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~ Abstract—We quantitatively analyze the rendering quality of and Chen [30] extended the spectral analysis of the plemopti
image-based rendering (IBR) algorithms using per-pixel dpth.  function to cover non-Lambertian and occluded scenes. Lin

Assuming the ideal pinhole camera model, we show that IBR gn4 Shym [14] pioneered the geometrical approach to analyze
errors can be quantified using IBR configurations such as the IBR algorithms

depth and intensity estimate errors, the scene geometry and ) ° . . .
texture, the number of actual cameras, their positions and Despite various advantages, including analysis of len} [18
resolution. Experiments with synthetic and real scenes sho mMost existing spectral-based techniques assume the pienop
that the theoretical bounds accurately characterize the radering  functions are bandlimited, which in generahist the case [6],
errors. In particular, the proposed analysis suggests thatin [30]. In addition, spectral-based analysis often impliearm

smooth regions, the decay rates of the virtual images’ mean . Lo . S .
absolute errors are O(A\~1) and O(A~2), where A is the local sampling and sinc interpolation, although sinc interpofats

density of actual samples, for 2D and 3D scenes, respectiyel Never used in practice. Furthermore, uniform sampling eswus
We discuss the implications of the proposed analysis on camee aliasing noise, resulting in objectionable visual artiéagn the

placement, budget allocation, and bit allocation. rendered images [4]. The geometric approach in [14] focuses
Index Terms—Image-Based Rendering, Plenoptic Function, on the minimum sampling rate and “double image” artifacts
Nonuniform Interpolation, Jitter, Error Bound. of IBR algorithms, but does not analyze rendering errors.
In this paper, we propose a new approach to quantitatively
|. INTRODUCTION analyze the rendering quality for IBR algorithms with depth

: I . information. We assume the ideal pinhole camera model
Image-based rendering (IBR) applications synthesize novel" . . ) '
g (IBR) app y ough somewhat strict, to derive concrete results. Thiysisa

(or virtual) images, as taken by virtual cameras at arhjtra . : o . i
viewpoints, using a set of acquired images. With a ran i proposed in the spatial domain; thus it can quantify the
X erndering quality in docal portion of interest of the scene.

of applications, many algorithms have been proposed first ider th f 2D ithout lusi
IBR [28], [31]. However, little research has been address Irst consider the case o scenes without occlusions
ection Ill). The case is useful for translational camera

the fundamental issue of analyzing the effects of differe . . ) .
gnﬂguratlons or when actual images are rectified before

factors on the rendering quality. These factors include tt deri Th d thodol then |
number of actual cameras and their characteristics (pasiti € rendering process. the proposed methodology then 1S

and resolution), and the geometry and texture of the Scegfjveloped to analyze 2D occluded scenes (Section 1V) and

The answer to this fundamental question is crucial for bo Tﬁenere}l scer;gé (t_Secu??hV). . thodol d
theoretical and practical purposes; we cannot effectizely- € main contribution ot the paper1s a methodology arme

. : = with a set of techniques to analyze the rendering quality of
trol the rendering guality and the cost of IBR systems WItho% class of IBR algorithms with per-pixel depth information.
tzpe rendering error is bounded based on the sample values,
undesirable aliasing effects sample positions and their errors (i.e., the sample ernods a

In an early approach, McMillan and Bishop [16] formalizeéi'tters)' We_propose innovative techniques to"denvg prope
the IBR problem as a sampling and interpolation problem sample intervals and bounds for sample jitters in order to

: : . : : obtain bounds for the mean absolute error (MAE) of the ren-

the plenoptic function. The plenoptic funct defingd b : . A

© prenopticunction. ' ne pienoptic unction was deting! red images. The derived error bounds highlight the effect

Adelson and Bergen [1] to characterize the radiant ener . ; X . :
the rendering quality of various factors including depth

of the scene at all positions and directions. Chai et al. [ d intensit imat th ¢ dréext
analyzed the spectral support of the plenoptic function f n ert1)3| y ]?S imate er:ﬁrs;, € -?cene gzome rlytan r?x u
layered depth scenes and found that, under some assumptighesnfr? ero t(k:]alt”perasd, ellr pos! |onshan tLe‘:‘ci# '(:r?' _rXFt’.e
it was bounded only by the minimum and maximum of th ends or syn ; T Ic ﬁn r?a_ sc::‘r?es S dOW_ at the thearetic
depths, not by the number of layers in the scene. Zha unds accurately characterize the rendering errors. o
the proposed analysis, we discuss implications for IBRtesl
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bounds. Finally, we offer concluding remarks and discussiowhere

in Section VII. Some preliminary results of this paper were T 3 T. g
presented in our previ(r;us confe?/ence paper [21].p P Hy(u,v) = M, Hy(u,v) = m (5)
w3 - S(u,v) wl - S(u,v)
Il. PROBLEM SETTING The Jacobian matrix oH g is
We describe the scene model and the camera model in OHy(u,v) OH,/du OH,/dv
Sections 1I-A and 1I-B, respectively. In each section, the w0 | 0H,/ou 0H,/dv | (6)

models for the 2D case and the 3D case will be presented in . ) i )
parallel. In Section II-C, we briefly categorize IBR algbrits, _ 1he image formation process.At an image pointz =
in particular ones using per-pixel depth. Finally, we folljna Hr(u) of a 2D camerdl, the light field fri(z) characterizes

introduce the problem definition. the brightnesd’(u) of the surface poinS(u). In other words,
function fr1(x) is a warped version of the texture maju):
A. The scene model fri(z) = T(Hﬁl(x)) @)

