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Abstract

Feature selection, as a data preprocessing strategy, has been proven to be effective and
efficient in preparing high-dimensional data for data mining and machine learning prob-
lems. The objectives of feature selection include: building simpler and more comprehen-
sible models, improving data mining performance, and preparing clean, understandable
data. The recent proliferation of big data has presented some substantial challenges and
opportunities of feature selection algorithms. In this survey, we provide a comprehensive
and structured overview of recent advances in feature selection research. Motivated by
current challenges and opportunities in the big data age, we revisit feature selection re-
search from a data perspective, and review representative feature selection algorithms for
generic data, structured data, heterogeneous data and streaming data. Methodologically,
to emphasize the differences and similarities of most existing feature selection algorithms
for generic data, we generally categorize them into four groups: similarity based, infor-
mation theoretical based, sparse learning based and statistical based methods. Finally, to
facilitate and promote the research in this community, we also present a open-source fea-
ture selection repository that consists of most of the popular feature selection algorithms
(http://featureselection.asu.edu/). At the end of this survey, we also have a dis-
cussion about some open problems and challenges that need to be paid more attention in
future research.
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1. Introduction

We are now in the era of big data, where massive amounts of high dimensional data has
become ubiquitous in our daily life, such as social media, e-commerce, health care, bioin-
formatics, transportation, online education, etc. Figure (II) shows an example by plotting
the growth trend of UCI machine learning repository (Bache and Lichman, 2013). Rapid
growth of data presents challenges for effective and efficient data management. Therefore, it
is desirable and of great importance to apply data mining and machine learning techniques
to automatically discover knowledge from these data.
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Figure 1: Number of samples and number of features growth trend during the past thirty
years in UCI machine learning repository.

When applying data mining and machine learning algorithms on high dimensional data,
a critical issue is known as curse of dimensionality (Hastie et all, 2005). It refers to the
phenomenon that data becomes sparser in high dimensional space, adversely affecting algo-
rithms designed for low dimensional space. In addition, with the existence of a large number
of features, learning models tend to overfit which may cause performance degradation on
unseen data. Moreover, data of high dimension significantly increases the memory storage
requirements and computational costs for data analytics.

Dimensionality reduction is one of the most powerful tools to address the previously
described issues. It can be categorized mainly into into two main components: feature ex-
traction and feature selection. Feature extraction projects original high dimensional feature
space to a new feature space with low dimensionality. The new constructed feature space is
usually a linear or nonlinear combination of the original feature space. Examples of feature
extraction methods include Principle Component Analysis (PCA) (Jolliffe, 2002), Linear
Discriminant Analysis (LDA) (Scholkopft and Mullert, [1999), Canonical Correlation Anal-
ysis (CCA) (Hardoon et al!, 12004), Singular Value Decomposition (Golub and Van Loan,
2012), ISOMAP (Tenenbaum et al.,12000) and Locally Linear Embedding (LLE) (Roweis and Saul,
2000). Feature selection, on the other hand, directly selects a subset of relevant features for
the use model construction. Lasso (Tibshirani, 1996), Information Gain (Cover and Thomas,
2012), Relief (Kira and Rendell,[1992a), MRMR (Peng et al.,[2005), Fisher Score (Duda et all,
2012), Laplacian Score (He et al., [2005), and SPEC (Zhao and Liu, [2007) are some of the
well known feature selection techniques.

Both feature extraction and feature selection have the advantage of improving learning
performance, increasing computational efficiency, decreasing memory storage requirements,
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and building better generalization models. However, since feature extraction builds a set
of new features, further analysis is problematic as we cannot get the physical meaning of
these features in the transformed space. In contrast, by keeping some original features,
feature selection maintains physical meanings of original features, and gives models better
readability and interpretability. Therefore, feature selection is often preferred in many real-
world applications such as text mining and genetic analysis compared to feature extraction.

Real-world data is usually imperfect, containing some irrelevant and redundant features.
Removing these features by feature selection reduces storage and computational cost while
avoiding significant loss of information or negative degradation of learning performance.
For example, in Figure , feature f; is a relevant feature which is able to discriminate
two classes (clusters). However, given feature fi, feature fs in Figure is redundant
as fy is strongly correlated with fi. In Figure , feature fs is an irrelevant feature as
it cannot separate two classes (clusters) at all. Therefore, the removal of fo and f3 will not
negatively impact the learning performance.
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Figure 2: A toy example of relevant, irrelevant and redundant features. In Figure (2(a))),
feature f; is a relevant feature which can discriminate two classes (clusters), i.e., the blue

points and the red points. In Figure (2(b)|) and Figure (2(c)|), feature fo and feature f3 are
irrelevant and redundant w.r.t. feature fi, respectively.

In the following subsections, we first review traditional categorizations of feature selec-
tion algorithms from the availability of labels and from the search strategy perspectives in
Section 1.1. In Section 1.2, we revisit feature selection from a data perspective motivated
by challenges and opportunities from big data. Meanwhile, we discuss the necessity for a
comprehensive and structured overview of current advances on feature selection, and our
efforts to build a open source machine learning repository to cover state-of-the-art feature
selection algorithms. In Section 1.3, we give an outline and organization of the survey.

1.1 Traditional Categorizations of Feature Selection Algorithms

1.1.1 LABEL PERSPECTIVE

According to the availability of label information, feature selection algorithms can be
broadly classified as supervised, unsupervised and semi-supervised methods.

Supervised Feature Selection
Supervised feature selection is generally designed for classification or regression problems.
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It aims to select a subset of features that are able to discriminate samples from different
classes. With the existence of class labels, the feature relevance is usually assessed via
its correlation with class labels. A general framework of supervised feature selection is
illustrated in Figure (B]). The training phase of the classification highly depends on feature
selection. After splitting the data into training and testing sets, classifiers are trained
based on a subset of features selected by supervised feature selection. Note that the feature
selection phase can either be independent of the learning algorithm (filter methods), or
it may iteratively take advantage of the learning performance of a classifier to assess the
quality of selected features so far (wrapper methods). Finally, the trained classifier predicts
class labels of samples in the test set on the selected features.
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Figure 3: A General Framework of Supervised Feature Selection.
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Figure 4: A General Framework of Unsupervised Feature Selection.

Unsupervised Feature Selection

Unsupervised feature selection is generally designed for clustering problems. Since acquiring
labeled data is particularly expensive in both time and effort, unsupervised feature selec-
tion on unlabeled data has recently gained considerable attention recently. Due to the lack
of label information to evaluate the importance of features, unsupervised feature selection
methods seek alternative criteria to define the relevance of features such as data similarity
and local discriminative information. A general framework of unsupervised feature selec-
tion is illustrated in Figure (@]). Different from supervised feature selection, unsupervised
feature selection usually uses all instances are available in the feature selection phase. The
feature selection phase is either be independent of the unsupervised learning algorithms
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Figure 5: A General Framework of Semi-Supervised Feature Selection.

(filter methods), or it relies on the learning algorithms to iteratively improve the quality
of selected features (wrapper methods). After the feature selection phase, it outputs the
cluster structure of all data samples on the selected features by using a typical clustering
algorithm.

Semi-Supervised Feature Selection

Supervised feature selection works when sufficient label information is available while un-
supervised feature selection algorithms do not require any label information. However, in
many real-world applications, we usually have a small number of labeled samples and a
large number of unlabeled samples. Both supervised and unsupervised feature selection
algorithms cannot fully take advantage of all samples in this scenario. For supervised
methods, the small number of labeled samples may be insufficient to provide correlation
information of features; while unsupervised methods totally ignore class labels which could
provide useful information to discriminate different classes. Therefore, it is desirable to
develop semi-supervised methods by exploiting both labeled and unlabeled samples. We
provide a general framework of semi-supervised feature selection in Figure (B), it is similar
to the framework of supervised feature selection except that in semi-supervised methods
only partial label information is available.

1.1.2 SEARCH STRATEGY PERSPECTIVE

With respect to different selection strategies, feature selection methods can be categorized
as wrapper, filter and embedded methods.

Wrapper Methods Wrapper methods rely on the predictive performance of a predefined
learning algorithm to evaluate the quality of selected features. Given a specific learning al-
gorithm, a typical wrapper method performs two steps: (1) Searches for a subset of features
and (2) evaluate selected features. It repeats (1) and (2) until some stopping criteria are
satisfied or the desired learning performance is obtained. The workflow of wrapper meth-
ods is illustrated in Figure (@). It can be observed that the feature set search component
first generates a subset of features, then the learning algorithm acts as a black box to eval-
uate the quality of these features based on the learning performance. The whole process
works iteratively until the highest learning performance is achieved. The feature subset that
gives the highest learning performance is output as the selected features. Unfortunately,
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a known issue of wrapper methods is that the search space for d features is 2%, which
makes the exhaustive search impractical when d is large. Therefore, many different search

strategies such as sequential search (Guyon and Ehssegﬂ |_0113 ), hill-climbing search, best-
first search (Kohavi and Johu, 1997), branch-and-bound search (IN_&r_QndLa_&ud_E.lmn.agd,
), genetic algorithms (@, @) are proposed to yield a local optimum learn-
ing performance. However, the search space is still extremely large for high dimensional
datasets. As a result, wrapper methods are seldom used in practice.
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Figure 6: A General Framework of Wrapper Feature Selection Methods.

Filter Methods Filter methods are independent of any learning algorithms. They rely
on certain characteristics of data to assess the importance of features. Filter methods
are typically more efficient than wrapper methods. However, due to the lack of a specific
learning algorithm guiding the feature selection phase, the selected features may not be
optimal for the target learning algorithms. A typical filter method consists of two steps.
In the first step, feature importance is ranked by a feature score according to some feature
evaluation criteria. The feature importance evaluation process can be either univariate or
multivariate. In the univariate scheme, each feature is ranked individually regardless of
other features, while the multivariate scheme ranks multiple features in a batch way. In
the second step of a typical filter method, low ranking features are filtered out and the
remaining features are selected. In the past decades, many different evaluation criteria for
filter methods have been proposed. Some representative criteria include feature discrimina-
tive ability to separate samples (Kira_and Rendell HM; Robnik-Sikonja and Kononenkd,
M), feature correlation (Koller and Sahami, 1995; (Guyon and Elisseef, |20Q3), mutual
information (Yu and Liu m()j; Peng et alJ, QOIE) feature ability to preserve data mani-
fold structure (IHQ_QI_&LL 2005; Gu_etall, 2011; Zhao and Liu, |2007), and feature ability to
reconstruct the original data (Masaeli et all, [2010; Farahat et all, [2011).

Embedded Methods Filter methods select features that are independent of any learning
algorithms, therefore they are computational efficient. However, they fail to consider the
bias of the learning algorithms, and the selected features may not be optimal for the learning
tasks. On the contrast, wrapper methods evaluate the importance of features by the given
learning algorithms iteratively and can obtain better predictive accuracy for that specific
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learning algorithm. However, due to the exponential search space, it is computational
intractable in many applications when the feature dimension is high. Embedded methods
provide a trade-off solution between filter and wrapper methods which embed the feature
selection with the model learning, thus they inherit the merits of wrapper and filter methods
— (1) they include the interactions with the learning algorithm; and (2) they are far more
efficient than the wrapper methods since they do not need to evaluate feature sets iteratively.
The most widely used embedded methods are the regularization models which targets to
fit a learning model by minimizing the fitting errors and forcing the feature coefficients to
be small (or exact zero) simultaneously. Afterwards, both the regularization model and
selected feature sets are output as results.

1.2 Feature Selection Algorithms from A Data Perspective
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Figure 7: Feature Selection Algorithms from the Data Perspective.

The recent popularity of big data presents some challenges for the traditional feature
selection task. Meanwhile, some characteristics of big data like velocity and variety tend to
promote the development of novel feature selection algorithms. Here we briefly present and
discuss some major concerns when we apply feature selection algorithms.

Streaming Data and Features Streaming data and features have become more preva-
lent in real world applications. This poses a significant challenge to traditional feature
selection algorithms, which assume static datasets with fixed features. For example in
Twitter, new data like posts and new features like slang words are continuously being gen-
erated. It is impractical to apply traditional batch-mode feature selection algorithms to
find relevant features at each round when new data or new feature arrives. In addition, the
volume data may sometimes be too large to be loaded into memory directly with a single
data scan. This is especially a problem when a second pass is either unavailable or very
expensive. Due to aforementioned reasons, it is more appealing to apply feature selection
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in a streaming fashion to dynamically maintain a best set of feature from all features and
data seen up to that point.

Heterogeneous Data Most existing algorithms of feature selection are designed to han-
dle tasks with single data source and always assume that the data is independent and
identically distributed (i.i.d.). However, multi-source data is quite prevalent in many do-
mains. For example, in social media, data come from heterogeneous sources such as text,
images, tags. In addition, linked data is ubiquitous and presents itself in various forms
such as user-post relations and user-user relations. The availability of multiple data sources
brings unprecedented opportunities as we can leverage shared intrinsic characteristics and
correlations to find more relevant features. However, challenges are also unequivocally pre-
sented with additional data sources. For instance, with the existence of link information, the
widely adopted i.i.d. assumption in most machine learning algorithms does not hold. How
to appropriately utilize link information for feature selection is still a challenging problem.

Structures Between Features Sometimes, features can exhibit certain types of struc-
tures in many real-world applications. Some well-known structures among features are
group structure, tree structure, graph structure, etc. When performing feature selection,
if the feature structure is not taken into consideration, the intrinsic dependencies may not
be captured and the selected features may not be suitable for the data. Incorporating the
prior knowledge of feature structures can possibly help select relevant features to greatly
improve the learning performance.

Traditional
Feature
Selection

Information- Sl Statistical
theoretic learning based
based based

Methods Methods Methods Methods

Similarity
based

Figure 8: Categorization of Traditional Feature Selection Algorithms According to The
Adopted Techniques.

The aforementioned reasons motivate us to investigate feature selection algorithms from
a different view to include recent advances and frontiers about feature selection. In this
survey, we revisit feature selection algorithms from a data perspective, the categorization is
illustrated in Figure (7). It is shown that data consists of static data and streaming data.
First, for static data, it can be further grouped into generic data and heterogeneous data.
In generic data, features can either be flat or possess some intrinsic structures. Traditional
feature selection algorithms are proposed to deal with these flat features in which features
are considered to be independent. The past few decades have witnessed hundreds of feature
selection algorithms. Based on their technical characteristics, we propose to classify them
into four groups, i.e., similarity based methods, information-theoretic based methods, sparse
learning based methods and statistical based methods as shown in Figure (§). It should
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be noted that this categorization only involves filter methods and embedded methods while
the wrapper methods are excluded. The reason for excluding wrapper methods is that
they are computationally expensive and, therefore, are seldom used in practice. More
details about these four categories will be investigated later. When features express some
structures, specific feature selection algorithms for structural features are more desirable.
On the other hand, data can be heterogeneous, in many real-world applications we are often
encompassed by linked, multi-source or multi-view data, we also show how well-designed
feature selection algorithms are designed to deal with these situations. Second, in the
streaming settings, data arrive sequentially in a streaming fashion where the size of data
instances is unknown, feature selection algorithms that make only one pass over the data is
proposed to tackle streaming data. Similarly, in a orthogonal setting, features can also be
generated dynamically — new features are sequentially added and the size of features is even
unknown in some cases. Streaming feature selection algorithms are designed to determine
if accepting the newly added features and if removing existing but outdated features.
Currently, there exist a number of surveys about feature selection algorithms (Guyon and Elisseeff,

2003; |Alelyani et all, 2013; [Chandrashekar and Sahinl, 2014; [Tang et all, 2014). These sur-
veys either focus on traditional feature selection algorithms or detailed learning task like
classification and clustering. However, none of them provide a comprehensive and structured
overview of traditional feature selection algorithms in conjunction with recent advances in
feature selection from a data perspective. In this survey, we will introduce representative
feature selection algorithms to cover all components mentioned in Figure ([7) and Figure (g)).
We also release a feature selection repository in Python named scikit-feature which is built
upon the widely used machine learning package scz’kit—lear and two scientific computing
packages Numpyd and Scipyd. It includes around 40 representative feature selection algo-
rithms. The website of the repository is available at http://featureselection.asu.edu/.

1.2.1 ORGANIZATION OF THE SURVEY

We present this survey in five parts and the covered topics are listed as follows:
1. Feature Selection with Generic Data (Section 2)

Similarity based Feature Selection Methods

(a)
(b) Information Theoretical based Feature Selection Methods
(c)

)

(d) Statistical based Feature Selection Methods

Sparse Learning based Feature Selection Methods

2. Feature Selection with Structure Features (Section 3)

(a) Feature Selection Algorithms with Group Structure Features
(b) Feature Selection Algorithms with Tree Structure Features

(c) Feature Selection Algorithms with Graph Structure Features

1. http://scikit-learn.org/stable/
2. http://www.numpy.org/
3. http://www.scipy.org/
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3. Feature Selection with Heterogeneous Data (Section 4)

(a) Feature Selection Algorithms with Linked Data
(b) Feature Selection Algorithms with Multi-Source Data
(c) Feature Selection Algorithms with Multi-View Data

4. Feature Selection with Streaming Data (Section 5)

(a) Feature Selection Algorithms with Data Streams

(b) Feature Selection Algorithms with Feature Streams
5. Performance Evaluation (Section 6)
6. Open Problems and Challenges (Section 7)

7. Summary of the Survey (Section 8)

2. Feature Selection on Generic Data

Over the past two decades, hundreds of feature selection algorithms have been proposed.
In this Section, we broadly group traditional feature selection algorithms for generic data
into four categories: similarity based, information theoretical based, sparse learning based
and statistical based methods according to the techniques they adopt during the feature
selection process. In the following subsections, we will briefly review each category with
some representative algorithms.

