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Finite difference approximation for

two-dimensional time fractional diffusion

equation *

P. Zhuang?, F. Liu®"

aSchool of Mathematical Sciences, Xiamen University, China

bSchool of Mathematical Sciences, Queensland University of Technology, GPO Box
2484, Brisbane, Qld. 4001, Australia

Abstract

Fractional diffusion equations have recently been used to model problems in physics,
hydrology, biology and other areas of application. In this paper, we consider a
two-dimensional time fractional diffusion equation (2D-TFDE) on a finite domain.
An implicit difference approximation for the 2D-TFDE is presented. Stability and
convergence of the method are discussed using mathematical induction. Finally, a
numerical example is given. The numerical result is in excellent agreement with our
theoretical analysis.

Key words: Two-dimensional time fractional differential equation; implicit
difference approximation; stability; convergence.

1 Introduction

There has been increasing interest in the description of physical and chemical
processes by means of equations involving fractional derivatives and integrals
over the last decade [19]. Fractional differential equations provide a powerful
instrument for the description of memory and hereditary properties of differ-
ent substances. Fractional derivatives are used to model anomalous diffusion
[18]. Fractional kinetic equation equations have proved particularly useful in
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the context of anomalous slow diffusion (subdiffusion) [18]. Subdiffusive mo-
tion is characterized by an asymptotic long-time behavior of the mean square
displacement of the form

E0) ~ e

t*,t — o0, (1)
where 0 < o < 1 is the anomalous diffusion exponent. This process is usually
referred to as subdiffusive. A fractional diffusion equation can been used to
describe subdiffusion. Ordinary (or Brownian) diffusion corresponds to ov =1
with K7 = D (the ordinary diffusion coefficient). Subdiffusive motion is par-
ticularly important in the context of complex systems such as glassy and disor-
dered materials, in which pathways are constrained for geometric or energetic
reasons. Diffusion equations that use time fractional derivatives are attractive
because they describe a wealth of non-Markovian random walks [13].

The time-fractional diffusion equations (TFDE) is obtained from the classical
diffusion equation by replacing the first-order time derivative by a fractional
derivative of order a with 0 < a < 1 (in Riemann-Liouville or Caputo sense).
It represents anomalous sub-diffusion. It is a well established fact that this
is equation models various phenomena. Fractional differential model is much
more well-suited to physical problems than its differential parner since it makes
less unnecessary or over-restricted assumptions which may change the prob-
lem being solved. Metzler and Klafter [18] have demonstrated that fractional
diffusion equation describes a non-Markovian diffusion process with a memory.
Ginoa et al. [5] have prosented a fractional diffusion equation describing re-
laxation phenomena in complex viscoelastic materials. The fractional diffusion
equation has been treated in different contexts by a number of authors. Wyss
[21] considered the time fractional diffusion equation and the solution is given
in closed form in terms of Fox functions. Schneider and Wyss [20] considered
the time fractional diffusion and wave equations. The corresponding Green
functions are obtained in closed form for arbitrary space dimensions in terms
of Fox functions and their properties are exhibited. Gorenflo et al. [6] used the
similarity method and the method of Laplace transform to obtain the scale-
invariant solution of time-fractional diffusion-wave equation in terms of the
wright function. Liu et al. [10] considered time-fractional advection-dispersion
equation and derived the complete solution. Huang and Liu [8] considered
the time-fractional diffusion equations in a n-dimensional whole-space and
half-space. They investigate the explicit relationships between the problems
in whole-space with the corresponding problems in half-space by the Fourier-
Laplace transforms. Anh and Leonenko [2] presented a spectral representation
of the mean-square solution of the fractional diffusion equation with random
initial condition. Enzo et al. [3] and Luisa et al. [14] considered and proved the
solutions to the Cauchy problem of the fractional telegraph equation can be
expressed as the distribution of a suitable composition of different processes.