Consider a 2D scene as in Fig. 1(a). Its surface is modeled . . .
as a 2D parameterized cunf{u) : [a,b] — R2, for some The corresponding equation for the 3D case is
interval [a,b] C R. Eachu € [a,b] corresponds to a surface fu(z,y) =T (Hg' (z.y)). (8)
point S(u) = [X (u), Y (u)]T. We denotel'(u) : [a,b] — R as

the texture map “painted” on the surfaséu). For 3D scenes, -6t Ao be the pixel interval in the image plane, or the
see Fig. 1(b), the scene surface is denoted@s v) : Q C resolution, of a 2D camerdlI. For the 3D case, the resolution

R? — R3, and the texture map i (u, v) : @ — R. is AyA,, where A, and A, are the sample intervals in

Given a parametrization of the scene geomesifu) or horizontal and vertical directions, respectively. In pice
S(u, v), the texture maf(u) or T'(u, v) is independent of the the pixel intensities are obtained as integration of théitlig
cameras and the scene geometry. We assume that the suri&t® and the sampling kernel. For simplicity, in this paper
is Lambertian [7], that is, images of the same surface polff @ssume the ideal pinhole camera model, that is the Dirac
at different cameras have the same intensity. Furthermaze, function as sampling kernel, to derive concrete resultsngJs

assume that the surfac® and the texturel’ have derivative this model, the intensitylri[n] or Iri[m,n], is

of second order at all points and all directions, except at th Injn] = fand,), 2D case, (9)
discontinuities. Infm,n] = fa(mAs,nA,), 3D case. (10)
B. The camera model Intensity and depth estimate error. In practice, the depth

The scene-to-image mappingA 2D calibrated pinhole C€an be obtained using the range finders [11], [25] or using
camera is characterized by the projection matiik € R2x3,  structure-from-motion techniques [10], [26]. For the 2B3ea
For each surface poin§ = [X,Y]” in the scene, let We assume that a set of surface poiitsY]” are available at

S = [X,Y,1]” be the homogeneous coordinate [7] §f the actual cameras. Due to depth estimation errors, thacurf
The projection matrixII = =7, #1]7 maps surface points points are registered aX., Y.]” instead of their actual value

S = [X, Y]” into image point: using the projection equation X Y]". The magnitude of the errerp = [X. — X, Y, - Y]"
is supposedly bounded by some boufig > 0.

T T

d-lz,1]" =11 [X, Y, 1], 1) For texture errors, we assume that in the formation of actual
whered = «1'S is the depth of a surface poiisk relative to Pixels, noisy estimate$.(u) of T'(u) are registered. Again,
the camerdl. We usell to refer to the camera. the errorer = Te(u) — T'(u) is supposedly bounded by some

Equation (1) implies a mapping from a surface pdff), PoundEr > 0. In summary, we assume that
u € [a, b], to its image point: on the camerdI as leplls < Ep ler| < Er. (1)
.
= M def Hry(u). 2) Similar assumption as (11) can be made for the 3D case.
73 S(u) Note that bound€/;, E» can be related to the signal to noise

We nameHy(u) the scene-to-image mapping. For unoc- ratio of the actual images and depth maps.
cluded scenes, the mappidfyr(u) is monotonic ina, b].
A 3D calibrated pinhole camera is characterized by the C. Problem statement

positional matrixIT = [my, w2, m5]" € R**. The projection g algorithms. Many IBR algorithms have been pro-
equation is posed [13], [28], [31]. This paper is concerned with IBR

d-[z,y, 1]T =1II-[X,Y, Z, 1]T, (3) algorithms using per-pixel depth and image-space interpol
roa , ) tion [15], [17], [20], [27]. We present our analysis for the
whered = 73 - S'is the depth ofS relative toIl. We derive pq,4qati0n Algorithm [20], although the proposed teche

a scene-to-image mapping Hri(u,v) from surface points 5o anpiicable to other algorithms. The Propagation Athari
S(u,v), for (u,v) € €, to their image pointgz, y) as consists of three main steps as follows:
x df  pr | Hyp(u,v) @) 1. Information Propagation. All the intensity information
rr(u, v) = Hy(u,v) |’ available at the actual image planes is propagated to theavir



(a) The 2D scene-camera model. (b) The 3D scene-camera model.