We summarize some common symbols used throughout this survey in Table [l We
use bold uppercase characters for matrices (e.g. A), bold lowercase characters for vectors
(e.g. a), calligraphic fonts for sets (e.g. F). We follow the matrix settings in Matlab
to represent i-th row of matrix A as A(i,:), j-th column of A as A(:,j), (i,7)-th entry
of A as A(i,j), transpose of A as A’, and the trace of A as ¢r(A). For any matrix

A € R™¥? its Frobenius norm is defined as ||A||p = \/Z?:l Z?:1 A(i,7)?, and its £o1-

norm is |[Allg1 = > i, z;l:l A(i, 7). For any vector a = [ay,az, ..., ay]’, its fo-norm is

defined as ||al|s = /> 1, a2, and its f1-norm is ||a||; = >, |a;|. T is an identity matrix

and 1 is a vector whose elements are all 1.

2.1 Similarity based Methods

Different feature selection algorithms exploit various types of criteria to define the relevance
of features such as distance, separability, information, correlation, dependency, and recon-
struction error. Among them, there is a family of methods assessing the importance of
features by its ability to preserve data similarity. We call these kinds of methods to be simi-
larity based feature selection methods. For supervised feature selection, data similarity can
be derived from label information; while for unsupervised feature selection methods, most
methods take advantage of different distance metric measures to obtain data similarity.

10
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‘ Notations ‘ Definitions or Descriptions
n number of instances in the data
d number of features in the data
k number of selected features
c number of classes (if exist)
F original feature set which contains d features
S selected feature set which contains k selected features
{1,142, ..oy i } index of k selected features in S
I, fo, .., fa d features
firs fiay oo fin k selected features
L1, T2y ey Ty n data instances
f1,f5,..., 1y d feature vectors corresponding to f1, fa, ..., fa
| T TS k feature vectors corresponding to f;,, fi,, .-, fiy,
X1,X9, ..., Xn n data vectors corresponding to x1, o, ..., Ty
Y1, Y2, - Yn class labels of all n instances (if exist)
X ¢ R*¥4 data matrix with n instances and d features
Xz € R™%F data matrix on the selected k features
y € R? class label vector for all n instances (if exist)

Table 1: Symbols.

Given a dataset X € R™*?% with n instances and d features, the pairwise similarity
among instances can be encoded in an affinity matrix S € R"*". The affinity matrix S is
symmetric and its (4, j)-th entry indicates the similarity between the i-th instance x; and
the j-th instance x;, the larger the value of S;; is, the more similarity x; and x; share.
Suppose we want to select k most relevant features from JF, then the utility of these k
features is maximized as follows:

mj@xZSC(f) :m]z_ngf"gf', (1)

feF feF

where SC' is a function that measures the utility of feature f, f and S are the normalized
feature and refined affinity matrix obtained from f and S, respectively. The maximization
problem in Eq. (Il) shows that we would select a subset of features from F such that they can
well preserve the data similarity structures defined in S. This problem is usually solved by
greedily selecting the top k features that maximize their individual utility f/Sf. Methods in
this category vary in the way the similarity matrix S is designed. We subsequently discuss
about the original formulations of some representative algorithms in this group and then
introduce how they can be reformulated under the unified framework.

2.1.1 LAPLACIAN SCORE (HE ET AL., 2005) (UNSUPERVISED)

Laplacian Score is an unsupervised feature selection algorithm which selects features that
can best preserve the data manifold structure. It consists of three phases. First, it construct
a nearest neighbor graph G with n nodes where the i-th node corresponds to z;. If x; is
among the p nearest neighbors of z; or z; is among the p nearest neighbors of x;, nodes i

11
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and j are connected in G (p is a predefined number). Second, if nodes ¢ and j are connected,

e —¢; 11>
the entry in the affinity matrix S;; is S(i,j) = e~ ¢ ! , where t is a constant, otherwise
S(z,7) = 0. The diagonal matrix D is defined as D(i,7) = Z?:l S(7,7) and the laplacian

matrix L is L = D — S (Chung, 1997). Lastly, the Laplacian Score of each feature f; is
computed as:

f/Lf; < f/D1
laplacian_score(f;) = f}Df}’ where f; = f; — 1Z’D1

1. (2)

Since Laplacian Score evaluates the importance of each feature individually, the task of
selecting the k features can be solved by greedily picking the top & features with the smallest
Laplacian Scores.

The Laplacian Score of each feature can be reformulated as follows:

f/Lf, £/(D - S)f; f/Sf;
laplacian_score(f;) = = _ i ) 1—

~ ’ s (3)
f; f;
SRUIY (L Y e
|[D2£]| [D2£]|

Since f; Df; is the weighted data variance of feature f; (denoted as o?), ||D%f2|| is the

standard data variance (denoted as o;), and the term f; /| ]D%EH is interpreted as a normal-
ized feature vector f; = (f; — p;1)/0;. Therefore, Laplacian Score feature selection can be
reformulated by maximizing the following term:

s an
m]E__LXZfo, (4)
feF

and it is a special case of the unified framework of similarity based feature selection.

2.1.2 SPEC (Zuao AND Liu, 2007) (UNSUPERVISED AND SUPERVISED)

SPEC is an extension of Laplacian Score that work for both supervised and unsupervised
scenarios. For example, in the unsupervised scenario, without label information, the data
similarity is measured by the RBF kernel function:

LI =11

S(i,j) =e 27, ()

in the supervised scenario, using label information, data similarity can be defined by:

1 .
- o yi=y;=1
= ny
SG.J) { 0 otherwise, (©6)

where n; is the number of data samples in the class [. Afterwards the construction of affinity
matrix S, the diagonal matrix D is defined as D(i,i) = >°7_; S(4,j) and the normalized

laplacian matrix Lyorm 1S Liporm = D_%(D — S)D_% (Chung, 1997). The basic idea of
SPEC is similar to Laplacian Score, a feature that is consistent with the data manifold

12
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structure assigns similar values to instances that are near each other. The feature relevance
are measured by three different criteria:

SPEC_SCOTel(fi) = ;/’Y(Lnorm)fi = Z aify()‘J)

j=1
fA‘i/’Y(Lnorm)fi 2?22 a?’}/()‘])
SPEC._ 2(f;) = — = n 7
score2(f;) (i) >, a? (7)
SPEC _score3(f;) = 2(7(2) - 7(/\]-))(1?.
j=1

In the above three equations, f; = D%fi/HDéfiH; (Aj,&;) is the j-th eigenpair of the nor-
malized laplacian matrix Lyorm; o = cos@;, 6; is the angle between &; and f;; v(.) is an
increasing function to penalize high frequency components of the eigensystem to reduce
noise. If the data is noise free, the function v(.) can be removed and v(z) = x. When
the second evaluation criteria SPEC _score2(f;) is used, SPEC is equivalent to Laplacian
Score. For SPEC _score3(f;), it uses the top m eigenpairs to evaluate the importance of
feature f;.

Next we show how SPEC can be reduced to the generalized similarity based feature
selection framework. Selecting top k features in SPEC with three different criteria in Eq. (7))
can be reformulated as:

.
m}@xz f/Sf;
feF
in SPEC_scorel : §; = £||D£]|,§ = D2U(I — 7(X))U'D? ()
in SPEC_score2 : f; = (f; — p1)/||D2£;||,§ = D2 U(I — 4(Z))U'Dz

in SPEC_score3 : f; = £;||D2£j||,§ = D2U,, (7(2I) — v(Z,,)) U, D2,

where U and X contain the singular vectors and singular values of the normalized laplacian
matrix Lyorm, Lporm = UXU’.

2.1.3 FISHER SCORE (DUDA ET AL., [2012) (SUPERVISED)

Fisher Score is a supervised feature selection algorithm. Suppose the class labels of n

samples y = {y1,¥2, ..., yn } come from c classes, Fisher Score selects the features such that

the feature values of the samples within the same class are small while the feature values of

the samples from different classes are large. The Fisher score of each feature f; is evaluated

as follows:

> (pig — pa)?
Z;:l leO’(i,j)2 7

where n;, p;, p; ; and 02 j indicate the number of samples in class j, mean value of feature
fi, mean value of feature f; for samples in class j, variance value of feature f; for samples
in class j, respectively. Similar to Laplacian Score, the top k£ features can be obtained by
greedily selecting the features with the largest Fisher Scores.

fisher_score(f;) =

9)
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According to (He et all,[2005), Fisher Score can be considered as a special case of Lapla-
cian Score as long as the affinity matrix is as follows:

Loyf vi =y =1
. . — ny ¢ J
S(4,7) { 0 otherwise, "

where n; is the number of data samples in the class [. With this specific affinity matrix, we
can get the following relationship between Fisher Score and Laplacian Score as follows:

1
~ laplacian_score(f;)’

fisher_score(f;) =1 (11)
Therefore, the computation of Fisher Score can be reduced to the unified framework of
similarity based feature selection.

Fisher Score measures the relevance of each feature individually as Laplacian Score
and SPEC. This leads to a suboptimal subset of features that is incapable of removing
redundant features. To tackle this issue, a Generalized Fisher Score method |Gu et all (2011)
is proposed to jointly select features. It aims to find a subset of features by maximizing the
lower bound of Fisher Score, which results in the following objective function:

1 «
min  ~||Xdiag(p)W — H|[% + —||[W]|[2
i 2|| 9(p) |7 2|| |7 (12)

st. pe{0,1}¢p'1=Ek.

p is a feature indicator vector to indicate whether the feature is selected or not, « is a
regularization parameter, H € R"*¢ is a label matrix, its (i, j)-th entry is given by:

HG ) = \/\11/7]E \/g ify, =7 (13)

otherwise,

where n; is the number of data instances in class j.

2.1.4 TRACE RATIO CRITERION (NIE ET ALJ, [2008) (SUPERVISED)

Recently, the trace ratio criterion has been proposed to directly select the global optimal
feature subset based on the corresponding score, which is computed in a trace ratio norm.
It builds two affinity matrices S,, and S, to characterize within-class (local affinity) and
between-class (global affinity) data similarity. Their corresponding diagonal matrices and
laplacian matrices are defined as Dy, (i,1) = > 11 Sy (i, 7), Do(i,9) = 3°7_; Sp(4, §), L =
D, — Sy, Ly = Dy — Sy, respectively. Let W = [w;,, Wy,, ..., W;, | € R%** bhe the selection
indicator matrix such that only the ij-th entry in w;; is 1 and all the other entries are 0.
With these, the trace ratio criterion of all k features in F is:

_ tr(WX'L,XW)
C tr(W XL, XW)

trace_ratio(F) (14)

The basic idea is to maximize the data similarity for the instances from the same class (or
close to each other) while minimizing the data similarity for the instances from different
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classes (or far away from each other). The larger the score, the more important the feature
set is.

The trace ratio criterion score in Eq. (I4]) provides a general framework for feature
selection. Different between-class and within-class similarity matricse S, and S, lead to
different feature selection algorithms such as batch-mode Lalpacian Score and batch-mode
Fisher Score; all of them can be considered as special cases of the general similarity based
feature selection framework. For example, in batch-mode Fisher Score, the within-class
data similarity and the between-class data similarity are defined as follows:

o 1/711 ifyi:yj:l
Sw(i,j) = { 0 otherwise, )
[ n—1ny ifyi=y =1
Sp(i,7) = { 1/n otherwise, 1o

where n; is the number of instances in class [. The trace ratio criterion for the feature
subset F can be calculated as:

L tr(W'X'LyXW) SF L E S,
trace_ratio_fisher(F) = WXL, XW) S £ (1= Su)E . (17)

Maximizing the score in above equation is also equivalent to maximize the following term:

ZI;:I fz'/sswfis . Xf;_—sz]:
25:1 £l £, XIFXF

ls

(18)

Since X’z X r is constant and the above maximization problem can be reduced to the unified
similarity based feature selection framework:

f'Sf, where f = f/||f|| and S =S, 1
m]z_gxi; , where /1If]| an (19)

In batch-mode Laplacian Score, the within-class data similarity and the between-class data
similarity are defined as follows:

e =112
Sw(i,j) =14 € ° T ifx; € Ny(x5) or x5 € Np(xi) (20)
0 otherwise,
S, = (1'D,,1)"'D,11'D. (21)
The trace ratio criterion score can be computed by:
tr(W'X'LyXW L D,f,
trace_ratio_laplacian(F) = ( b ) _ 2 B, . (22)

- trf(WX'L,XW) Sk ¢ (D, — S,)f;

Maximizing the above trace ratio criterion score is also equivalent to solve the following
problem:
m]z__LXZf"Sf', Wheref:f/||D%f|| and S = S,,, (23)
feF
therefore it is a special case of the unified framework.
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2.1.5 RELIEFF (ROBNIK-SIKONJA AND KONONENKO, 2003) (SUPERVISED)

Relief and its multi-class variant ReliefF are supervised filter algorithms that select features
to separate instances from different classes. Assume that [ data instances are randomly
selected among all n instances, then the feature score of f; in Relief is defined as follows:

!

1
Relief _score(f;) = 3 Zd X(NM(j),4)) —d(X(j,i) — X(NH(j),1)), (24)
j=1
where NM(j) and NH(j) indicates the nearest data instances to z; with the same class
label and different class, respectively. d(.) is a distance metric which is usually set to be
Fuclidean distance. Relief only works for binary classification task. To tackle the multiclass

classification problem, the feature score in Eq. (24)) is extended in ReliefF:

l

Relie f F_score(f;) :% Z _% Z X (G4) — X)) )
=1 ) 2, eNH(j)
1 ply) Xl
+y§:yj Ry = pW) mez%(j,y) IXGOERO) )

where NH(j) and NM (j,y) indicate the nearest data instances to z; in the same class and
a different class y, respectively, and their sizes are hj, and m;. p(y) is the ratio of instances
with class label y.

ReliefF is equivalent to selecting features that preserve a special form of data similarity
matrix which can be derived from the class labels. Assume that the dataset has the same
number of instances in each of the ¢ classes, there are ¢ instances in both NM(j) and
NH(j,y), the Euclidean distance is used and each feature vector has been normalized. Then
according to (Zhao and Liu,2007), the criterion of ReliefF is equivalent to the following with
above assumptions:

Relief F_score(f;) = Z <Z é(X(]’, i) — X(NM(j5),))? (27)

=1

_ Z Zs 1X(jv ) X(NH(jay)s)2 (28)

-1 ’
YAYj (C )

where NM (j)s denote the s-th nearest hit of x; and NH(j,y)s denote the s-th nearest
miss of x; in class y. It is easy to show that maximizing the ReliefF score in Eq. (28)) is
equivalent to the following optimization problem:

"
max > -1+ f8f, (29)
feF

where the affinity matrix is defined as:

1 ifi=j
(i, 5) = —5 z; € NH(i) (30)
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The optimization can be solved in a greedy manner by selecting the top k features with the
highest ReliefF scores.

2.2 Information Theoretical based Methods

A large family of existing feature selection algorithms are information theoretical based
methods. Algorithms in this family mainly exploit different heuristic filter criteria to mea-
sure the importance of features. As indicated in (Duda et all, 2012), many hand-designed
information theoretic criteria are proposed to maximize feature relevance and minimize fea-
ture redundancy. Since the relevance of a feature is usually measured by its correlation
with class labels, most algorithms in this family are performed in a supervised way. In
addition, most information theoretic concepts can only be applied on discrete variables.
Therefore, feature selection algorithms in this family can only work with discrete data.
For numeric feature values, some data discretization techniques (Dougherty et al.), 1995;
Kotsiantis and Kanellopoulod, 2006) are required. Two decades of research on information
theoretic criteria can be unified in a conditional likelihood maximization framework, and
most algorithms can be reduced to be a specific case of the unified framework (Brown et all,
2012) . In this subsection, we introduce some representative algorithms in this family. First,
we show the general forms of the algorithms, and then we show how they can be reduced
to the unified framework. Before presenting the detailed algorithms, we first give a brief
introduction about basic information theoretic concepts.

The first concept is called entropy, it is a measure of the uncertainty of a discrete random
variable. The entropy of a discrete random variable X is defined as follows:

H(X)=— Y P(a;)log(P(;)), (31)

r,€X

where z; denotes a specific value of random variable X, P(x;) denotes the probability of z;
over all possible values of X which can be estimated from the data.

The second concept is the conditional entropy of X given another discrete random
variable Y':

H(X|Y) = > P(y;) > P(xily)log(P(x:ly;)), (32)

ijY r;€X

where P(y;) is the prior probability of y;, while P(x;|y;) is the conditional probability of
x; given y;. The measure of conditional entropy shows the uncertainty of X given another
discrete random variable Y.

The concept of information gain (Shannon, 2001) between X and Y is used to measure
their dependency with entropy and conditional entropy. Since it measures the amount of
information shared by X and Y together, it is often referred as mutual information, which
is calculated as:

I(X;Y) =H(X) — HX|Y)

_ o ) oq L i Yi) (33)
x;{ygp( Zvy])l gP(xZ)P(yj)a
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where P(x;,y;) is the joint probability of z; and y;. It can be noticed that information gain
is symmetric such that I(X;Y) = I(Y;X), and is zero if the discrete variables X and Y
are independent.

Similar to the concept of entropy, the conditional information gain (or conditional mu-
tual information) of discrete variables X and Y given the third discrete variable Z is given
as follows:

1(X;Y|2) =H(X|Z) - H(X|Y, Z)
P, y5lzk) (34)
—Z (zk) Z ZPw,,y]\zk logP : )

2LE€EZ z,€X y; €Y (wilz¢) P (%’Zk)

It shows the amount of mutual information shared by X and Y when the third discrete
variable Z is given.