However, published papers on the numerical solution of fractional partial dif-
ferential equations are sparse. Liu et al. [11,12] used fractional Method of Lines
to solve the space fractional diffusion equation, they transform this partial
differential equation into a system of ordinary differential equations. Fix and
Roop [4] developed a finite element method for a two-point boundary value
problem. Meerschaert et al. have done a lot of excellent works. They proposed
finite difference approximations for two-sided space-fractional partial differen-
tial equations [15] and fractional advection-dispersion flow equations [16]. Liu
et al. [13] considered a discrete non-Markovian random walk approximation
for the time fractional diffusion equation and discussed the stability and con-
vergence of the approximation. Meerschaert et al. [17] also proposed a finite
difference approximation for the two-dimensional space-fractional dispersion
equation. The standard discretization methods (backward scheme for time do-
main, and central scheme for spatial domain) cannot be used for solving the
time fractional partial differential equations. Yuste and Acedo [22] proposed
an explicit finite difference method and a new Von Neumann-type stability
analysis for the time fractional diffusion equation in one-dimension, and pub-
lished their results in STAM J. Numer Anal. (Vol.42, No.5, 2005, 1862-1874).
However, they did not give the convergence analysis and pointed out that it is
not such an easy task when implicit methods are considered. Langlands and
Henry [9] also investigated this problem and proposed an implicit numerical
scheme (L1 approximation), and discussed the accuracy and stability of this
scheme. However, the global accuracy of the implicit numerical scheme has not
been derived and it seems that the unconditional stability for all the fractional
order has not been established. Thus effective numerical methods and error
analysis for the time fractional partial differential equations are still in their
infancy and quite limited. In this paper, we consider the two-dimensional time
fractional diffusion equation (2D-TFDE).

This paper is organized as follows: An implicit difference approximation (IDA)
is proposed in section 2,. In sections 3 and 4, the stability and convergence of
the IDA are analyzed respectively. Finally, some numerical results are given.

2 An mplicit difference approximation for the 2D-TFDE

In this section, we consider the following 2D-TFDE of the form

0%u(z,t)
ot

O*u(z,y,t)
0x?

OPu(z,y,t)

+b(w,y,1) + flz,y,t)  (2)

with initial condition and boundary condition are given as follow:

u(z,y,0) = p(z,y), (v,y) € Q, (3)



where Q = {(x,y)[0 <2 < L,0 <y < M}, a(z,y,t) >0, b(z,y,t) > 0.

0%u(z,y,t)

The fractional derivative in (2) is the Caputo fractional derivative of

ot
order « defined by
6O‘u(x,y,t) 1 /t 8u(:n,y,§) df
= 1.
ot Ti—a)h  0c (=g "5°F (5)

Define ¢, = k7,k = 0,1,2,--- ;ny2; = tAx,t = 0,1,2,--- [ Ly; = jAy,j =
0,1,2,--- ,m, where 7 = %,Am = % and Ay = % are time and space steps,

respectively. Let uf ; be the numerical approximation to w(x;, yj, t) and i’fj =
f(xmyj)tk)) Pijg = 90(w27yj)7 aﬁ] = a(xlvyﬁtk)) bﬁ] = b(.I,“ Yy, tk)

In the differential equation (2), using

Ou(r,y,§) _ Ou(w,y,t,)
35 o 85 + O(T)a ts < § < ts—l—l

and

au($,y,t5) U(ZE,y,tS+1) — U(l’,y,ts) + O(T)

o0& T

the time fractional derivative term can be approximated by the following
scheme:

0%u(x4,Yj,tk+1) _ 1 i (s+1)7 au(m,, Yjs 5) d{
ot I'(l1-a) R 0& (tk—i-l _ é’)a
1 i /(SH)T Ou(wi,yj,ts)  dg
T'(1—a) o sT 0& (tk-i-l _ S)a
1 zk: u(xi,yj,t5+1) — u(xi,yjjts) /(s+1)7— L
T sT (th1 — &)°
1 zk: u(wi, Yy, tsi1) — u(@i, Y, ts) /(’f—8+1)r @
s=0 T (k—s)T ne
1 - U(S(Ii, Yj, tk+lfs> - U(Slfi, Yjs tk,s) (s+1)7 dn
2. = -
k
Fl-a u(xi7y‘7tk+1—s) — U(ZL‘i,’y',tk_s) o a
> ’ . J [(s + 1) — 5179

Q

Q

s=0

s=0

T

= r(Taa) [w(xi, yj, tesr) — w(i, vy, tr)]

k
+ F(Tzi—aa) Z[u(mw Yy thrl*S) - u($i’ Yjs tk*é’)][(s + 1)1701 - Slia]
s=1



where b, = (s + 1)7* — 517 s =0,1,2,--- ,n. Now, define
T k
Lzﬂ-u('ria y]7 tk) = m Sz:; bs [U(SCZ, yj7 tk+178) - U(SCZ', yj7 tkfs)]- (6>

Then we have

8au(xia Yj, tk—l—l)
ote

— Lzﬂ-'u’(xiu y]7 tk) >~

where C;, C' are constants.

