For these values, ho(uz) — 0
and ha(ps) — A5. Observe that ha(0) = 0.

(c) Consider the case A\; € (A", 0). There exists a unique value of p < pp < p*
such that A\; = Y (u;) i = 1,2, in fact, \; = hi(u1) = h3(pu2).
In this case, as A\; — 0, then with p; — —oo and pg — p*. Hence, ha(p1) — A3
and hg(,ug) — 0.

(d) The case A\; = A" is analogous to the first case.

Now, we define the maps

C ha((B) I A e (0,28
)= { ha((h)1(0)) if At € [\ )

and .
H™ (A1) == ha((RD) "1 (1)) if Ay € [APim) Amax],

This completes the proof. O

5 Semilinear interface problems

In this section we study the semilinear problem (6).

Theorem 5.1. Problem (6) possesses a positive solution if and only if F(A1,\2) < 0. In
case the existence, the positive solution is unique.

Proof. Assume that there exists at least a positive solution (u1,u2) of (6). Then, using
Proposition 2.5 1.,

0= Al(—/\lml + uﬁ’l_l, —/\2m2 + UIQJQ_I) > Al(—)\lml, —)\ng) = F(/\l, )\2),

whence we deduce that F'(A1, A2) < 0.
On the other hand, assume that F(A, A2) < 0. Then

u=(u,up) =e(pr,92), W= (u,u2) = K(1,1),
it is a pair of sub-supersolution for € small and K large. Indeed, K and € must verify
KV > A Imill oy, &P Hgillie) € —F(,de) i =1,2.
Clearly, we can take € small and K large verifying both inequalities and such that u <u

in Q.
The uniqueness follows by Theorem 4.3 in [8]. O
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