Searching for the global best set of features is NP-hard, thus, most algorithms in this
family exploit heuristic sequential search approaches to add/remove features one by one.
In this survey, we explain the feature selection problem by forward sequential search such
that features are added into the selected feature set one by one. We denote S as the current
selected feature set that is initially empty. Y represents the class labels. X; € S is a specific
feature in the current S. J(.) is a feature selection criterion (score) where, generally, the
higher the value of J(X}), the more important the feature Xy is. In the unified conditional
likelihood maximization feature selection framework, the selection criterion (score) for a
new unselected feature X is given as follows:

Jemi(Xr) = I(Xi; V) + D glI(Xj; Xi), I(Xj5 Xx| V)], (35)
X;eS

where ¢(.) is a function w.r.t. two variables I(X;; X}) and I(X;; X¢|Y). If g(.) is a non-
linear function w.r.t. these two variables, it is referred as a criterion by linear combinations
of Shannon information terms such that:

Jomr(X) = I(Xi;Y) = 8 (X5 Xp) + A Y (X X4Y). (36)

X;€8 X;eS8

where § and ) are two nonnegative parameters between zero and one. On the other other
hand, if ¢g(.) is a linear function w.r.t. these two variables, it is referred as a criterion by
non-linear combinations of Shannon information terms.

2.2.1 MUTUAL INFORMATION MAXIMIZATION (OR INFORMATION GAIN) (LEWIS, [1992)

Mutual Information Maximization (MIM)(also known as Information Gain) measures the
importance of a feature by its correlation with the class label. It assumes that when a
feature has a strong correlation with the class label, it can help achieve good classification
performance. The Mutual Information score for a new unselected feature X, is:

Jvrv (Xk) = I( X Y). (37)

It can be observed that in MIM, the scores of features are assessed individually which is
independent of other features. Therefore, in MIM, only the feature correlation is considered
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while the feature redundancy property is completely ignored. After it obtains the MIM
feature score for all unselected features, we choose the feature with the highest feature
score and add it to the selected feature set. The process repeats until the desired number
of selected features are obtained.

It can also be observed that MIM is a special case of linear combination of Shannon
information terms such that:

Jomr(X) = I(Xi;Y) = B T(X5 Xe) + A Y I(X5; Xi]Y), (38)
X,;€8 X;€eS

where both 8 and A are equal to zero.

2.2.2 MUTUAL INFORMATION FEATURE SELECTION (BATTITI, 1994)

A limitation of MIM feature selection criterion is that it assumes that features are indepen-
dent of each other. However, in reality, good features should not only be strongly correlated
with class labels, but also should not be highly correlated with each other. In other words,
the correlation between features should be minimized. Mutual Information Feature Selec-
tion (MIFS) criterion considers both the feature relevance and feature redundancy in the
feature selection phase, the feature score for a new unselected feature Xj can be formulated
as follows:

Tuirs(Xp) = I(Xp;Y) =B Y I(Xpi X (39)
X;€8

In MIFS, the feature relevance of the new feature is evaluated by the first term I(Xj;Y),
while the second term tries to penalize the feature that has a high mutual information with
the current selected features such that feature redundancy is minimized. In the original
paper, the parameter S is empirically set to be one.

MIFS can also be reduced to be a special case of the linear combination of Shannon
information terms:

Jomr(Xe) = I(XiY) = B Y I(X55 Xe) + A > I(X55 X4]Y), (40)
XjES XjES

where 3 is between zero and one, and A is set to be zero.

2.2.3 MINIMUM REDUNDANCY MAXIMUM RELEVANCE (PENG ET AL., 2005)

Unlike MIFS that empirically sets 5 to be one, (Peng et all, |2005) proposed a Minimum

Redundancy Maximum Relevance (MRMR) criterion to set the value of [ the reverse of
the number of selected features:

1

Turmr(Xe) = (X Y) — 5 Y T(Xi X5). (41)

‘ ’ X;eS

With more selected features, the effect of feature redundancy is gradually reduced. The in-
tuition is that with more non-redundant features selected, it is becoming more difficult for
new features to be redundant to the features that have already been in S. In (Brown et all,
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2012), it gives another interpretation that the pairwise independence between features be-
comes stronger as more features are added to S, possibly because of noise information in
the data.

The MRMR criterion is strongly linked to the Conditional likelihood maximization
framework:

Jomr(Xe) = I(XisY) = B> I(X55 Xp) + X Y I(X55 X, [Y), (42)
X;€8 X;e8

if we iteratively revise the value of 5 to be \?1\’ and set the other parameter A to be zero.

2.2.4 CONDITIONAL INFOMAX FEATURE EXTRACTION (LIN AND TANG, 2006)

MIFS and MRMR consider both feature relevance and feature redundancy at the same
time. However, some studies [Lin and Tang (2006); [E1 Akadi et all (2008); |Guo and Nixon
(2009) show that in contrast to minimize the feature redundancy, the conditional redun-
dancy between unselected features and already selected features given class labels should be
maximized. In other words, as long as the feature redundancy given class labels is stronger
than the intra feature redundancy, the feature selection will be affected negatively. A typical
feature selection under this argument is Conditional Infomax Feature Extraction (CIFE)
criterion, in which the feature score for a new unselected feature X, is:

Jorre(Xy) = I(Xg;Y) = D I(X; X0) + Y 1(Xj; X |Y). (43)
XjES XjES

It can be observed that compared with MIFS, it adds a third term ZXjeS I(X;; Xi]Y) to
maximize the conditional redundancy.
CIFE is also a special case of the linear combination of Shannon information terms:

Jomr(Xe) = I(XisY) = B> I(X55 Xp) + A Y I(Xj5 X, [Y), (44)
X;€8 X;e8

by setting £ and 7 to be one.

2.2.5 JOINT MUTUAL INFORMATION (YANG AND MOODY, 1999)

MIFS and MRMR reduce feature redundancy in the feature selection process. An alterna-
tive criterion, Joint Mutual Information (Yang and Moody, 1999; Meyer et all, 2008) was
proposed to increase complementary information that are shared between new unselected
feature and selected features given the class labels. The feature selection criterion is listed
as follows:
Tovr(Xe) = > I(Xg, X53Y). (45)
X;€S

The basic idea of JMI is that we should include new features that are complementary to
the existing features given the class labels.

Unlike previous mentioned approaches that can be directly represented by the linear
combination of Shannon information terms, JMI can not be directly reduced to the condition

20



FEATURE SELECTION: A DATA PERSPECTIVE

likelihood maximization framework. In (Brown et al), 2012), the authors demonstrate that
with simple manipulations, the JMI criterion can be re-written as:

Jinr(Xy) = I(Xp; Y 5] Z I(X;; Xp) + 5 Z I(X;; X3]Y). (46)
X;eS X;eS

Therefore, it is also a special case of the linear combination of Shannon information terms
by iteratively setting 58 and X to be %'

2.2.6 CONDITIONAL MUTUAL INFORMATION MAXIMIZATION (FLEURET, 2004)

Previously mentioned information theoretic feature selection criterion can be reduced to a
linear combination of Shannon information terms. Next we show some other algorithms
that can only reduce to a non-linear combination of Shannon information terms. Among
them, Conditional Mutual Information Maximization (CMIM) (Vidal-Naquet and Ullman,
2003; [Fleuretl, 2004) is a criterion which iteratively selects features which maximize the
mutual information with the class labels given the selected features so far. In other words,
CMIM does not select the feature that is similar to previous selected ones even though its
predictable power for the class labels is strong. Mathematically, during the selection phase,
the feature score for each new unselected feature X can be formulated as follows:

JCMIM(Xk) = )Iguen[ (Xk,Y’X )] (47)

Note that the value of I(X};Y|X;) is small if X}, is not strongly correlated with the class
label Y or if X} is redundant when S is known. By selecting the feature that maximizes
this minimum value, it can guarantee that the selected feature has strong predictive ability
as well as reducing redundancy to the selected features.

The CMIM criterion is equivalent to the following form after some derivations:

Jomrv(Xi) = I(Xp; V) — )?%X[I(Xka) (X5 X |Y)). (48)

Therefore, CMIM is also a special case of the conditional likelihood maximization frame-
work:
Temi(Xe) = I(Xi; V) + Y glI(X55 Xi), T(X5 X5 V)] (49)
X;eS

2.2.7 INFORMATIVE FRAGMENTS (VIDAL-NAQUET AND ULLMAN, 2003)

In (Vidal-Naquet and Ullman,2003), the authors propose a feature selection criterion called
Informative Fragments (IG). The feature score of each new unselected features is given as:

Jrr(Xg) = )Iguen (X Xk;Y) = I(X5; V). (50)

The intuition behind Informative Fragments is that the addition of the new feature Xp
should maximize the value of conditional mutual information between X} and existing fea-
tures in S over the mutual information between X; and Y. An interesting phenomenon of In-
formative Fragments is that with the chain rule that I( X, X;;Y) = I(X;; Y)+1(Xy; Y]X;),
Informative Fragments has the equivalent form as CMIM, therefore, it can also be reduced
to the conditional likelihood maximization framework.
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2.2.8 INTERACTION CAPPING (JAKULIN, 2005)

Interaction Capping is a similar feature selection criterion as CMIM in Eq. (48]), but instead
of restricting the term I(X;; Xj) — I(X;; Xi|Y') to be nonnegative:

Jomm(Xg) = 1(Xi;Y) = Y max(0, 1(X;; Xx) — 1(Xj; Xg[Y)). (51)
X;€8

Apparently, it is a special case of non-linear combination of Shannon information terms by
setting the function g(.) to be max|[0, I(X;; Xy) — I(X;; Xx|Y)].

2.2.9 DOUBLE INPUT SYMMETRICAL RELEVANCE (MEYER AND BONTEMPI, 2006)

Another class of information theoretical based methods such as Double Input Symmet-
rical Relevance (DISR) (Meyer and Bontempi, [2006) exploits normalization techniques to
normalize mutual information (Guyon et all, 2008):

I(X; Xy Y)

HX, X,Y)" (52)

Tprsr(Xp) = Y

XjES

It is easy to validate that DISR is a non-linear combination of Shannon information terms
and can be reduced to the conditional likelihood maximization framework.

2.2.10 FAST CORRELATION BASED FILTER (YU AND Li1U, 2003)

There are other information theoretical based feature selection methods that can not be
simply be reduced to the unified conditional likelihood maximization framework. Here, we
introduce one algorithm named Fast Correlation Based Filter (FCBF) (Yu and Liu, 2003).
It is a filter method that exploits feature-class correlation and feature-feature correlation
simultaneously. The algorithm works as follows: (1) given a predefined threshold 0, it selects
a subset of features S that is highly correlated with the class label with SU > §, where SU
is the symmetric uncertainty, the SU between a set of features Xs and the class label Y is
given as follows:
1(Xs;Y)

H(Xs)+H(Y)

SU(Xs,Y) =2 (53)
A specific feature X}, is called predominant iff SU(X},Y) > § and there does not exist a
feature X; € S(j # k) such that SU(X;, Xy) > SU(X},Y). Feature Xj is considered to
be redundant to feature X, if SU(X;, Xy) > SU(Xk, Y'); (2) the set of redundant features
is denoted as Sp,, which will be further split into S}, p, and Sp where they contain redun-
dant features to feature X with SU(X;,Y) > SU(Xk, Y) and SU(X;,Y) < SU(Xy,Y),
respectively; and (3) different heuristics are applied on Sp, S p, and Sp. to remove reundant
features and keep the features that are most relevant features to the class label. Different
from feature weighting methods that assign a score to each feature and select the features
with the highest score, FCBF is a subset search algorithm which cannot determine the
number of selected features.
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2.3 Sparse Learning based Methods

Filter feature selection methods select features that are independent of any learning algo-
rithms. However, they do not take into account the bias of the learning algorithms such
that the selected features may not be optimal for a specific learning task. To tackle this
issue, embedded methods embed the feature selection phase into the learning algorithm
construction where these two phases compliment each other. The selected features are suit-
able for that learning algorithm which can be used for further analysis. There are three
main types of embedded feature selection methods: The first type of embedded methods
are pruning methods. At the very beginning, they use the whole set of features to train a
learning model and then attempt to remove some features by setting the feature coefficients
to zero, while maintaining the model performance, one example method in this category is
recursive feature elimination methods using support vector machine (SVM) (Guyon et al,
2002). The second type of embedded methods contain a built-in feature selection mecha-
nism such as ID3 (Quinlan, 1986) and C4.5 (Quinlan), [1993). The third type of methods are
sparse learning based methods which aim to minimize the fitting errors along with some
sparse regularization terms. The sparse regularizer forces some feature coefficients to be
small or exactly zero, and then the corresponding features can be simply eliminated. Sparse
learning based methods have received great attention in recent years due to their good per-
formance and interpretability. In the following subsections, we review the sparse learning
based feature selection methods in both supervised and unsupervised perspective. We first
cover some representative supervised sparse learning based methods and then introduce
some unsupervised sparse learning based methods.

2.3.1 FEATURE SELECTION WITH /1-NORM REGULARIZER (SUPERVISED) (TIBSHIRANI,
1996; HASTIE ET AL, 2015)

First, we consider the binary classification (y; is either 0 or 1) or regression problem with only
one regression target. Without loss of generality, we only consider linear classification or
linear regression model, but it can be easily extended to non-linear problems. The classifica-
tion label or regression target y can be considered as a linear combination of data instances
X like SVM (Cortes and Vapnik, [1997) and logistic regression (Hosmer Jr and Lemeshowl,
2004). To achieve feature selection, the ¢1-norm penalty term is added on the classification
or regression model. One main advantage of ¢;-norm regularization (Lasso) (Tibshirani,
1996; Hastie et al), [2015) is that it forces some feature coefficients to to become smaller
and, in some cases, exactly zero. This property makes it suitable for feature selection, as we
can select features with corresponding non-zero coefficients. Specifically, let w denote the
model parameter (feature coefficient) that can be obtained by solving following optimization
problem:

w = argmin loss(w; X,y) + a penalty(w), (54)

where loss(.) is a loss function which denotes a classification or regression model, penalty(w)
is a sparse regularization term for feature selection, and « is a regularization parameter to
balance the contribution of the loss function and the regularization term.

Some widely used loss functions loss(.) include least squares, hinge loss and logistic loss.
They are defined as follows:

23



JUNDONG LI ET AL.

e Least Square Loss:

loss(w; X,y) = > (4 — w'xi)°, (55)
i=1
e Hinge Loss:
loss(w; X,y) Zmax —yiw'x;), (56)
o Logistic Loss:
loss(w; X,y) =Y _log(1 + exp(—yiw'x;)), (57)
i=1

As mentioned above, the most widely used sparse regularization is £1-norm regulariza-
tion, but there are also different types of sparse regularization such as adaptive lasso and
elastic net. Next, we briefly introduce these sparse regularization terms.

e Lasso Regularization (Tibshirani, 1996): Lasso is short for least absolute shrinkage
and selection operator, it is based on the £i-norm regularization term on the feature
coefficient w:

d
penalty(w) = ||w||; = Z |w;]. (58)

The ¢1-norm regularization term forces some feature coefficient to be zero and the
corresponding features can be simply eliminated since the elimination of these features
will not greatly affect the learning performance. After obtaining the feature weight
w by some optimization algorithms, we can sort the feature importance according to
the feature weight — the higher the feature weight, the more important the feature is.

e Adaptive Lasso Regularization (Zou, 2006): The Lasso variable selection phase is
consistent if it satisfies non-trivial solutions. However, this condition is difficult to
satisfy in some scenarios (Zhao and Yu, 2006). Another critical issue of Lasso is that
the lasso shrinkage produces biased estimates for the large coefficients, and thus it
could be suboptimal in terms of estimation risk (Fan and Li, 2001). To tackle these
problems, the adaptive Lasso regularization is proposed:

ISH

penalty(w (59)

where b is a given weight vector to control the contribution of each feature coefficient
in the /1-norm penalty term. It is easy to see that adaptive Lasso is a weighted version
of Lasso. In (Zou, 2006), the authors show that the adaptive lasso enjoys the oracle
properties and can be solved by the same efficient algorithm for solving the Lasso.

e Elastic Net Regularization (Zou and Hastie, 2005): In Lasso, the number of selected
features is usually bounded by the number of data instances, which is unrealistic
in many applications. In addition, in many applications such as bioinformatics, im-
age processing and natural language processing (Mitra et al., 12002; [Segal et all, [2003;
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Liu et all, 2007), it is common that features may have some strong correlations with
each other. However, Lasso tends to randomly select features from a group and
discards the others. To handle features with high correlations, Elastic Net regulariza-
tion (Zou and Hastie, 2005) is proposed as:

d d

penalty(w) = [wil" + (D wi)*, (60)

i=1 i=1

with 0 <4 <1 and A > 0. The parameters v and A are usually set to be 1 such that
Elastic Net regularization is simply a combination of £;-norm and £s-norm regulariza-
tion.

In addition to the different variations of Lasso regularization, another way to obtain a
sparse representation of feature coefficients w is Dantzig selector; it is based on the normal
score equations and controls the correlation of residuals with X as:

min ||w||;
i (61)
st X (y — XW)|oo < A,

where ||.||oo denotes the infinity norm of a vector. Dantzig selector was designed for linear
regression models. In (Candes and Taq, 2007; James et all, 2009), the authors show that
the errors of Dantzig selector is up to a logarithmic factor log(d) (d is the feature dimen-
sionality). Strong theoretical results in (James et al!, 2009) show that LASSO and Dantzig
selector are closely related.