We have adopted a symmetric second difference quotient in space at level t =
tx1 for approximating the second-order space derivative. Thus, the discretized
(2) takes the following form

k;rl 7] + Zb kJrl s _ ffs>

T = ) R, — 2 ) ®)
+ (2 — )b (uff iy — 2u’“+1 +ufh) + T2 —a)
fori=1,2,---,m—1,k=0,1,2,- — 1, where py = (3, Qand,ug (AT;)Q.

Let r1 = r(4,4,k) = 11I'(2 — a)a; k“ and ro = 13(1, j, k) = /,LQF(Z )bfjl, we
can obtain the following implicit dlfference approximation (IDA):

—r(u fj:llj + ufﬂl]) + (1+ 2r1 + 279 )u; k“ —ro(u fﬁl + ukjll)

Zbuk—H S+Zbuk s_'_Tan( )fk-i-l'
Hence, for k = 0:

—rl(u}H’j + u},u) + (1+2r + 27’2)u}7j To (uUJrl +u} 1io1)

0 a 1 (9)
=u;+T ['2-—a) i

for k > 0:

—ri(u ﬁllj + uf+11]) + (14 2r + 27‘2) kH — ra(u fﬁl + ukjll)
SCRERCUIRS WS ONEYS 1o
+ bku +7°T(2 — )ka

where i =1,2,--- ;5 =1,2,---,m



Let

k k
k k
u f d
2 2 2
u® = R = D = (11)
k
| W1 | Ry | i |
where
- i, - i _ ;
Ui 1 fi,1 Pi1
k k
U; fi Pi,2
kE ©,2 k %,2 o 2 . .
u = | g0 =1 = a=12---.1-1;k=0,1,---
k k
_ui,m—l i L fi,m—l ] L Pim—1 ]

The above equation can be written in matrix form

Aul = u + 79T(2 — a)f!,

AW =T (b = by ut b+ TR - ) (12)
=
u’ = o,
where A = [A,; ] is the matrix of coefficients. We can obtain the following
result.
Lemma 1 In (10), the coefficients bs(s = 0,1,2,---) satisfy:
(1)by > byyr, s=0,1,2,--;
(2)by=1,b,>0,5=0,1,2, -
3 Stability analysis of the implicit difference approximation
We suppose that u”,(z =0,1,2,---,01;7=0,1,2,--- ,m;k=0,1,2,--- ,n) is
the approximate solution of (9) and (10), the error
e =y, —up, (1=0,1,2,--- ,5;j=0,1,2,--- ,m;k=0,1,2,--- ,n)
satisfies
—ri(el; ey ,) + (L4 2r 4+ 2m)ef —ralel g +6l,) =€p;,  (13)



—ry (N ) (14 2r1 + 2m)el T — (e i“?il +eriy)

(14)
(2 21a Z]_|_Zg )+bk€l]7
which can be written as
AE! = EY,
AEF = (by — b1)EF + (by — bo)EF L - 4 (bp_y — b)) E + 5, E° , (15)
EO
where i i
Ef
Ek:
Ef =] " (16)
El,
and i )
ery
k
eh
Ef =| " =121
[ i1 ]
Hence, the following result can be proved using mathematical induction.
Theorem 2 ||E*| o < ||E%oe, b =1,2,3,--+ .
PROOQOF. For k =1,
—7'1(5114-1,3‘ + 5}_17j) + (14 2r; + 2r2)5%7j - 7“2(52{#1 + 5}7]._1) — 5?,]-.
Let e, , max lei ;], we have
T ii<ieligj<met b
lepal = —T1(lepgl +lepgl) + (1 +2r 4+ 2r2) ey 4| — 2l o + lepgl)
< T1<|€p+1,q‘ + |€p 1q’)+(1+2T1+2T2)|511), r2(|€pq+l| + |€pq 1‘)
<|=n (5p+1,q + 6p—l,q) + (14 2r + 2T2)5117,q - TQ(gp,q-H + €P7Q—1>|
= lepgl < B,
(17)

als0, B0 < [|E .