2.3.2 FEATURE SELECTION WITH /3 1-NORM REGULARIZER (SUPERVISED) (LIU ET AL,
20098)

As mentioned above, for binary classification and regression with one target, we can achieve
feature selection via ¢1-norm regularization since it will force some feature coefficient to be
exact zero. Here, we discuss how to perform feature selection for the general classification
problems. The problem is more difficult because of multiple classification or regression tar-
gets since we would like the feature selection phase to be consistent over multiple targets.
In other words, we want multiple predictive models for different targets to share the similar
parameter sparsity patterns — each feature either has small scores for all data points or has
large scores over all data points. This problem can be solved by the £ ;-norm regularization
which is widely applied in many applications (Obozinski et al., 2007; [Evgeniou and Pontil,
2007; Bi et _al, 2008; [Zhang et all, 2008). Similar to ¢;-norm regularization, ¢ ;-norm reg-
ularization is also convex and a global optimal solution can be achieved. The ¢51-norm
regularization has strong connections with group lasso (Yuan and Lin, 2006) which will be
explained later.

Assume that X denotes the data matrix, and y denotes the label vector such that it
contains s different class labels {cy,co,...,cs}. First, we can transform the feature vector
y to one-hot label matrix Y such that if y; = ¢; then the only the j-th element in the
corresponding row vector Y (i,:) is 1, other elements are 0. We further assume that the
linear classification problem is parameterized by a weight matrix W such that the j-th
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column of W contains the feature coefficient for the j-th class label. If the least square loss
function is specified, then the model is formulated as follows:

min [ XW = Y|[E + ol W21, (62)

where the parameter « is used to control the contribution from the loss function and the
regularization term. By solving this optimization problem, we can obtain a sparse matrix
W where many rows are exact zero or small numbers. The features corresponding to these
rows can then be eliminated. By selecting a few number of rows, it achieves joint feature
selection among different classification labels.

Similar to Lasso, we can also exploit different loss functions such as hinge loss and logistic
loss. Meanwhile, the ¢ ;-norm regularization can also be modified as adaptive Lasso and
elastic net. Generally, the {5 1-norm regularization problem can be solved efficiently by
the state-of-the-art proximal gradient descent methods (Liu et al., [2009a). After we obtain
the feature coefficient matrix W € R%*S we can compute the fo-norm of each row vector
||W(3,:)||2 which corresponds to the i-th feature — the larger the value of the f3-norm, the
more important the feature is.

2.3.3 EFFICIENT AND ROBUST FEATURE SELECTION (SUPERVISED) (NIE ET ALJ, [2010)

In (Nie et all, 2010), the authors propose an efficient and robust feature selection (REFS)
method by employing a joint ¢31-norm minimization on both the loss function and the
regularization. Their argument is that the fo-norm based loss function is sensitive to noisy
data while the ¢5 1-norm based loss function is more robust to noise. The reason is that £ 1-
norm loss function has a rotational invariant property (Ding et all, 2006). Consistent with
5 1-norm regularized feature selection model, a /5 1-norm regularizer is added to the £ 1-
norm loss function to achieve group sparsity. The objective function of REFS is formulated
as follows:

H%%,HHXW—YHz,l +al|[W]|2,1, (63)

The objective function of REFS is difficult to solve since both terms are convex but non-
smooth. In (Nie et all, [2010), an efficient algorithm is proposed to solve this optimization
problem with strict convergence analysis.

2.3.4 MULTI-CLUSTER FEATURE SELECTION (UNSUPERVISED) ((CAI ET AL., 2010)

Most of existing sparse learning based approaches build a learning model with the su-
pervision of class labels. The feature selection phase is derived afterwards on the sparse
feature coefficients. However, since labeled data is costly and time consuming to ob-
tain, unsupervised sparse learning based feature selection has received increasing atten-
tion in recent years (Cai et all, 2010; Yang et al., 2011; [Hou et all, 2011; [Li et all, [2012;
Qian and Zhai, 2013; [Liu et al.,2014; [Du and Shen, 2015). Multi-Cluster Feature Selection
(MCFS) (Cai et al), 2010) is one of the first unsupervised feature selection algorithm us-
ing sparse learning techniques. Without class labels to guide the feature selection process,
MCFS proposes to select features that can cover the multi-cluster structure of the data
where spectral analysis is used to measure the correlation between different features.
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MCFS consists of three steps: (1) the spectral clustering step, (2) sparse coefficient
learning step and (3) feature selection step. In the first step, spectral clustering (Chan et al.,
1994; [Ng et all, 2002) is applied on the dataset to detect the cluster structure of the data.
It first constructs a k-nearest neighbor graph to capture the local geometric structure of the
data and gets the graph affinity matrix S, where k is a predefined parameter. There are
many different ways to define the affinity matrix. Typical ways include 0-1 weighting, heart
kernel weighting and dot-product weighting. For example, if the affinity matrix is built by
the heart kernel weighting scheme, S is computed as follows:

2
11 =%

S(Z7]) =e€ v ) (64)

where x; and x; are connected instances in the k-nearest neighbor graph and the bandwidth
o is a predefined parameter. Then, the graph Laplacian matrix is defined as L =D — W,
where D is a diagonal matrix with its diagonal element D(i,i) = >, W (i, j). With the
graph Laplacian matrix, the flat embedding that unfolds the data manifold can be obtained
by solving the following generalized eigen-problem:

Le = \De. (65)

Let E = {ej,es,...,ex} denote the eigenvectors of the above eigen-problem w.r.t. the
smallest K eigenvalues. Each column of E, i.e., e; denotes the i-th embedding of the data
X, and K denotes the intrinsic dimensionality of the data that is usually set to the number
of clusters if the number of clusters is known in advance.

In the second step, since the embedding of the data X is known, MCFS takes advantage
of them to measure the importance of a feature by a regression model with a £1-norm
regularization. Specifically, given the i-th embedding e;, MCFS regards it as a regression
target to minimize the following objective function:

min [[Xwi — i[5 + afwil, (66)

where w; denotes the feature coefficient vector for the i-th embedding.

By solving all K sparse regression problems, MCFS obtains K sparse feature coefficient
vectors W = [wq, ..., W] and each vector corresponds to one embedding of X. In the third
step, for each feature f;, the MCFS score for that feature can be computed as:

MCFS(j) = max |[W(j,1)|. (67)
1
The higher the MCFS score, the more important the feature is.
2.3.5 f31-NORM REGULARIZED DISCRIMINATIVE FEATURE SELECTION

(UNSUPERVISED) (YANG ET AL., 2011)

To perform unsupervised feature selection, one widely accepted criterion is to select features
that best preserve the manifold structure of the data (He et all, 2005; |Zhao and Liu, 2007;
Cai et all, 2010). An alternative way is to exploit the discriminative information encoded
in the data that has been proven to be effective in many learning tasks (Fukunaga, 2013).
In (Yang et al!, [2011), the authors propose a new unsupervised feature selection algorithm
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(UDFS) to select the most discriminative features by exploiting both the discriminative
information and feature correlations.

First, we briefly introduce discriminative information. Suppose n instances come from
s classes and there are n; instances in the i-th class. Y € {0,1}"*® denotes the class
label matrix for n instances such that Y (i,5) = 1 if x; belongs to the j-th class, otherwise
Y(i,j) =0. Let H, =1, — %lnlgl, then the total scatter matrix S; and between class
scatter matrix S, are defined as follows:

(68)
=D _milm = m)(w — p) = X'GG'X,

where p = Ln*'x” is the mean of all data instances, u; is the mean of all instances in

the i-th class, X is the centered data matrix such X = H,X and G = [G1, G, ...,G,]' =

Y (Y’ Y)_% is the weighted label indicator matrix. Linear discriminant analysis aims to
obtain a linear transformation matrix W € R?*® that projects X from a d-dimensional
space to a low dimensional space such that S; is minimized and S; is maximized.

Instead of using global discriminative information, authors in (Yang et all,2011) propose
to utilize the local discriminative information (Sugiyama, 2006; [Yang et all, 2010) to select
discriminative features. The advantage of using local discriminative information are two
folds. First, it has been demonstrated to be more important than global discriminative
information in many classification and clustering tasks. Second, when it considers the local
discriminative information, the data manifold structure is also taken into account. For
each data instance z;, it constructs a k-nearest neighbor set for that instance Ny(x;) =
{@iy, @iy s iy, o Let X6y = [Xi5 X4y, -5 X4, ] denote the local data matrix around x;, then
the local total scatter matrix ng’) and local between class scatter matrix Sl(f) are defined as:

~ |~

(1) _ ~ <2
St' - %Z,XZ i (69)
s = X,'G,G/X,,
where X; = Hp1X; and Gy = [Gy, Gy, -, G;,]". Note that G;) is a subset from G and
G(;) can be obtained by a selection matrix P; € {0, 1341 such that Gy = P’(i)G.
Without label information in unsupervised feature selection, UDFS assumes that there is a
linear classifier W € R%** to map each data instance x; € R% to a low dimensional space
G; € R®. Following the definition of global discriminative information (Yang et al), 2010;
Fukunaga, [2013), the local discriminative score for each instance x; is computed as:

DS; = [(s“HId) ]

(
b
/ >~/ —1~F P/ (70)
[W X P(Z) (X X + N X, P i)XW],

where A is a small number to make XZ-XZ-, invertible. If the instance has a high local
discriminative score, it indicates that the linear classifier W can discriminate these instances
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well. Therefore, UDFS tends to train W which obtains the highest local discriminative score
for all instances in X it incorporates a £ 1-norm regularizer to achieve feature selection,
the objective function is formulated as follows:

min > {tr[G{yH11G(i) — DS} + | [ W21, (71)
=t

where G/(Z-)Hk+1 G ;) is added to avoid overfit and [[W]|2,; will make W to be sparse in rows,
which is suitable for feature selection, « is a regularization parameter to control the sparsity
of the model. With some mathematical derivation, the objective function in Eq. (7)) can
be reformulated as follows:

min_ tr(WMW) + o||[W||2.1, (72)
WW=I,

where M = X’[Z?Zl(P,-HkH(X,-Xi + AMpy1) THg11S))]X.  After we obtain the sparse
coefficient matrix, we can rank the features according to its £o-norm value and return the
top ranked ones.

2.3.6 FEATURE SELECTION USING NONNEGATIVE SPECTRAL ANALYSIS
(UNSUPERVISED) (LI ET ALJ, [2012)

In addition to UDF'S, there are some other ways to exploit discriminative information for un-
supervised feature selection. Nonnegative Discriminative Feature Selection (NDF'S) (Hou et all,
2011) is an algorithm which performs spectral clustering and feature selection simultane-
ously in a joint framework to select a subset of discriminative features. NDFS assumes
that pseudo class label indicators can be obtained by spectral clustering techniques. Dif-
ferent from most existing spectral clustering techniques, NDFS imposes nonnegative and
orthogonal constraints during the spectral clustering phase. The argument is that with
these constraints, the learnt pseudo class labels are more close to real cluster results. These
nonnegative pseudo class labels then act as regression constraints to guide the feature se-
lection phase. Instead of performing these two tasks separately, NDFS incorporates these
two phases into a joint framework.

Suppose that these n data instances come from s classes {c1,...,cs} and Y € {0,1}"*¢
denotes the class label matrix such that Y(i,5) = 1 if x; belongs to j-th class, otherwise
Y (i,j) = 0. Similar to the definition in UDFS, we use G = [G1,Gq,...,G,]) = Y(Y'Y)_%
to denote the weight cluster indicator matrix. It is easy to show that for the weight
cluster indicator matrix G, we have GG’ = I,. NDFS adopts a strategy to learn the
weight cluster matrix such that the local geometric structure of the data can be well pre-
served (Shi and Malik, 2000; [Yu and Shi, 2003). Since the local geometric structure of the
dataset can be modeled by a k-nearest neighbor graph, the affinity matrix S is defined as:

= Iz =%,

S(i,j)=e = . (73)

x; and x; are connected instances in the k-nearest neighbor graph, where the bandwidth o is
a predefined parameter. Then the local geometric structure can be fully used by minimizing
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the following normalized graph Laplacian:

mln ZZ (4,7)] \/D B \/I? H2

i=1 j=1 (74)

= tr(G'LG),

where D is a diagonal matrix with its diagonal element D(4,7) = >°%_, S(i,j), L = D2 (D—

S)D_% is the normalized Laplacian matrix. Given the pseudo labels G, NDFS assumes that
there exists a linear transformation matrix W € R%** between the data instances X and
pseudo labels G. These pseudo class labels are utilized as constraints to guide the feature
selection process by minimizing the following objective function:

min|| XW — GH% + af[W]|2,1
W (75)
s.t. GG/ = In, G Z 07

where « is a parameter to control the sparsity of the model. ||[W]||2,; ensures that NDFS
achieves group sparsity among all s psuedo class labels. Note that NDFS imposes a non-
negative constraint on G because with both the orthogonal and nonnegative constraint,
there is only one positive element in each row of G and all the other elements are zero. In
this way, the learnt pseudo class labels G are more accurate and can better help to select
discriminative features.

By combining the objective functions in Eq. (74]) and Eq. (75), the objective function
of NDFS is formulated as follows:

min tT(G/LG) + B(||[XW — GH% + aHWHZl)
G,W (76)
s.t. G‘G‘l - In, G' 2 0

The objective function of NDFS in Eq. (@) can be solved in an alternating way. After
obtaining the feature coefficient matrix W, NDFS takes the same strategy as UDFS to
rank the features according to its fo-norm value in W and return the top ranked ones.

2.3.7 FEATURE SELECTION VIA JOINT EMBEDDING LEARNING AND SPARSE REGRESSION
(UNSUPERVISED) (Hou ET ALJ, [2011))

Feature selection via joint embedding learning and sparse regression (JELSR) (Hou et all,
2011) is an unsupervised feature selection that is similar to NDFS. They both embed the
pseudo class label learning process into the sparse regression for feature selection. The dif-
ference is that NDFS uses graph Laplacian to learn the pseudo class labels, while JELSR
utilizes local linear embedding. In addition, NDFS imposes both orthogonal and nonneg-
ative constraints on the pseudo class labels while JELSR only considers the orthogonal
constraint.

In the first step, JELSR builds a k-nearest neighbor graph. In the second step, instead
of using some explicit affinity matrix S like MCFS and NDFS, JELSR takes advantage
of the local linear embedding (Roweis and Saul, 2000) to learn the local approximation
matrix, i.e., affinity matrix. Specifically, if the i-th instance x; and the j-th instance z;
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are connected in the k-nearest neighbor graph; its entry in the affinity matrix is positive
S(i,7) > 0, otherwise S(i,j) = 0. The nonzero entry can be learnt by solving the following
optimization problems:

n n
miny [lxi — Y S(i. x5
i=1 j=1

" (77)
st > S(i,j) =1.
j=1

The basic idea is that each instance in X can be approximated by a linear combination of
some of its k-nearest neighbors. JELSR assumes that the low dimensional representation,
i.e., pesudo class labels, shares the same local structure as the instances X in the high
dimensional space, therefore it aims to minimize the following:

min Y ||Gi — Y S(i, )Gl = tr(G'LG)
i=1 j=1 (78)

st. GG =1,.

By integrating the embedding learning phase into the feature selection phase, the objective
function of JELSR is formulated as follows:

min tr(G'LG) + B(|[XW — G||% + a|[W]|2,1)
GW (79)
st. GG =1,.

where o and 3 are two balance parameters. The ¢5 1-norm regularization term ensures that
W is sparse in rows. Similar to UDFS and NDFS, after deriving W by some optimization
algorithms, it uses fo-norm, i.e., W(i,:) to rank features. The higher ranked features are
relatively more important.

2.4 Statistical based Methods

Another category of feature selection algorithms is based on different statistical measures;
we group them as statistical based methods in this survey. Since they rely on some statistical
measures instead of learning algorithms to evaluate the relevance of features, most of them
are filter based methods. In addition, most statistical based algorithms analyze features
individually. Hence, feature redundancies is inevitably ignored during the selection phase.
We introduce some representative feature selection algorithms in this category. Note that
the vast majority algorithms in this category works with discrete data, numerical datasets
have to perform discretization first.

2.4.1 Low VARIANCE (PEDREGOSA ET AL/, 2011)) (UNSUPERVISED)

Low Variance is a simple feature selection algorithm which eliminates the feature whose
variance is below some threshold. For example, for the features that have the same values
on all instances, the variance is 0 and should be removed since it cannot help to discriminate
instances from different classes. Suppose that the dataset consists of only boolean features,
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i.e., the feature values are either 0 and 1, since the boolean features are Bernoulli random
variables, its variance value can be computed as:

variance_score(f;) = p(1 — p), (80)

where p denotes the percentage of instances that take the feature value of 1. After the
variance of features are obtained, the feature with a variance score below a predefined
threshold can be directly pruned.

2.4.2 T-SCORE (DAVIS AND SAMPSON, [1986) (SUPERVISED)

t-score is used for binary classification problems. For each feature f;, suppose that p and
1o are the mean feature values for the instances from the first class and the second class,
o1 and o9 are the corresponding standard deviation values, n; and no denote the number
of instances from these two classes. Then the t-score for the feature f; can be computed as:

t_score(f;) = M (81)

0'2 0'2
Vi
The basic idea of t-score is to assess whether the feature can make the means of two classes

to be different statistically by computing the ratio between the mean difference and the
variance of two classes. Usually, the higher the t-score, the more important the feature is.

2.4.3 F-sCORE (WRIGHT, 1965) (SUPERVISED)

t-score can only be applied for binary classification task, therefore it has some limitations.
f-score can handle the multi-class situation by testing if a feature is able to well separate
samples from different classes. Considering both the within class variance and between class
variance, the f-score can be computed as follows:
> oy (g — p)?
fscore(f;) = 5
n—c Zj(nj — 1)O'j
Given feature f;, nj, u, pj, o; denote the number of instances from class j, the mean feature
value, the mean feature value on class j, the standard deviation of feature value on class 7,
respectively. Similar to t-score, the higher the t-score, the more important the feature is.

(82)

2.4.4 CHI-SQUARE SCORE (LIU AND SETIONO, 11995) (SUPERVISED)

Chi-square score utilizes the test of independence to assess whether the feature is inde-
pendent of the class label. Given a particular feature with r different feature values, the
Chi-square score of that feature can be computed as:

T C L . 2
Chi_square_score(f;) = Z Z (nJST'uJS), (83)
j=1s=1 I8

where n is the number of instances with the j-th feature value given feature f;. In addition,
s = Besix  where n;x indicates the number of data instances with the j-th feature value
given feature f;, n.s denotes the number of data instances in class r. A higher Chi-square
score indicates that the feature is relatively more important.
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2.4.5 GINI INDEX (GINI, 1912) (SUPERVISED)

Gini index is a statistical measure to quantify if the feature is able to separate instances
from different classes. Given a feature f; with r different feature values, for the j-th feature
value, let W denote the set of instances with the feature value smaller than or equal to the
j-th feature value, let W denote the set of instances with the feature value larger than the
j-th feature value. In other words, the j-th feature value can separate the dataset into W
and W, then the Gini index score for the feature f; is given as follows:

gini_index_score(f;) = mmi}n (p(W)(l - Zp(CS]W)2) +pW)(1 — Zp(CS]W)2)> , (84)
s=1 s=1

where Cy indicates that the class label is s. p(.) denotes the probability, for instance,
p(Cs|W) indicates the conditional probability of class s given the set of W. In Eq. (84),
the gini index score is obtained by going through all the possible split W. Usually for
binary classification problem, it can take a maximum value of 0.5, but it can also be used in
multi-classification problems. Unlike previous statistical measures, the lower the gini index
value, the more relevant the feature is.

2.4.6 CFS (HALL AND SMITH, 1999) (SUPERVISED)

The basic idea of CFS is to use a correlation based heuristic to evaluate the worth of feature
subset F:

KTer
k+k(k— 157
where the CFS score shows the heuristic “merit” of the feature subset F with k features.
Tef is the mean feature class correlation and 77y is the average feature-feature intercorrela-
tion. In Eq. (83]), the numerator indicates the predictive power of the feature set while the
denominator shows how much feature redundancy the feature set has. The basic idea of
CFS is that a good feature subset should have strong correlation with class labels and are
weakly intercorrelated. In order to get the feature-class correlation and feature-feature cor-
relation, CFS uses symmetrical uncertainty (Vetterling et all, [1992) to estimate the degree
of associations between two attributes. Since finding the global optimal feature subset is
computational prohibitive, CF'S adopts a best-search strategy to find a local optimal feature
subset. At the very beginning, it computes the utility of each feature by considering both
feature-class and feature-feature correlation with the symmetrical uncertainty measure. It
then starts with an empty set and expand the set by the feature with the highest utility
until it satisfies a stopping criteria.

CFS_score(F) = (85)

3. Feature Selection with Structure Features

Existing feature selection methods for generic data are based on a strong assumption that
features are independent of each other while completely ignoring the intrinsic structures
among features. For example, these feature selection methods may select the same subset
of features even though the features are reshuffled (Ye and Liu, 2012). However, in many
real applications features also exhibit various kinds of structures, e.g., spatial or tempo-
ral smoothness, disjoint groups, overlap groups, trees and graphs (Tibshirani et all, [2005;
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Jenatton et all, 2011; [Yuan et al., 12011; [Huang et all, 2011; [Zhou et all, 2012). With the
existence of these intrinsic feature structures, feature selection algorithms which incorpo-
rate knowledge about the structures of features may help select more relevant features
and therefore improve some post-learning tasks such as classification and clustering. One
motivating example is from bioinformatics. In the study of arrayCGH such features (the
DNA copy numbers along the genome) have some natural spatial order, incorporating such
spatial structure can help select more meaningful features and achieve more accurate clas-
sification accuracy. Therefore, we discuss some representative feature selection algorithms
which explicitly consider feature structures. Specifically, we will focus on group structure,
tree structure and graph structure.

Since most existing algorithms in this family are supervised algorithm for binary clas-
sification and regression task. Without loss of generality, we focus on linear classification
or regression problems such that the class label or regression target y can be considered
as a linear combination of data instances X, the linear combination (feature coefficient) is
encoded in a vector w. A popular and successful approach to achieve feature selection with
structural features is to minimize a empirical error penalized by a structural regularization
term, which can be formulated as:

w = argmin loss(w; X, y) + a penalty(w, G), (86)

where G denotes the structures among features and « is a trade-off parameter between the
loss function and the sparse regularization term. To achieve feature selection, penalty(w, G)
is usually set to be a sparse regularization term. Note that the above formulation is similar to
that in Eq. (54)), the only difference is that for feature selection with structural features, we
explicitly consider the structural information G among features in the sparse regularization
term.

3.1 Feature Selection with Group Feature Structures

G‘1 Glz Gﬁ G|4
I I L ‘ \
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Figure 9: Illustration of Lasso, Group Lasso and Sparse Group Lasso. The whole feature
set can be divided into four groups Gi, G2, Gs and G4. Each column denotes a feature,
the column with dark color denotes the selected features while the column with light color
denotes the unselected features.
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In many real-world applications, features exhibit group structures. One of the most
common example is that in multifactor analysis-of-variance (ANOVA), each factor is asso-
ciated with several groups and can be expressed by a set of dummy features (Yuan and Lin,
2006). Some other examples include different frequency bands represented as groups in
signal processing (McAuley et al), [2005) and genes with similar functionalities acting as
groups in bioinformatics (Ma. et all, [2007). Therefore, when performing feature selection, it
is more appealing to explicitly take into consideration the group structure among features.

3.1.1 GroupP LAsSO (SUPERVISED) (YUAN AND LIN, [2006)

Group Lasso (Yuan and Linl, 2006; Bach, 2008; Jacob et al., [2009; Meier et all, 2008), which
derives feature coefficients from some groups to be exact zero, is a solution to this problem.
In other words, it selects or does not select a group of features as a whole. The difference
between Lasso and Group Lasso is shown by the toy example in Figure ([@). Assume that
a total of 25 features come from 4 different groups G = {G1, G2, G3, G4} (each column
denotes a feature) and there is no overlap between these groups. Considering the explicit
feature structure, we can reorganize the feature coefficients for these 25 features into 4 parts
w = {wq; wg; W3; Wy}, where w; denotes the feature coefficients for the features from the i-
th group G;. Lasso completely ignores the group structures among features and the selected
features (dark column) are across four different groups. In contrast, Group Lasso tends to
select or not select the features from different groups as a whole. In the toy example, Group
Lasso only selects the second and the fourth group G, and G4, features in other two groups
(1 and G are not selected. Mathematically, Group Lasso first uses a £o-norm regularization
term for feature coefficients w; in each group Gj, then it performs a £1-norm regularization
for previous £5-norm terms. The objective function of group lasso is formulated as follows:

g
II}Ai/Il loss(w; X,y) + « Z hillwe,||2, (87)
i=1

where g is the total number of groups, h; is a weight for the i-th group w¢, which can be
considered as a prior to measure the contribution of the i-th group in the feature selection
process. Through optimizing Eq. (89)), we obtain the feature coefficients for all the features,
these feature coefficients are ranked in a descending order, the higher the value, the more
the important the feature is.

3.1.2 SPARSE GROUP LASSO (SUPERVISED) (FRIEDMAN ET AL/, 2010; [PENG ET AL.,
2010)

Once Group Lasso selects a group, all the features in the group will be selected. How-
ever, for some applications that require the diversity of selected features, Group Lasso
is not appropriate anymore. In other words, it is desirable to consider the intrinsic fea-
ture structures and select features from different selected groups simultaneously. Sparse
Group Lasso (Friedman et al), [2010) takes advantage of both Lasso and Group Lasso, and
it produces a solution with simultaneous intra-group and inter-group sparsity. The sparse
regularization term of Sparse Group Lasso is a combination of the penalty term of Lasso
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and Group Lasso. The formulation of Sparse Group Lasso is formulated as follows:

g
min loss(w; X, y) +al[w|li + (1 - a) Y hillwel2. (88)
=1

where « is parameter between 0 and 1 to balance the contribution of inter-group sparsity
and intra-group sparsity for feature selection.
The differences between Lasso, Group Lasso and Sparse Group Lasso are illustrated in

Figure ([@):

e Lasso does not consider the group structures among features and selects a subset of
relevant features among all groups;

e Group Lasso performs group selection and selects or not selects a whole group of
features;

e Sparse Group Lasso performs group selection and selects a subset of relevant features
in each group.

3.1.3 OVERLAPPING SPARSE GROUP LASSO (SUPERVISED) (JACOB ET AL, 2009)

Above methods consider the disjoint group structures among features. However, groups
may overlap with each other in some applications (Jacob et all, [2009; |Jenatton et all, 2011}
Zhao et all,[2009). One motivating example is the usage of biologically meaningful gene/protein
groups mentioned in (Ye and Liu, 2012). Different groups of genes may overlap, i.e., one
protein/gene may belong to multiple groups. Under this scenario, Group Lasso and Sparse
Group Lasso are not applicable. A general overlapping Sparse Group Lasso regularization

is similar to the regularization term of Sparse Group Lasso:

g
min loss(w; X, y) + alwlly + (1= ) > hillwa, 2 (59)
=1

The only difference for overlapping Sparse Group Lasso is that different feature groups G;
can have a overlap, i.e., there exists at least two groups G; and G; such that G; (" G; # 0.

3.2 Feature Selection with Tree Feature Structures

In addition to group structures, features can also exhibit other kinds of structures such
as tree structures. For example, in image processing such as face images, different pixels
(features) can be represented a tree, where the root node indicates the whole face, its child
nodes can be the different organs, and each specific pixel is considered as a leaf node. In other
words, these pixels enjoy a spatial locality structure. Another motivating example is that
genes/proteins may form certain hierarchical tree structures (Liu and Ye, 2010). Recently,
Tree-guided Group Lasso is proposed to handle the feature selection for features that can
be represented in an index tree (Kim and Xing, 2010; [Liu and Ye, 2010; |Jenatton et all,
2010).
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Figure 10: Illustration of tree structure among features. The 8 features form a simple index
tree with a depth of 3.

3.2.1 TREE-GUIDED GROUP LASSO (SUPERVISED) (LIU AND YH, 2010)

In Tree-guided Group Lasso, the structure over the features can be represented as a tree
with leaf nodes as features. Each internal node denotes a group of features such that the
internal node is considered as a root of a subtree and the group of features are considered
as leaf nodes. Each internal node in the tree is associated with a weight that represents the
height of its subtree, or how tightly the features in this subtree are correlated.

We follow the definition from (ILfm_ami_YA, [ZDid) to define Tree-guided Group Lasso, for
an index tree G with a depth of d, G; = {G%, G5, ..., Gf%} denotes the whole set of nodes
(features) in the i-th level (the root node is defined as the level 0), and n; denotes the
number of nodes in the i-th level. With these, the nodes in Tree-guided Group Lasso have
to satisfy the following two conditions: (1) internal nodes from the same depth level have
non-overlapping indices, i.e., G; ﬂG?c =0,Vi=1,2,...,d, j # k, i < j,k < ny; and (2) if
G471 is the parent node of G;, G; C Gt

We explain these conditions via a toy example in Figure (I0). In the figure, we can
observe that 8 features are organized in an indexed tree of depth 3. For the internal nodes
in each level, we have:

GY = {f1. fas f3, fas f5 foo fr, f}
Gi = {f1, f2},G} = {f3. fa, f5, fo. f1}, G3 = {fs} (90)
G% = {f17f2}7G§ = {f37f4}7G§ = {f57f67f7}'

It can be observed from the figure that G(l) is the root node of the index tree which
includes 8 features. In addition, internal nodes from the same level do not overlap while
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the parent node and the child node have some overlap such that the features of the child
node is a subset of these of the parent node.

With the definition of the index tree, the objective function of Tree-guided Group Lasso
is formulated as follows:

d n;

m“i,n loss(w; X,y) + « Z Z h§\|wg§\|2, (91)
=0 j—1

where o > 0 is a regularization parameter and h;- > 0 is pre-defined parameter to measure
the contribution of the internal node G; Since parent node is a superset of its child nodes,
thus, if a parent node is not selected (i.e., the corresponding model coefficient is zero), all
of its child nodes will not be selected. For example, as illustrated in Figure (I0), if the
internal node G% is not selected, both of its child nodes G% and Gg will not be selected.

3.3 Feature Selection with Graph Feature Structures

In many real-world applications, features may have strong dependencies. For example, in
natural language processing, if we take each word as a feature, we have synonyms and
antonyms relationships between different words (Il*hllba&ld, |_19_9ﬂ) Moreover, many biolog-
ical studies show that genes tend to work in groups according to their biological functions,
and there are strong dependencies between some genes. Since features show some dependen-
cies in these cases, we can model the features by an undirected graph, where nodes represent
features and edges among nodes show the pairwise dependencies between features. Recent
studies have shown that the learning performance can be improved if we explicitly take into
account the dependency information among features (lMEuj@lL 2009; M@,

2008 Yane et al, 2013)
(D

e 11
e 1 S
11 1
1| 1
@ 1 1
e 1
1 1

l . Graph Feature Representation: A

Graph Features

Figure 11: A toy example of graph of 7 features {f1, fo, ..., f7} and its dependencies infor-
mation encoded in an adjacency matrix A.
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When there exists some dependencies among features, we can use a undirected graph
G(N, E) to encode these dependencies. Assume that there are n nodes N = {Ny, No, ..., N,, }
and a set of E edges {F1,Es,...,E.} in G(N,E). Then node N; corresponds to the i-th
feature and the pairwise feature dependencies can be represented by an adjacency matrix
A € RN2*No of G(N,E). Figure (1) shows an example of the graph with 7 features
{f1, f2, ..., f7} and its pairwise dependence information encoded in an adjacency matrix A.
Note that entries in A does not necessarily have to be 0 or 1, it can be any numerical
numbers that can reflect the correlations between features.

3.3.1 LAPLACIAN LASSO (SUPERVISED) (YE AND Liu, 2012)

Since features exhibit graph structures, when two nodes (features) N; and N; are connected
by an edge in G(N, E), the features f; and f; are more likely to be selected together, and they
should have similar feature coefficients. One way to achieve this target is via Graph Lasso
— adding a graph regularizer on the feature graphs on the basis of Lasso. The formulation
is as follows:

min loss(w; X, y) + allwli + (1 —a) Y A, j)(w; — w;)%, (92)

i7j
where the first regularization term af|wl|; is the same as the regularization term as Lasso
while the second term enforces that if a pair of features shows strong dependencies, i.e.,

large A(i, j), their feature coefficients should also be close to each other. We can reformulate
above loss function into a matrix format:

min loss(w; X, y) + a||w||; + (1 — a)w'Lw, (93)
w

where L = D — A is the Laplacian matrix and D is a diagonal matrix with D(i,i) =
Z;VZ A(i,j). The Laplacian matrix in Eq. (Q3]) is positive semi-definite and captures the
local geometric structure of features. It can be observed that when the Laplacian matrix
is the identity matrix I, w'Lw = ||w/||3, the penalty term in Eq. ([@3) reduces to the elastic
net penalty (Zou and Hastie, [2005). Since the graph regularization term w'Lw is convex
and differentiable, existing efficient algorithms like LARS (Efron et all,2004) and proximal
gradient descent methods (Liu and Ye, 2009) can be directly applied.

3.3.2 GFLAsso (SupeRrvVISED) (KiM AND XING, 2009)

In Eq. (@3), graph feature structures are represented by an unsigned graph, and it en-
courages features connected together with similar feature coefficients. However, in many
cases, features can also be negatively correlated. In this case, the feature graph G(N, E) is
represented by a signed graph, with both positive and negative edges. Recently, GFLasso
is proposed to explicitly consider both the positive and negative feature correlations, the
objective function of GFLasso is formulated as follows:

nl,‘i,n loss(w; X,y) + of|w||1 + (1 — «) ZA(i,j)(wi — sign(r; j)w;)?, (94)

i7j
where r; ; indicates the correlation between two features f; and f;. When two features
are positively correlation, we have A(i,j) = 1 and r; ; > 0, and the penalty term forces
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the feature coefficients w; and w; to be similar; on the other hand, if two features are
negatively correlated, we have A(7,j) = 1 and r;; < 0, and the penalty term makes the
feature coefficients w; and w; to be dissimilar. An major limitation of GFLasso is that
it uses pairwise sample correlations to measure feature dependencies, which may lead to
additional estimation bias. The feature dependencies cannot be correctly estimated when
the sample size is small.