Suppose that [|[E*|| < |E®(|c,5 = 1,2, , k. Let [ef 1] = max |kt

1<i<l-1;1<j<m—1" »J
we also have

k+1

[g8 —ri(|eft | + lebtt]) + (1 4+ 2ry + 2ro) |ebt | — ro(lept ] + b tt])

< —r(JebH I+ el L) + (L4 2m + 2m) bt — ra([efth | + [ebt )
< —riepiig+ et ) + (L4 2r + 2r)eltt — ry(ephty +eptl))]
= by = ba)eh, + X (b = ber)ehy + hish,
< (bo —by)lek | + Z( = bsr1)ley’| + bilep,
< (bo — by) || E¥|| o + S;( o = ber ) IEF ]l oo + Ol Bl
< {bo by X (0 = by) + B HIEY
= | E|;
(18)

also [|E* s < B, O

Hence, the following theorem is obtained.

Theorem 3 The implicit difference approzimation defined by (9) and (10) is
unconditionally stable.

4 Convergence analysis of the implicit difference approximation

Let w(z;,yj,t),e = 0,1,--- ;5 = 0,1,--- ;m;k = 0,1,--- ,n be the exact
solution of the fractional partial differential equation (2) at mesh point (z;, tx)
. Define nf;’j = u(x;, yj, t) — 2—0,1,--~ A;5=0,1,--- m;k=0,1,--- ,n

7/‘]7
and e* = (e¥,e},--- ,ef _|)T. Using € = 0, where

S

M1
k

T2

e = ’ =12, 1 —1

k

| Tim—1 |

Substitution into (9) and (10) leads to

7’1(772'1+1,j + 771'1—1,3‘) +(1+2r + 27"2)771'1,]' - 7”2(771'1,j+1 + 771'1,j—1> R?p (19)

Y



(Uffllg + 77:%11,]') +(1+2r + 272)”5# (Uzkﬁl + nfﬁﬁ
k—1 (20)
:(2—2P%%;+2;ﬁf@ — bs) + beny; + RET

where

Rkjl = u(xi, Yj, trer1) — w(ws, Y5, te) + kgl b [, yj, th1—s) — w(@i, Y5, tres)]
=1 [W( @iy 1, Yjs trgr) — 2u(@i, Y, tregn) + u(@io1, vy, thy)]
7o [u(@s, i1, trgr) — 2u(Ti, Y, trgr) + w(s, Y1, thr)]

= % bl gy o) = (o )
=11 [w(@ig1, Yy, teyr) — 20y, yj, tegr) + w(@io1, Yy, teg)]

( )+

—ro [w(s, Yjs1, teyr) — 2@y, yj, thgr) + w(@i, Yj—1, thgr)]

_ra ( )fk+1'
(21)
From (7), we have
k
ey Sg() bs [uli, Y, tepr—s) — w(®i, yjs t—s)] (22)
— Pulzyptin) 4 O(r),
W(@ig 1,95tk 1) =200,y bt 1)+ u(@i -1,y te+1)
o (23)
2 . .
_ % + O((Ax)?),
WY+ 15t k1) —2u(@i,Y5 bt 1) Fu(@yi—1,t k1)
o (24)
= Pulnvtin) 1 O((Ay)?).
Hence,
bl 14a a 2 a 2
RiTt = O(r'™ + m%(Ax)? + 7%(Ay)?) )
also
[REF| < C(r1+ + 79(Ax)? + 70(Ay)?), (26)

i=1,2,,0-1j=12- m—-1k=1,2--,n
where C' is a constant.

Consequently, we obtain

Theorem 4 [lef]l < OBl (75 + 7%(A2)” + 79(A)?), b = 1,2,

where [|e*lo = 1<i<lfr{}1a§j<mfl |6§’j




PROOF. Using mathematical induction method. For k = 1, let ||} =

L = 1
l€pql = 1§i§l}f}?§j§mil lei ;| , we have
|€113,q < —7“1(|€117+1,q| + |6117_1,q|) + (1 + 2r; + 27”2)|61197 (|ep q+1| + |epq 1|)

< | =rilepprg+epirg) T (1 +2r 4 2r)e,  —rale) o +ep 1)l
< Cby (71 + 7°(Az)? + 7°(Ay)?).