3.3.3 GOSCAR (SUPERVISED) (YANG ET AL, 2012)

To address the limitations of GFLasso, (Yang et all,|2012) proposed a GOSCAR algorithm
by putting a f.,-norm regularization to enforce the pairwise feature coefficients to be equal
if they are connected over the feature graph G(N, FE). The formulation of GOSCAR is
defined as:

min loss(w; X, y) +af[wlli + (1 —a) Y A, j)max(|wil, [w;]). (95)
.J

In the above formulation, the ¢;-norm regularization is used for feature selection while the
pairwise £so-norm term penalizes large coefficients. The pairwise {,,-norm term can be
decomposed as:

1
max(|wil, [w;[) = 5 (jwi +wj[ + [w; —w;])

(96)
= [u'w| + [v'w],

where u and v are sparse vectors with only two non-zero entries such that u; = u; = %,
Vi =—V; = % The formulation of the GOSCAR is more general than the OSCAR algorithm
which is proposed in (Bondell and Reich,2008). OSCAR algorithm assumes that all features
form a complete graph whose entries in the adjacency matrix A are all 1. In contrast,
GOSCAR can deal with an arbitrary undirected graph as long as the adjacency matrix A
is symmetric.

Different signs of feature coeflicients can introduce additional penalty in the objective
function in Eq. ([@3]). Even though GOSCAR is designed to mitigate this side effect, it
may still over penalize the feature coefficient w; or w; due to the property of the max
operator. Therefore, a new formulation with non-convex grouping penalty is also proposed
in (Yang et all, 2012):

min loss(w; X, y) + al[wl[i + (1 - a) > AWl = [willh, (97)
ij

where the grouping penalty term controls only magnitudes of differences of coefficients
ignoring their signs over the feature graph G(N, E).

For feature selection problem with graph structured features, a subset of highly con-
nected features in the graph is more likely to be selected or not selected as a whole. For
example, in the toy example in Figure (1), features { fs, fs, f7} are selected while features
{f1, f2, f3, fa} are not selected.
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4. Feature Selection with Heterogeneous Data

Traditional feature selection algorithms can only work with generic data from a single data
source which is based on the data independent and identically distributed (i.i.d.) assump-
tion. However, heterogeneous data are becoming more prevalent in the era of big data. For
example, in the medical domain, high dimensional gene features are often considered associ-
ated with different types clinical features. Since data of each source can be noisy, partial, or
redundant, how to select relevant sources and how to use them together for effective feature
selection is a challenging problem. Another example is in social media platforms, instances
with high-dimensional features are often linked together, how to integrate link information
to guide feature selection is another difficult problem. In this section, we review current
feature selection algorithms for heterogeneous data from three aspects: (1) feature selection
for linked data; (2) feature selection for multi-source data; and (3) feature selection for
multi-view data. Note that multi-source feature selection is similar to multi-view feature
selection, but they are different in two ways. First, multi-source feature selection aims se-
lect features from the original feature space by integrating multiple sources while multi-view
feature selection select features from different feature spaces for all views simultaneously.
Second, multi-source feature selection normally ignores the correlations among sources while
multi-view feature selection exploits the relations among features from different views.

4.1 Feature Selection Algorithms with Linked Data

Linked data has become ubiquitous in real-world applications such as TwitteI@ (tweets
linked through hyperlinks), social networks in Facebook] (people connected by friendships)
and biological networks (protein interaction networks). Since linked data are related to
each other by different types of links, they are distinct from traditional attribute value
data (or “flat” data). Figure (I2) illustrates a toy example of linked data and its two
representations. Figure shows 8 linked instances (uj to ug) while Figure
is a conventional representation of attribute-value data such that each row corresponds
to one instance and each column corresponds to one featurdﬁ. As mentioned above, in
addition to feature information, linked data provides an extra source of information in
the form of links, which can be represented by an adjacency matrix, illustrated in Fig-
ure . Many linked data related learning tasks are proposed such as collective clas-
sification (Macskassy and Provost, 2007; [Sen et _all, 2008), relational learning (Long et all,
2006, 2007), and active learning (Bilgic et al), 2010; [Hu et al), 2013), but the task of fea-
ture selection is not well studied due to some of its unique challenges: (1) how to exploit
relations among data instances; (2) how to take advantage of these relations for feature
selection; and (3) linked data are often unlabeled, how to evaluate the relevance of features
without the guide of label information. Until recently, feature selection for linked data
receives some attention. Next, we introduce some representative algorithms which leverage
link information for feature selection.

4. https://twitter.com/
5. https://www.facebook.com/
6. The data can either be labeled or unlabeled. In the example in Figure ([I2), the data is unlabeled.
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Figure 12: A toy example of Linked Data.

4.1.1 FEATURE SELECTION ON NETWORKS (SUPERVISED) (GU AND HAN, [2011))

In (IGJ.l_and_H.a.nL [2Qll|), authors propose a supervised feature selection algorithm (FSNet)
based on Laplacian Regularized Least Squares (LapRLS). In detail, they propose to use
linear classifier to capture the relationship between content information and class labels,
and incorporate link information by graph regularization. Suppose that X € R™*? denotes
the content matrix with n instances and each instance is associated with a d-dimensional
feature vector; Y € R™*¢ denotes the class labels matrix such that Y (i, k) = 1 if the class
label for the i-th instance is k, Y (i, k) = 0 otherwise; A denotes the adjacency matrix for
all n linked instances. The network can either be directed and undirected. With these
notations, LapRLS first attempts to learn a linear classifier W € R%*¢ to map X to Y:

H%HIIXW—YII%ﬂLaIIWIIzJ +BIWIE. (98)

The regularization term |[W]|2,1 is included to achieve feature selection. It makes W be
sparse in rows, which makes the feature sparse across all ¢ class labels. The other regular-
ization term ||W/||% presents the overfitting of the model and makes the model more robust
in the same time.

Till now, FSNet has modeled the content information for feature selection. However, link
information is not considered yet. To capture the correlation between link information and
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Figure 13: A toy example of Linked Data in Social Media.

content information to select more relevant features, FSNet uses the graph regularization
and the basic assumption is that if two instances are linked, their class labels are likely to
be similar. Taking into consideration the graph regularization, the objective function of
FSNet can be mathematically formulated as:

(W'X'LXW), (99)

where tr(W'X'LXW) is the graph regularization, v controls the contribution of content
information and link information. For undirected network, L = D — A is the laplacian
matrix where D is a diagonal matrix with its diagonal entry as D(i,i) = >°7_; A(i, j). For
directed network, the laplacian matrix L can be obtained either by transforming the network
to be undirected A = max(A, A’) or by applying the random walk method in ,
). The objective function in Eq. ([@9) can be solved by proximal gradient descent
methods m, M) Afterwards, NetF'S calculates the /-norm value for each feature
coefficient vector in W and return the top ranked ones.

4.1.2 FEATURE SELECTION FOR SOCIAL MEDIA DATA (SUPERVISED) (IZ[‘AMLAND_L.HJ,

20124, 20144))
In (Tang and Li]1|, 2!!123], 2!!145), the authors investigate feature selection problem on social

media data by evaluating the effects of user-user and user-post relationships as illustrated
in Figure (I3]). The target is to perform feature selection for high dimensional posts, and
take into account the user-user and user-post relationships manifested in the linked data.
In the proposed supervised feature selection framework (LinkedFS), different social re-
lationships are extracted to enhance the feature selection performance. As illustrated in
Figure (I4)), LinkedFS extracts four basic types of relations as hypotheses: (a) CoPost -
a user ug can have multiple posts (p3, ps and ps) and these posts are more similar than
those randomly selected; (b) CoFollowing - two users u1 and ug follow a user uy, its coun-
terpart in citation analysis is bibliographic couphng M), and their posts are
more likely to be of similar topics; (c) CoFollowed - two users ug and uy are followed by a
third user u;, similar to co-citation relation , ) in citation analysis, and their
posts are more likely to be similar to each other; and (d) Following - a user u; follows
another user ug, and their posts (e.g., {p1,p2} and {ps, ps,ps} are more likely similar in
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terms of topics. These four hypotheses are supported by social correlation theories such
as homophily (McPherson et al), 2001) and social influence (Marsden and Friedkin, 1993)
in explaining the existence of similarity as what these relations suggest. For example, ho-
mophily indicates that people with similar interests are more likely to be linked.

000 "0.. at‘g

CoPost CoFollowing CoFollowed Following

s

Figure 14: Different Types of Relations Extracted from Social Correlations among Posts

Next, we use the CoPost relation as an example to illustrate how these relations can
be integrated into feature selection. A comprehensive report of other three relations can
be referred to the original paper (Tang and Liu, 2012a, 2014a). Let p = {p1,p2,...,pn} be
the post set and X € RY*4 be the matrix representation of these posts where N is the
number of posts and each post is associated with a d dimensional feature vector; Y € R"*¢
denotes the class labels matrix where Y (i,k) = 1 if the i-th post belongs to class ¢;,
otherwise zero; u = {uy,us, ..., u,} denotes the set of n users and their link information is
encoded in an adjacency matrix A; P € R™*Y denotes the user-post relationships such that
P(i,j) = 1 if u; posts p;, otherwise 0. To integrate the CoPost relations among users into
the feature selection framework, the authors propose to add a regularization term enforces
the hypothesis that the class labels (i.e., topics) of posts by the same user are similar.
Hence, feature selection with the CoPost hypothesis can be formulated as the following
optimization problem:

. N 2 . _ . 2
win [XW = Y|} +aWiza +58Y > IX@E)W = X(@G)W[3,  (100)

UEU {p;,p; }Epu

where p,, denotes the whole set of posts by user u. The parameter a controls the sparseness
of W in rows across all class labels and § controls the contribution of the CoPost relations.
The CoPost regularization term indicates that if a user posts multiple posts, the class labels
of these posts should be similar. After optimizing the objective function in Eq. (I00), we
can obtain the sparse matrix W and get the ranking of all d features thereby.

4.1.3 UNSUPERVISED FEATURE SELECTION FOR LINKED DATA
(UNSUPERVISED) (TANG AND Li1u, 20128, 2014B)

Linked Unsupervised Feature Selection (LUFS) is an unsupervised feature selection frame-
work for linked data and in essence, LUFS investigates how to take advantage of link
information for unsupervised feature selection. Generally speaking, feature selection aims
to select a subset of relevant features with some constraints, while in supervised feature se-
lection, the class labels play the role of constraints such that distances of instances with the
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same class labels should be closer than these of instances from different classes. However,
in unsupervised feature selection, without class labels to assess feature relevance, some al-
ternative criteria has to be exploited. The problem is formulated as follows: given n linked
instances {x1, z2, ..., ¥, }, their feature information and link information can be represented
a feature matrix X € R™? and an adjacency matrix A € R"*™ respectively, where d
denotes the feature dimension. The task is to select a subset of relevant features from all d
features by utilizing both feature information X and link information A. LUFS introduces
the concept of pseudo-class labels to guide the unsupervised feature selection. Particularly,
LUFS assumes the pseudo class labels come from ¢ classes, and uses Y € R™*¢ to denote
the label matrix such each row of Y has only one nonzero entry. Like most feature selec-
tion algorithms, LUFS assumes a linear mapping matrix W € R%*¢ exists between feature
matrix X and pseudo-class label matrix Y. With these notations, LUFS seeks the pseudo-
class labels by extracting constraints from link information and attribute-value information
through social dimension approach and spectral analysis, respectively.

First, to consider the constraints from link information, LUFS employs social dimension
approach to exploit the hidden factors that incur the interdependency among instances.
Particularly, it uses modularity maximization (Newman and Girvan, 2004) to extract hid-
den factor matrix H. Since the extracted hidden factor matrix H indicates some affiliations
among linked instances, according to the Linear Discriminative Analysis, within, between
and total hidden factor scatter matrix S,,, Sy and S; are defined as S, = Y'Y — Y'FF'Y,
Sy = YFF'Y, S; = Y'Y, where F = H(H’H)_% is the weighted hidden factor matrix.
Considering the fact that instances with similar hidden factors are similar and instances
with different hidden factors are dissimilar, the constraint from link information can be
incorporated by solving the following maximization problem:

mv%fxtr((st)_lsb). (101)

Second, to take advantage of information from attribute-value part, LUFS obtains the
constraints by the spectral analysis (Von Luxburg, 2007):

mintr(Y'LY), (102)

where L = D — S is the laplacian matrix and D is the diagonal matrix with its diagonal
entry as D(i,4) = >°7_; S(i, 7). S denotes the affinity matrix from X and LUFS adopts the
RBF kernel to get the affinity matrix. Incorporating the constraints from Eq. (I01I]) and
Eq. (I02)), the objective function of LUFS is formulated as follows:

min tr(Y'LY) — atr((S)™'Sy), (103)

where « is a regularization parameter to balance the contribution from these two constraints.
To achieve feature selection, LUFS further adds a /5 ;-norm regularization term on W, and
with spectral relaxation of the pseudo-class label matrix, the objective function in Eq. (I03])
can be eventually represented as:

n&ntr(W'(X'LX + aX'(I, — FF')W) + 8|W||21

s (104)
st. W/(X'X + AW =1,
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where [ is a parameter to control the sparseness of W in rows and AI; is included to
make X’X + A, invertible. Similar to previous mentioned feature selection algorithms, the
ranking of features can be obtained from the sparse matrix W.

4.2 Feature Selection Algorithms with Multi-Source Data

Over the past few decades, many feature selection algorithms are proposed and they have
proven to be effective in handling high dimensional data. However, most of them are
designed for single source of data. In many data mining and machine learning tasks, we
may have multiple data sources for the same set of data instances. For example, recent
advancement in bioinformatics reveal the existence of some non-coding RNA species in
addition widely used messenger RNA, these non-coding RNA species functions across a
variety of biological process. The availability of multiple data sources makes it possible to
solve some problems unsolvable using a single source since the multi-faceted representations
of data can help depict some intrinsic patterns hidden in a single source of data. The task of
multi-source feature selection is formulated as follows: given m sources of data depicting the
same set of n instances, and their matrix representations X; € R™*% X, € R™*% . X, €
R7Xdm (where dy, ..., d,, denote the feature dimensions), select a subset of relevant features
from a target source (e.g., X;) by taking advantage of all information in all m sources.

4.2.1 MULTI-SOURCE FEATURE SELECTION VIA GEOMETRY-DEPENDENT COVARIANCE
ANALYSIS (UNSUPERVISED) (ZHAO AND Liu, 2008)

To integrate information from multiple sources, authors in (Zhao and Liu, 2008) propose
an intuitive way to learn a global geometric pattern from all sources that reflects the in-
trinsic relationships among instances (Lanckriet et all, 2004). They introduce a concept
of geometry-dependent covariance that enables the usage of the global geometric pattern
in covariance analysis for feature selection. Given multiple local geometric patterns in an
affinity matrix S; where ¢ denotes the i-th data source, a global pattern can be obtained by
linearly combining all affinity matrices as S = ) ;" | ;S;, where «; controls the contribution
of the i-th source. With the global geometric pattern obtained from multiple data sources,
one can build a geometry-dependent sample covariance matrix for the target source X; as
follows:

1 S11’S

— 119 ¢
C Z(S 1’S1

— ) XTI, (105)
where IT is a diagonal matrix with II(j,j) = ||D%Xi(:,j)||_1, and D is also a diagonal
matrix from S with D(k, k) = >, S(k, j).

After getting a geometry-dependent sample covariance matrix, a subsequent question is
how to use it effectively for feature selection. Basically, two methods are proposed. The first
method, GPCOVvar sorts the diagonal of the covariance matrix and selects the features
that have the biggest variances. Selecting features based on this method is equivalent to
choose features that are consistent with the global geometry pattern. The basic idea of
the first method is similar to Laplacian score (He et al), 2005) and SPEC (Zhao and Liu,
2007) mentioned above, hence one limitation is that feature redundancy is not considered
since it measures features individually. While on the other hand, the second method, GP-
COVspca, applies sparse principle component analysis (SPCA) (d’Aspremont et al., 2007)
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Figure 15: Differences between multi-source and multi-view feature selection.

to select features that is able to retain the total variance maximally, and hence considers
the interactions among features and is able to select features with less redundancy.

4.3 Feature Selection Algorithms with Multi-View Data

Multi-view sources represent different facets of data instances via different feature spaces.
These feature spaces are naturally dependent and also high dimensional, which suggests
that feature selection is necessary to prepare these sources for effective data mining tasks
such as multi-view clustering. A task of multi-view feature selection thus arises, which aims
to select features from different feature spaces simultaneously by using their relations. For
example, selecting pixels, tags, and terms about images in Flicki] simultaneously. Since
multi-view feature selection is designed to select features across multiple views by using their
relations, they are naturally different from multi-source feature selection. The difference
between multi-source feature selection and multi-view feature selection is illustrated in
Figure (I&). For supervised multi-view feature selection, the most common approach is

Sparse Group Lasso (Friedman et alJ, 2!!1!1; Peng et alJ, 2(!1(‘). In this subsection, we review

some representative algorithms for unsupervised multi-view feature selection.

4.3.1 ADAPTIVE MULTI-VIEW FEATURE SELECTION (UNSUPERVISED) (FENG ET AL.,
2013)

Adaptive unsupervised multi-view feature selection (AUMFS) takes advantages of data
cluster structure, data similarity and correlations among views simultaneously for feature
selection. More specifically, let X; € R™¥% X, € R"*% X, € R"¥% denote the
description of n instances from m different views, X = [Xy,Xa,...,X,,] € R? denotes
the concatenated data, where d = dy +ds + ... + d,,. AUMF'S first builds a feature selection
model by using a ¢3 1-norm regularized least square loss function:

min | XW — F|2; + oW
W.F

2,1 (106)

7. https://www.flickr.com/
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where F € R™*¢ is the pseudo class label matrix. The ¢3 ;-norm loss function is imposed
since it is robust to outliers in the data instances and ¢ ;-norm regularization selects features
across all ¢ pseudo class labels with joint sparsity. Then AUMEFS uses spectral clustering
on an affinity matrix from different views to learning the shared pseudo class labels. For
the data matrix X; in each view, they first build an affinity matrix S; based on the data
similarity on that view and get the the corresponding laplacian matrix L;. Then it aims to
learn the pseudo class label matrix by considering the spectral clustering from all views:
m m

1:;}1;\1; \itr(F'L;F) = min tr(F’ ZZ_; AN L;F)

. (107)

st. FF=I,F>0,) AM=1X2>0,

i=1
where the contribution of each feature for the joint spectral clustering is balanced by a
nonnegative weight A; and the summation of all A; equals 1. By combing the objective
function in Eq. (I00) and Eq. (I07) together, the final objective function of AUMFS which
jointly performs pseudo class label learning and feature selection is as follows:
m
min tr(F' Y " NLF) + B(|XW — Flla1 + a| W)

=1 (108)

m
st. FF=I,F>0) A=1X2>0
i=1
Through optimizing the objective function in Eq. (I09) and obtaining the feature coefficient

matrix W. AUMFS takes a commonly accepted way to rank all features according to the
value of |[W(i,:)||3 in a descending order and return the top ranked ones.

4.3.2 UNSUPERVISED FEATURE SELECTION FOR MULTI-VIEW DATA
(UNSUPERVISED) (TANG ET ALJ, [2013)

AUMFS (Feng et al., 2013) learns one feature weight matrix for all features from different
views to approximate the pseudo class labels. In (Tang et al!, [2013), the authors propose a
novel unsupervised feature selection method called Multi-view Feature Selection (MVEFS).
Similar to AUMFS, MVFS also uses spectral clustering with the affinity matrix from dif-
ferent views to learn the pseudo class labels. But it differs from AUMFS that it learns one
feature weight matrix for each view to fit the pesudo class labels by the joint least squared
loss and #3 1-norm regularization. The optimization problem of MVFS can be formulated
as follows:
m m
min tr(F Y " ALF) + ) BIXW,; — Flla.1 + o Wil2,1)

st. FF=I,F>0) A=1X2>0
i=1

Similar to AUMFS, the orthogonal and nonnegative constraints on the pseudo class label
matrix F is imposed to guarantee there is one and only one positive entry in each row and
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other entries are all zero. The parameter ); is employed to control the contribution of each
view and Y it A = 1.

4.3.3 MULTI-VIEW CLUSTERING AND FEATURE LEARNING VIA STRUCTURED
SPARSITY (WANG ET AL), 20134))

In some cases, it is possible that features from a certain view contains more discriminative
information than features from other views for different clusters. According to (Wang et all,
20134), one example is that in image processing, the color features are more useful than
other types of features in identifying stop signs. To address this issue in multi-view feature
selection, a novel feature selection algorithm is proposed in (Wang et all,12013a) with a joint
group {1-norm and {3 j-norm regularization.

For the feature weight matrix Wy, ..., W,,, from m different views, the group ¢;-norm
is defined as W, = >25_; >2i%; [[Wi(:,5)|l. Crucially, the group ¢1-norm regularization
term is able to capture the global relations among different views and is able to achieve
view-wise sparsity such that only a few views are selected. In addition to group f1-norm, a
¢5 1-norm regularizer on W is also included to achieve feature sparsity among selected views.
It can be observed that the basic idea is very similar to sparse group lasso (Friedman et all,
2010; [Peng et all, 2010) which also requires intra-group sparsity and inter-group sparsity.
Hence, the objective function of the proposed method is formulated as follows:

min|XW — FlI% + a|[Wll21 + BI|Wle,
: (110)
S-t- F/F - ]:07F 2 07

where « and 3 are two parameters to control the inter-view sparsity and intra-view sparsity.
Through the proposed two regularizer, many features in the discriminative views and a small
number of features in the non-discriminative views will output as the final set of features
to discriminate cluster structures.

5. Feature Selection with Streaming Data

Methods introduced in the previous sections assume that all data instances and features
are known in advance. However, it is not the case in many real-world applications that we
are more likely facing with dynamic data streams and feature streams. In the worst cases,
the size of data or the features are unknown or even infinite, thus it is not practical to wait
until all data instances or features are available to perform feature selection. For streaming
data, one motivating example is that in online spam email detection problem, new emails
are constantly arriving, it is not easy to employ batch-mode feature selection methods to
select relevant feature in a time manner. On a orthogonal setting, feature selection for
streaming features also have its practical significances. For example, Twitter produces
more than 320 millions of tweets everyday and a large amount of slang words (features)
are continuously being generated. These slang words promptly grab users’ attention and
become popular in a short time. Therefore, it is more preferable to perform streaming
feature selection to rapidly adapt to the changes. Recently, there exists some work trying
to combine these two dual problems together, the problem is referred as feature selection on
Trapezoidal data streams (Zhang et all, [2015). In the following two sections, we will review
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some representative algorithms for these two orthogonal problems, i.e., feature selection for
streaming data and feature selection for streaming features.

5.1 Feature Selection Algorithms with Feature Streams

For the feature selection problem with streaming features, the number of instances is con-
sidered to be constant while candidate features arrive one at a time, the task is to timely
select a subset of relevant features from all features seen so far. Instead of searching for
the whole feature space which is costly, streaming feature selection (SFS) processes a new
feature upon its arrival. A general framework of streaming feature selection is presented in
Figure ([I6). At each time step, a typical SFS algorithm first determines whether to accept
the most recently arrived feature; if the feature is added to the selected feature set, it then
determines whether to discard some existing features from the selected feature set. The
process repeats until no new features show up anymore. Different algorithms have different
implementations in the first step that checks newly arrived features. The second step which
checks existing features is an optional step for some algorithms.

Generating a
new feature

Adding the
new feature?

elected feature set

Discarding
No existing

features

Streaming Feature Selection

Figure 16: A framework of streaming feature selection. It consists of two phases: testing
newly arrived feature and testing existing features.

5.1.1 GRAFTING ALGORITHM (SUPERVISED) (PERKINS AND THEILER, 2003)

The first attempt to perform streaming feature selection is credited to (Perkins and Theiler,
2003). They proposed a streaming feature selection framework based on stagewise gradient
descent regularized risk framework (Perkins et all, [2003). Grafting is a general technique
that can deal with a variety of models that are parameterized by a feature weight vector w
subject to £1-norm regularization, such as Lasso:
m“i,n loss(w; X, y) + o||wl]|1. (111)
In general, Grafting can work with the following objective function in which the fea-
tures are assumed to arrive one at a time, the key challenge is how to efficiently update
the parameter w when new features are continuously coming. The basic idea of Grafting
streaming feature selection algorithm is based on the observation — incorporating a new fea-
ture into the model in Eq. (I11]) involves in adding a new penalty term into the model. For
example, at the time step j, when a new feature f; arrives, it incurs a regularization penalty
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of a|w;|. Therefore, the addition of the new feature f; reduces the objective function value
in Eq. (ITI)) only when the reduction in the loss function part loss(w; X,y) outweighs the
increase in the /1-norm regularization. With this observation, the condition of accepting
the new feature f; is as follows:

‘ dloss(w; X, y)

o, ‘ > a. (112)

Otherwise, the Grafting algorithm will set the feature coefficient w; of the new feature f;
to be zero. In the second step, when new features like f; are accepted and included in the
model, Grafting adopts a conjugate gradient (CG) procedure to optimize the model with
respect to all current parameters.

5.1.2 ALPHA-INVESTING ALGORITHM (SUPERVISED) (ZHOU ET ALJ, [2005B)

Alpha-investing (Zhou et all, 2005b) is an adaptive complexity penalty method which dy-
namically changes the threshold of error reduction that is required to accept a new feature.
It is motivated from a desire to control the false discovery rate (FDR) of newly arrived
features such that a small portion of spurious features does not greatly affect the model
accuracy. The detailed algorithm works as follows:

e Initialize wg = 0 (probability of false positives), i = 0 (index of features), selected
features in the model SF = ()

Step 1: Get a new feature f;

o Step 2: Set o = w;/(2i)

e Step 3:
wiy1 =w; — oy, SF = SF if p_value(f;, SF) > o
wir1 = w; +ap —a;, SE=SFU f; if p_value(f;, SF) <

e Step J: i=1i+1
e Step 5: Repeat Step 1 to Step 4.

The threshold «; corresponds to the probability of selecting a spurious feature at the time
step i. The threshold «; is adjusted by the wealth w;, which denotes acceptable number
of false positivly detected features at the current moment. The wealth w; is increased
when a feature is added to the model, otherwise it is decreased when a feature is not
included to save for future features. More precisely, at each time step, the method calculates
the p-value by using the fact that ALogliklohood is equivalent to t-statistics, the p-value
denotes the probability that a feature coefficient could be set to nonzero when it is not
(false positively detected). The basic idea of alpha-investing is to adaptively adjust the
threshold such that when new features are selected and included into the model, it allows a
higher chance of including incorrect features in the future. On the opposite side, each time
when a new feature is not included (found to be not statistically significant), the wealth
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is wasted and lowers the chance of finding more spurious features. However, one major
limitation of this method is that it only tests newly arrived features while failing to take
into consideration of the feature redundancy for old existing features. In (Dhillon et all,
2010), authors extended the alpha-investing algorithm and proposed a proposed a multiple
streamwise feature selection algorithm to the case where there are multiple feature streams.

5.1.3 ONLINE STREAMING FEATURE SELECTION ALGORITHM
(SuPERVISED) (WU ET AL., 2010, 2013)

Different from grafting and alpha-investing, authors studied the streaming feature selec-
tion problem from an information theoretic perspective by using the concept of Markov
blanket (Wu_ et all, 2010, [2013). According to their definition, the whole feature set con-
sists of four types of features: irrelevant features, redundant feature, weakly relevant but
non-redundant features, and strongly relevant features. An optimal feature selection should
select non-redundant and strongly relevant features. But features are dynamically arrived
in a streaming fashion, it is difficult to find all strongly relevant and non-redundant features.
The proposed method, OSFS is able to capture these non-redundant and strongly relevant
features via two steps: (1) online relevance analysis, and (2) online redundancy analysis. A
general framework of OSFS is listed as follows:

e Initialize selected features in the model SF = ()
o Step 1: Get a new feature f;
e Step 2: Online relevance analysis

Discard feature f; if f; is relevant to the class label
SF =SFUf; otherwise

e Step 3: Online Redundancy Analysis
e Step 4: Repeat Step 1 to Step & until some stopping criteria are satisfied.

In step 2, the online relevance analysis step, OSF'S discovers weakly relevant and strongly
relevant features, and these features are added into the best candidate features (BCF).
Otherwise, if the newly arrived feature is not relevant to the class label, it is discarded and
not considered in the future step. In step 3, the online redundancy analysis step, OSFS
dynamically eliminates redundant features in the selected subset using Markov Blanket.
For each feature f; in the best candidate set BCF, if there exists a subset of BC'F' making
f; and the class label conditionally independent, then f; is removed from BCF. The most
time consuming part of OSFS is the redundancy analysis phase, therefore, a fast-OSFS is
proposed to improve efficiency. Fast-OSFS further divides this phase into inner-redundancy
analysis part and outer-redundancy analysis part. In the inner-redundancy analysis part,
fast-OSF'S only re-examines the feature newly added into BCF, while the outer-redundancy
analysis part re-examines each feature of BCF only when the process of generating a feature
is stopped.
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5.1.4 STREAMING FEATURE SELECTION WITH GROUP STRUCTURES
(SUPERVISED) (WANG ET ALJ, 2013B; [L1 ET AL., 2013)

Previous mentioned streaming feature selection algorithms evaluate new features individ-
ually. However, streaming features may also exhibit group structures and current group
feature selection algorithms such as Group Lasso cannot handle online processing.

Therefore, in (Wang et all, 2013b, 12015), authors propose an streaming group feature
selection algorithm (OGFS) which consists of two parts: online intra-group selection and
online inter-group selection. In the online intra-group selection phase, for the streaming
features in a specific group, OGFS uses spectral feature selection techniques to assess if the
newly arrived feature will increase the ratio between between-class distances and within-
class distances or it is a significant feature with discriminative power. If the inclusion of this
new feature will increase this ratio or is statistically significant, the new feature is included,
otherwise it is discarded. After all feature groups are processed, in the online inter-group
step, for the features from different feature groups, OGFS uses Lasso to select a subset of
features to obtain an ultimate subset.

In addition to OGFS, a similar algorithm is proposed in (Li et all, [2013). The proposed
algorithm, GFSSF also contains two steps: the feature level selection and group level se-
lection. The difference is that it performs feature level selection and group level selection
from an information theoretic perspective. In the feature level selection, it only processes
features from the same group, and seeks for the best feature subset from the arrived features
so far via relevance and redundancy analysis. Then in the group selection phase, it seeks
for a set of feature groups that can cover as much uncertainty of the class labels as possible
with a minimum cost. Afterwards, it obtains a subset of relevant features that is sparse at
both the group level and the individual feature level.

5.1.5 UNSUPERVISED STREAMING FEATURE SELECTION IN SOCIAL MEDIA
(UNSUPERVISED) (LI ET ALJ, [2015)

Vast majority of streaming feature selection methods are supervised which utilize label
information to guide feature selection process. However, in social media, it is easy to amass
vast quantities of unlabeled data, while it is time and labor consuming to obtain labels. To
deal with large-scale unlabeled data in social media, authors in (Li et all,2015) proposed an
USF'S algorithm to study unsupervised streaming feature selection. The key idea of USFS
is to utilize source information such as link information to enable unsupervised streaming
feature selection. The work flow of the proposed framework USFS is shown in Figure
2. USFS first uncovers hidden social factors from link information by mixed membership
stochastic blockmodel (Airoldi et al), [2009). Suppose that the number of instances is n
and each instance is associated with a k dimensional latent factors. After obtaining the
social latent factors II € R™ ¥ for each linked instance, USFS takes advantage of them
as a constrain to perform selection. At a specific time step ¢, let X(®), W) denote the
corresponding feature matrix, feature coefficient matrix. To model feature information,
USFS constructs a graph G to represent feature similarity and A® denotes the adjacency
matrix of the graph, L® is the corresponding laplacian matrix. Then the objective function
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Figure 17: Workflow of USFS.

to achieve feature selection at the time step t is given as follows:

k

1 i B Y 1

min S| XOWO T a3 WO+ GIW O+ JIXOWO)TLO)3}, (113)
i=1

where « is a sparse regularization parameter, S controls the robustness of the model and ~
balances link information and feature information.

Assume at the next time step t + 1 a new feature arrives, to test new features, USF'S
takes a similar strategy as Grafting to perform gradient test. Specifically, if the inclusion
of the new feature is going to reduce the objective function in Eq. (IT3]) at the new time
step, the feature is accepted, otherwise the new feature can be removed. When new features
are continuously being generated, they may take place of some existing features and some
existing features may become outdated, therefore, USFS also investigates if it is necessary
to remove any existing features by re-optimizing the model through A Broyden-Fletcher-

Goldfarb-Shanno (BFGS) quasinewton method (Boyd and Vandenberghe, 2004).

5.2 Feature Selection Algorithms with Data Streams

In this subsection, we review the problem of feature selection with data streams which is
considered as a dual problem of streaming feature selection. Most existing feature selec-
tion algorithms assume that all the data instances are available before performing feature
selection. However, such assumptions are not always true in real-world applications that
data instances are dynamically generated and arrive in a sequential manner. Therefore, it
is necessary and urgent to come up with some solutions to deal with sequential data of high
dimensionality.

5.2.1 ONLINE FEATURE SELECTION (SUPERVISED) (WANG ET ALJ, [2014)

In (IWa‘ng_ei_alJ, |2_Qléll), an online feature selection algorithm (OFS) for binary classification
is proposed. Let {xi,x2,...,x¢...} and {y1,¥2,...,ys...} denote a sequence of input data
instances and input class labels, where each data instance x; € R? is in a d-dimensional
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space and class label y; € {—1,+1}. The task of OFS is to learn a linear classifier w® € R?
that can be used to classify each instance x; by a linear function sign(w(t)xi). To achieve the
feature selection purpose, it requires that the linear classifier w® has at most B-nonzero
elements such that |w® |y < B. It indicates that at most B features will be used for
classification. With a regularization parameter A and a step size 7, the algorithm of OFS
works as follows:

e Step 1: Get a new data instance x; and its class label y;

Step 2: Make a class label prediction sign(w()x;) for the new instance

Step 3(a): If x; is misclassified such that y;w®x;, < 0

V~Vt+1 = (1 — )\T])Wt + NYiXy
Wip1 = min{1, 1/V|[Wig1 |2} Wi

w1 = Truncate(Wyiq, B)

Step 3(b): wip1 = (1 — An)wy
e Step 4: Repeat Step 1 to Step 3(a) or Step 3(b) until no new data instances arrive.

In Step 3(a), each time when a training instance x; is misclassified, w; is first updated by
online gradient descent and then it is projected to a £3-norm ball to ensure that the classifier
is bounded. After that, the new classifier w;y is truncated by taking the most important
B features. A subset of B features is output at each time step. The process repeats until
there are no new data instances arrive anymore.