(27)

Suppose that [le*[l. < OB (714 +7( A0 +7(Ay)?), 5 = 0,1,2,-+ k=1

and |eft!| = max leF ). Note that b‘ <bts=01---,k We
1<i<l—1:1<j<m—1'
have
left ] < —ri(leptigl + leptigl) + (14 2r + 2rg) bt — ra(lepiiy + lepitil)
< —rileffi, +eptly) + (1+2r + 2r)eltt —ro(eltly +eftly)]
k—1
:|E(b _ s+1) k— s+Rk+1
K
< 'S s~ br)leby |+ RS
k—1
< ;)(bs — b3+1)|e';7_qs| + C(71 + 72(Ax)? 4+ 7%(Ay)?)
k—1
= X (b - bs1)l[€" oo + C(T1F + 7%(Az)* + 7(Ay)?)
k—1
< | X (bs = bsya) + i | b C(TH + 74(Ax)? + 7(Ay)?)
s=0
= b 'O (T + 79(Ax)? + 79(Ay)?).
(28)
O
Because
bt : p—o
Jim e = Jim, e
_ N k!
a lchjgo (I+ )1 (29)
_ 1 k1
= lm =
1
— 1-a”

10



Hence, there is a constant C
o410 < CR (2 4 (7 4 7(Ax)? +7°(Ap)).
If k7 < T is finite, then we obtain the following theory:

Theorem 5 Let ufj be the approximate value of u(x;,y;,tx) computed by use
of the difference scheme (9) and (10). Then there is a positive constant C |
such that

uf; —u(zi, y;, )| < C(T 4 (Az)? + (Ay)?), (30)
=12 0—-1=12--- m—1k=1,2,--- . n.

5 Numerical results

Example 1.Consider the following two-dimensional time fractional diffusion
equation

4y (z,t) 941.6 1.6

{2’[], (2’[1,
9t0.4 = sz(oﬁ)g?‘Fmg?+f($a?/at)7($ay) € x (OvT]y

(31)

uloa = 0,u(x,y,0) = sinwasinmy, (z,y) € Q

where f(z,y,t) = 122%10‘_66) (t*+2)sinmasinTy, Q= {(z,y)|0 <z < 1,0 <y < 1}
and 0f2 is the the boundary of €. The exact solution of the above equation is

u(z,y,t) = (* + 1) sinmz sin 7y.

The maximum error of the exact solution and numerical solution is defined as
follows:

_ ) .k
e = 25 (0305, Ao 1) =51

Table 1 The maximum error |uf; — u(z;, y;,t)| at t = 1.0

At | Az = Ay E

= I 5.39188E-2
= 5 1.30699E-2
= . 8.26645E-3
= = 1.67537E-3

11



u(xy.t

y X
Fig. 1. Numerical solution of the equation (32) when oo = 0.6 and ¢ = 1.0.

Table 1 shows the maximum absolute numerical error, at time t=0.1, between
the exact solution and the numerical solution of the IDA. From Table 1, it
can be seen that our numerical method (IDA) is in excellent agreement with
numerical solution, and our numerical method yields convergence with O(7 +
h?). These results confirm our theoretical analysis.

Example 2. Consider the following two-dimensional time fractional diffusion
equation

aau(:p,t) _ 82u 82u
8to¢ _@—{_Ty?? <x7y> EQX (O7T]7 <32>

uloa = 0,u(z,y,0) = sinwxsiny, (z,y) € Q

Figures 1-4 give the numerical simulation of the solution of the equation
(32) and compare the response of the diffusion system at ¢ = 1.0 when
a = 0.6,0.7,0.8,0.9, respectively. From Figures 1-4, it can be seen that the
solution continuously depends on the time fractional derivative.

6 Conclusions

In this paper, the implicit finite difference approximation for the 2D-TFDE in
a bounded domain have been described and demonstrated. The implicit differ-
ence approximation is unconditionally stable and convergence. This method
and technique can be also applied to solve fractional differential equations.

12



u(x,y,t=1.
o
P

y 0

Fig. 2. Numerical solution of the equation (32) when oo = 0.7 and ¢ = 1.0.