5.2.2 UNSUPERVISED FEATURE SELECTION ON DATA STREAMS
(UNSUPERVISED) (HUANG ET AL., 2015)

OFS assumes that the class labels of continuously generated data streams are available.
However, it is not the case in many real-world applications that label information is costly
to obtain. To timely select a subset of relevant features when unlabeled data are continu-
ously being generated, authors in (Huang et all, |2015) propose a novel unsupervised feature
selection method (FSDS) that is able to perform feature selection timely with only one pass
of the data and utilize limited storage. The basic idea of FSDS is to use matrix sketching to
efficiently maintain a low-rank approximation of the current observed data and then apply
regularized regression to obtain the feature coefficients, which can further be used to obtain
the importance of features. The authors empirically show that when some orthogonality
conditions are satisfied, the ridge regression can replace the Lasso for feature selection,
which is more computational efficient. Assume at a specific time step ¢, X € R™*¢ de-
notes the data matrix at that time step, its rank-k approximation is X,(:) = Zle diu; v},
where 9; (i < k) are the top-k singular values, u; and v, are the corresponding left and
right singular vectors, respectively. With these, the feature coefficients can be obtained by
minimizing the following ridge regression problem:

min [XOWO — UL+ o[ WOE, (114)
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where Ug) € R™** are the top-k left singular vectors of X® aisa regularization parameter
to avoid overfitting.

The bottleneck of Eq. (I14]) is that the singular value decomposition of X® is compu-
tational expensive, especially when n; is very large. Therefore, FSDS utilizes the matrix
sketching strategy from (Liberty, [2013) to maintain a low-rank approximation of X® . Let
B®) € R? denote the matrix sketch of X(*) (¢). After some mathematical derivations, the
objective of ridge regression is reformulated as follows:

min [BOWO — fer, .., ex} [ + o WO, (115)
A% t

where e; € RY is a vector with its i-th location as 1 and other locations as 0. By solving the
optimization problem in Eq. (IIH]), the importance of each feature f; can be computed as:

score(j) = max [W® (j5,4)]. (116)

The higher the feature score, the more important the feature is.

6. Performance Evaluation

In this section, we discuss the evaluation of feature selection algorithms, focusing on feature
selection algorithms for generic data. We first introduce the developed feature selection
repository, then we introduce the algorithms to be evaluated and some publicly available
benchmark datasets we collect. At last, we introduce some widely adopted evaluation
metrics and present the empirical experimental results.

6.1 Feature Selection Repository

First, we introduce our efforts in developing a feature selection repository — scikit-feature.
The purpose of this feature selection repository is to collect some widely used feature se-
lection algorithms that have been developed in the feature selection research to serve as a
platform for facilitating their application, comparison and joint study. The feature selec-
tion repository also effectively assists researchers to achieve more reliable evaluation in the
process of developing new feature selection algorithms.

We develop the open source feature selection repository scikit-feature by one of the most
popular programming language — python. It contains around 40 popular feature selection
algorithms, including most traditional feature selection algorithms mentioned in this survey
and some structural and streaming feature selection algorithms. It is built upon one widely
used machine learning package scikit-learn and two scientific computing packages Numpy
and Scipy. At the same time, we also maintain a website (http://featureselection.asu.edu/)
for this project which offers several sources such as public available benchmark datasets,
performance evaluation of algorithms, test cases to run each algorithm. The source code of
this repository is available at Github (https://github.com/jundongl/scikit-feature).

6.2 Algorithms

We empirically evaluate the performance of feature selection algorithms for generic data
provided in the repository. Next, we will provide detailed information how these algorithms
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are evaluated, including the datasets, evaluation criteria and experimental setup. The
selected feature selection algorithms that will be evaluated are listed as follows. We list
the following information of each algorithm: (1) supervised or unsupervised; (2) similarity
based, information theoretical based, sparse learning based, or statistical based; (3) output:
feature weighting or subset selection; (4) feature type: numerical or categorical. The first
two items have been mentioned previously. The third item categorizes these algorithms
based on the output. Feature weighing algorithms basically give each feature a score for
ranking and feature subset algorithms only show which features are selected. The last
item shows the feature types the feature selection method can handle with, continuous or
discrete. For supervised feature selection methods, we also list if the method can tackle
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binary-class or multi-class classification problem.

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Fisher Score: supervised, similarity, feature weight, continuous and discrete(multi-class)
ReliefF: supervised, similarity, feature weight, continuous and discrete(multi-class)
Trace Ratio: supervised, similarity, feature weight, continuous and discrete(multi-class)
Laplacian Score: unsupervised, similarity, feature weight, continuous and discrete
SPEC: unsupervised, similarity, feature weight, continuous and discrete

MIM: supervised, information theoretic, feature weight, discrete(multi-class)

MIFS: supervised, information theoretic, feature weight, discrete(multi-class)

MRMR: supervised, information theoretic, feature weight, discrete(multi-class)

CIFE: supervised, information theoretic, feature weight, discrete(multi-class)

JMI: supervised, information theoretic, feature weight, discrete(multi-class)

CMIM: supervised, information theoretic, feature weight, discrete(multi-class)

ICAP: supervised, information theoretic, feature weight, discrete(multi-class)

DISR: supervised, information theoretic, feature weight, discrete(multi-class)

FCBF: supervised, information theoretic, feature subset, discrete(multi-class)

RFS: supervised, sparse learning, feature weight, continuous and discrete(multi-class)
Least square loss (¢2,1): supervised, sparse learning, feature weight, continuous and discrete(multi-class)
Logistic loss (¢2,1): supervised, sparse learning, feature weight, continuous and discrete(multi-class)
MCFS: unsupervised, sparse learning, feature weight, continuous and discrete

UDFS: unsupervised, sparse learning, feature weight, continuous and discrete

NDFS: unsupervised, sparse learning, feature weight, continuous and discrete

Low variance: unsupervised, statistical, feature subset, discrete(binary-class)

T-score: supervised, statistical, feature weight, continuous and discrete(binary-class)
F-score: supervised, statistical, feature weight, continuous and discrete(multi-class)
Chi-square: supervised, statistical, feature weight, discrete(multi-class)

Gini Index: supervised, statistical, feature weight, discrete(multi-class)
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Dataset | Type | Feature value | # of Features | # of Instances | # of Classes
BASEHOCK Text Continuous 4862 1993 2
PCMAC Text Continuous 3289 1943 2
RELATHE Text Continuous 4322 1427 2
COIL20 Image Continuous 1024 1440 20
ORL Image Continuous 1024 400 40
orlraws10P Image Continuous 10304 100 10
pixrawl0P Image Continuous 10000 100 10
warpAR10P Image Continuous 2400 130 10
warpPIE10P Image Continuous 2420 210 10
Yale Image Continuous 1024 165 15
USPS Image Continuous 256 9298 10
ALLAML Bio Continuous 7129 72 2
Carcinom Bio Continuous 9182 174 11
CLL_SUB._111 Bio Continuous 11340 111 3
colon Bio Discrete 2000 62 2
GLA_BRA_180 Bio Continuous 49151 180 4
GLI_85 Bio Continuous 22283 85 2
GLIOMA Bio Continuous 4434 50 4
leukemia Bio Discrete 7070 72 2
lung Bio Continuous 3312 203 5
lung_small Bio Discrete 325 73 7
lymphoma Bio Discrete 4026 96 9
nci9 Bio Discrete 9712 60 9
gisette Image Continuous 5000 7000 2
Prostate_.GE Bio Continuous 5966 102 2
SMK_CAN_187 Bio Continuous 19993 187 2
TOX_171 Bio Continuous 5748 171 4
arcene Mass Spectrometry Continuous 10000 200 2
Isolet Spoken letter Continuous 617 1560 26
madelon Artificial Continuous 500 2600 2

Table 2: Detailed information of benchmark datasets.

6.3 Datasets

To test different algorithms, we collect 25 public available benchmark datasets to evaluate
the performance of feature selection algorithms. We list the detailed information of each
dataset in Table 2l We carefully select datasets from different categories, e.g., text data,
image data, biological data, and some others. The features in these datasets are either in
numerical or categorical values. We also present the number of features, number of instances
and the number of classes for each dataset. The heterogeneity of the data is important for
exposing the strength and weakness of algorithms in different applications.

6.4 Evaluation Metrics

Next, we introduce the widely adopted way to evaluate the performance of feature selection
algorithms. We have different evaluation metrics for supervised and unsupervised methods.
For algorithms of different output types, different evaluation strategies are used:

1. If it is a feature weighting method that outputs the feature score for each feature,
then the quality of the first {5, 10,15, ...,295,300} features are evaluated respectively.

2. If it is a feature subset selection method that only outputs which features are selected,
then we use all the selected features to perform the evaluation.
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Supervised Methods: To test performance of the supervised feature selection algo-
rithms, the evaluation framework introduced in Figure () is used. The whole dataset
is usually divided into two parts - the training set 7 and test set /. Feature selection
algorithms will be first applied on the training set 7 to obtain a subset of relevant features
F. Then the test set on the selected features are acting as input to a classification model for
the testing purpose. In the experiments, we use classification accuracy to evaluate the clas-
sification performance, and three classification models, Linear SVM, Decision Tree, Naive
Bayes are used. To get more reliable results, we adopt 10-fold cross validation, and the final
classification performance are reported as an average over 10 folds. The higher the average
classification accuracy, the better the feature selection algorithm is.

Unsupervised Methods: Following the standard way to assess unsupervised feature
selection, we evaluate the unsupervised feature selection algorithms in terms of clustering
performance. Two commonly used clustering performance metrics, i.e., normalized mutual
information (NMI) and accuracy (ACC) are used.

Specifically, Let C and C’ denote the clustering results from ground truth class labels
and the predicted cluster labels, respectively. The mutual information between two clusters
C and ' is:

(e, C;)

MI(C,C") = Z p(CnC;')lOgm
i)P\C;

ciEC,c;EC"

(117)

where p(c;) and p(cj) are the probabilities of instances in cluster ¢; and ¢}, respectively.
p(c,-,c;) indicates the probability of instances in cluster ¢; and in c; at the same time.
Then, NMI is defined as:

MI(C,C")
max(H(C), H(C")

NMI(C,C") = (118)

where H(C) and H(C") represent the entropies of clusterings C' and C’, respectively.
Let p; and ¢; be the clustering result and the ground truth label for instance w;, respec-
tively. Then, accuracy (ACC) is defined as:

ACC = " s(gi, map(py) (119)
i=1

where n is the total number of data instances, §(.) is an indicator function such that
d(z,y) =1if x =y, otherwise d(z,y) = 0. map(x) permutes the predicted cluster labels to
match the ground truth as much as possible.

Each feature selection algorithm is first applied to select features, then K-means cluster-
ing is performed based on the selected features. We repeat the K-means algorithm 20 times
and report the average clustering results since K-means may converge to local optimal.

6.5 Experimental Results

The experimental results can be obtained from our repository project website (http://featureselection.asu
For each dataset, we list all applicable feature selection algorithms along with its evaluation
on either classification or clustering task.
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7. Open Problems and Challenges

Over the past two decades, there are tremendous amount of work in developing feature
selection algorithms for both theoretical analysis and real-world applications. However, we
still believe there are more work can be done in this community. Here are several challenges
and concerns that we need to mention and discuss.

7.1 Scalability

With the tremendous growth of dataset sizes, the scalability of most current feature se-
lection algorithms may be jeopardized. In many scientific and business applications, data
are usually measured in terabyte (1TB = 10'? bytes). Normally, datasets in the scale of
terabytes cannot be loaded into the memory directly and therefore limits the usability of
most feature selection algorithms. Currently, there are some attempts to use distributed
programming frameworks such as MapReduce and MPI to perform parallel feature selection
for very large scale datasets (Singh et al!, [2009; Zhao et all, 2013; [Yamada et al., [2014). In
addition, most feature selection algorithms proposed so far require time complexity pro-
portional to O(d?) or even O(d?), where d is the feature dimension. Recently, big data of
ultrahigh dimensionality has emerged in many real-world applications such as text mining
and information retrieval. Most feature selection algorithms does not scale well on the ultra-
high dimensional data, its efficiency deteriorates quickly or is even computational infeasible.
In this case, well-designed feature selection algorithms in linear or sub-linear running time
is more preferred (Fan et al.,[2009; Tan et al.,2014). Moreover, in some online classification
or online clustering tasks, the scalability of feature selection algorithms is also a big issue.
For example, the data streams or feature streams may be infinite and cannot be loaded
into the memory, therefore we can only make one pass of the data where the second pass
is either unavailable or computational expensive. Even though feature selection algorithms
can reduce the issue of scalability for online classification or clustering, these methods either
require to keep full dimensionality in the memory or require iterative processes to visit data
instances more than once, which limit their practical usages. In conclusion, even though
there are preliminary work to increase the scalability of feature selection algorithms, we
believe that the scalability problem should be given more attention to keep pace with the
rapid growth of very large-scale and fast streaming data.

7.2 Stability

For supervised feature selection algorithms, their performance are usually evaluated by the
classification accuracy. In addition to accuracy, the stability of these algorithms is also an
important consideration when developing new feature selection algorithms. A motivating
example from the field of bioinformatics shows that domain experts would like to see the
same set or similar set of genes (features) to be selected each time when they obtain new
samples in the small amount of perturbation. Otherwise domain experts would not trust
these algorithms when they get quite different sets of features with small data perturbation.
Considering its importance in practical usage, stability of feature selection algorithms has
received increasing attention in the community (Kalousis et all, 2007; He and Yu, 2010). It
is observed that many well-known feature selection algorithms suffer from the low stability
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problem after the small data perturbation is introduced in the training set. It is also found
in (Alelyani et all, 2011) that the underlying characteristics of data may greatly affect the
stability of feature selection algorithms and the stability issue may also be data dependent.
These factors include the dimensionality of feature, number of data instances, etc.

In against with supervised feature selection, stability of unsupervised feature selection
algorithms has not be well studied yet. Studying stability for unsupervised feature selection
is much more difficult than that of the supervised methods. The reason is that in unsuper-
vised feature selection, we do not have enough prior knowledge about the cluster structure
of the data. Thus we are uncertain that if the new data instance, i.e., the perturbation
belongs to any existing clusters or will introduce new clusters. While in supervised feature
selection, we have the prior knowledge about the label of each data instance, and a new
sample that does not belong to any existing classes will be considered as an outlier and we
do not need to modify the selected feature set to adapt to the outliers. In other words, un-
supervised feature selection is more sensitive to noise and the noise will affects the stability
of the algorithm.

7.3 Model Selection

For most feature selection algorithms especially for feature weighting methods, we have to
specify the number of selected features. However, it is often unknown what is the optimal
number of selected features. With too large number of selected features, it may increase
the risk in including some noisy, redundant and irrelevant features which may jeopardize
the learning performance. On the other hand, it is also not good to include too small
number of selected features, since some relevant features may be eliminated. In practice,
we usually adopt a heuristic way to grid search the number of selected features and pick the
number that has the best classification or clustering performance, but the whole process
is computational expensive. It is still an open and challenging problem to determine the
optimal number of selected features.

In addition to the optimal number of selected features, we also need to specify the
number of clusters or pseudo classes for unsupervised feature selection algorithms. In real
world problems, we usually have limited knowledge about the clustering structure of the
data. Choosing different number of clusters may lead to merging totally different small
clusters into one big cluster or splitting one big cluster into smaller ones. As a consequence,
it may result in finding totally different subsets of features. Hence, determining the optimal
number of clusters is almost impossible. Some work has been done to estimate these tricky
parameters. For instance, in (Tibshirani et all, 2001), a principled way to estimate the
number of suitable clusters in a dataset is proposed. However, it is still not clear how to
find the best number of clusters for unsupervised feature selection. All in all, we believe
that the model selection problem should be paid more attention.

8. Conclusion

Feature selection is effective in preprocessing data and reducing data dimensionality that
is an essential to successful data mining and machine learning applications. Meanwhile, it
has been a hot research topic with practical significance in many areas such as statistics,
pattern recognition, machine learning, and data mining (including web, text, image, and
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microarrays). The objectives of feature selection include: building simpler and more com-
prehensible models, improving data mining performance, and helping prepare, clean, and
understand data. The past few years have witnessed the development of hundreds of new
feature selection methods. This survey article aims to provide a comprehensive overview
about recent advances in feature selection. We first introduce basic concepts of feature selec-
tion and emphasis the importance of applying feature selection algorithms to solve practical
problems. Then, we classify traditional feature selection algorithms from label perspective
and search strategy perspective. Since current categorization cannot meet the rapid de-
velopment in feature selection, we propose to review recent advances in feature selection
algorithms from a data perspective. Following the taxonomy in Figure (), we surveyed
the family of feature selection algorithms in four parts: (1) feature Selection with generic
Data; (2) feature selection with structure features; (3) feature selection with heterogeneous
data; and (4) feature selection with streaming data. Specifically, we further classify feature
selection algorithms with generic data into similarity based, information theoretical based,
sparse learning based and statistical based methods from their properties. For feature selec-
tion with structure features, we consider three types of structural features, namely group,
tree and graph features. The third part feature selection with heterogeneous data consists of
feature selection algorithms for linked data, multi-source and multi-view data. The fourth
part consists of feature selection for streaming data and streaming features. To facilitate the
research on feature selection, in this survey, we also present a feature selection repository
- scikit-feature, which includes some of the most popular feature selection algorithms that
have been developed in the past few decades. We also provide some suggestions on how to
evaluate these feature selection algorithms, either supervised or unsupervised methods. At
the end of the survey, we present some open problems and challenges that need to be paid
more attention in the future feature selection research.

It also should be mentioned that the aim of the survey is not to claim the superiority
of some feature selection algorithms over others. On the other hand, our goal is to provide
a comprehensive structured list of recent advances of feature selection algorithms and a
feature selection repository to promote the research in this community. As a matter of fact,
it is at the discretion of users to decide which algorithms or which tools to use in practice.
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