0.25

0.2

=1.0)
o
-
[4;]

u(x,y,t:

0
y 0

X

Fig. 3. Numerical solution of the equation (32) when o = 0.8 and ¢ = 1.0.
References

[1] O.P. Agrawal, Solution for a Fractional Diffusion-Wave Equation Defined in a
Bounded Domain, J. Nonlinear Dynamics 29: , (2002), 145-155.

[2] V.V. Anh, N.N.Leonenko, Spectral analysis of fractional kinetic equations with
random data, J.Stat.Pgys. 104(2001), 1349-1387.

[3] Orsingher, Enzo, Beghin, Luisa, Time-fractional telegraph equations and

13



u(xy,t=1.
o
P

y

Fig. 4. Numerical solution of the equation (32) when oo = 0.9 and ¢ = 1.0.

telegraph processes with Brownian time, Probab. Theory Related Fields
128(2004),no. 1,141-160.

[4] G. J. Fix and J. P. Roop, Least squares finite element solution of a fractional
order two-point boundary value problem. Computers Math. Applic., 48 (2004)
1017-1033.

[6] M. Ginoa, S. Cerbelli and H.E. Roman, Fractional diffusion equation and
relaxation in complex viscoelastic materials, Physica A, 191 (1992) 449-453.

[6] R. Gorenflo, Yu. Luchko and F. Mainardi, Wright function as scale-invariant
solutions of the diffusion-wave equation, J. Comp. Appl. Math. 118 (2000) 175-
191.

[7] R. Gorenflo, F. Mainardi, D. Moretti and P. Paradisi, Time Fractional Diffusion:
A Discrete Random Walk Approach [J], Nonlinear Dynamics 29, (2002), 129-143.

[8] F. Huang and F. Liu, The time fractional diffusion and advection-dispersion
equation, ANZIAM J., 46 (2005), 1-14.

[9] T.A.M. Langlands and B.I. Henry, The accuracy and stability of an implicit
solution method for the fractional diffusion equation, J. Comp. Phys., 205 (2005)
719-736.

[10] F. Liu, V. Anh, I. Turner and P. Zhuang, Time fractional advection dispersion
equation, J. Appl. Math. Computing, Vol. 13, 2003, 233-245.

[11] Liu, V.Anh, I. Turner, Numerical solution of space fractional Fokker-Planck
equation, J. Comp. and APPl. Math., 166, (2004), 209-219.

[12] F. Liu, V. Anh, I. Turner and P. Zhuang, Numerical simulation for solute
transport in fractal porous media, ANZIAM J. 45(E), (2004), 461-473.

14



[13] F. Liu, S. Shen, V. Anh and I. Turner, Analysis of a discrete non-Markovian
random walk approximation for the time fractional diffusion equation, ANZIAM
J., 46(E), 2005, 488-504.

[14] B. Luisa and O. Enzo, The telegraph processes stopped at stable-distributed
times and its connection with the fractional telegraph equation, Fract. Calc.
Appl. Anal. 6(2003), no.2, 187-204.

[15] M. Meerschaert, and C. Tadjeran, Finite difference approximations for two-
sided space-fractional partial differential equations, Appl. Num. Math. (2005) in
press.

[16] M. Meerschaert and C. Tadjeran, Finite difference approximations for fractional
advection-dispersion flow equations, J. Comp. and Appl. Math. (2005) in press.

[17] M. Meerschaert, and C. Tadjeran, Finite difference methods for two-dimensional
fractional disperse equations, J. Comp. Phys. (2005) in press.

[18] R.Metzler and J.Klafter, The random walk’s guide to anomalous diffusion: a
fractional dynamics approach, Phys. Rep. 339 (2000) 1-77.

[19] I. Podlubny, Fractional Differential Equations, Academic Press, 1999.

[20] W.R. Schneider and W. Wyss, Fractional diffusion and wave equations, J. Math.
Phys. 30 (1989) 134-144.

[21] W. Wyss, The fractional diffusion equation, J. Math. Phys. 27 (1986) 2782-2785.

[22] S.B. Yuste and L. Acedo, An explicit finite difference method and a new
Von Neumann-type stability analysis for fractional diffusion equations, STAM
J. Numer. Anal., 42(5) (2005) 1862-1874.

15