Fig. 1. The calibrated scene-camera model. The scene sudanodeled as a 2D parameterized cuBfa:) (Fig. 1(a)) or as a 3D parameterized surface
S(u,v) (Fig. 1(b)). The texture map, denotdd(w) for the 2D case ofl'(u, v) for the 3D case, is “painted” on the object surface. We asstimaeinhole
camera model with calibrated positional matiix = [R,T] € R?*3 or IT € R3*4 for the 2D case or the 3D case, respectively. Finally, theezam
resolution is characterized by the pixel interval. on the image line (2D case), or by the pixel intervals, A, in horizontal and vertical direction on the
image plane (3D case).

image plane. This step is feasible since the depth infoonati O actual samples Bl

is available. [] measured samples Fl
2. Occlusion Removal.All the points in whose neighbor-
hood there is another point with sufficiently smaller depth a
removed; these points are likely occluded at the virtualexam
3. Intensity Interpolation. The virtual image is interpo- ‘
lated using the remaining samples. We assume that piecewiSe o
linear interpolation is used for the 2D case and Delaunay ‘
triangulation-based linear interpolation is used for tBecase.
Both methods are widely used in practice thanks to their
simplicity and decent interpolation qualities. Furthermo ‘
we hope to help IBR practitioners find the paper directly x; )
useful. We note that the proposed analysis also applies for | ‘
interpolation techniques using higher order splines [84]] SN " 2
[29]' . . . Fig. 2. Linear interpolation. The interpolation error cam lsounded using
Problem statement. Suppose the virtual Image at V|rtua|samp|e errorg1, 2, sample positions1, x2, and their jittersus, po.
camerall, is rendered using images and depth mapsVof
actual camera$IT,; }Y ;. We want to quantify the effects on
the rendering quality of projection matricésl; }Y , andIL,, wherepu;, s are sample jitters and;, e, are sample errors.
the resolution &, for the 2D case on, A, for the 3D case), The £,, norm of a functiong(z) is defined as
the depth and intensity error boundy), Er, the texture map

€2

T(u) or T'(u,v), and the surface geomets§(u) or S(u, v). 1911 Loolr,a) = sup ]|9($)| (13)
TE|T1,T2
1. ANALYSIS FOR 2D UNOCCLUDED SCENES Proposition 1: Consider a functiorf(z) that is twice con-

tinuously differentiable. The linear interpolatiof(z) given
We start by introducing the methodology in Section llI-Ain (12), for x € [z1, 2], has the error bounded by
In Section 11I-B, properties of sample intervals at the wait

image plane are derived. We analyze the jitters caused i depf(x) —f@)] < =(x2—21)% || f"|s0 + max{|e1],|e2|}

estimate errors in Section IlI-C. In Section 11I-D, we deria -8 ,

bound for the rendering error. +max{|pal]; p2l} - [[fllee (14)

A. Methodology Proof: Using simple application of the Taylor expansion.
. : . . For details, see [19]. ]

We present the results for linear interpolation. The linear Remark 1: Proposition 1 can be considered as a local error
interpolationf(z) of f(x) in the interval[zy, 2], see Fig. 4, ark L. Frop ) : :
is defined as analysis, providing a bound for the interpolation error in

individual intervals. In the sequel, we will simply writgf || -
Flz) & % Af@r 4 ) +er] + % [f(z2 + u2) +22],  with the understanding that the tHe, norm is taken in the

(12) local interval of interest.



We analyze the sample intervdlg,, 11—y, ) by considering
each individual sef); as a point process. The sgtcan be
regarded as the union of point proces$gs} Y ;.

Lemma 1: In each infinitesimalz, x + dx], the point pro-
cess), defined as in (15), can be approximated as a Poisson
process with density

1
o) = F 7 ; i(w) (16)
X c c o o
i v whereu = H_ *(x) is such that point is the image of surface
Fig. 3. Sample intervals and jitters at virtual cam&la. Samples{y;,, } point S(u) at the virtual camerdl,.
in virtual image plane are propagated from actual piXels, . }. The jitter Proof: Consider an infinitesimal intervdk, x + dzx] on

1= Yin — yin is caused by a noisy estimagé. of surface poiniS(un).  the virtual image plane. In this interval, we can assume that

H!(u) is constant; thus, sample interval&y; n+1 — Yin) In
can be considered identically distributed. It is known tiat
the component processé¥; } ¥, haveidentically distributed
intervals, their superposition can be approximated as ssBbi
process in the distribution sense [3], [12]. Hence, loctily
set of sample point§) can be approximated as a Poisson
garlocess.

Let [u,u + du] be the portion of the scene whose image

The error bound in (14) is a summation of three term
Apart from intrinsic properties of the functiofi(z), the first
term depends on the sample intervals — z,), the second
term depends on the sample erregse,, and the third term
is related to the jittersis, uo. Note that the bound is tight in
the sense that equality does happen, for example, for lin
functionsf (x). L . _ ) is the intervalz, z 4+ dx] at the virtual image plane. Hence

Remark 2: Generalization of Proposition 1 is possible fogl — H; () and
interpolation using splines of higher orders [5]. In theases, v
only the first term in (14) will change to the product of higher dx = Hy(u + du) — Hy(u) ~ H, (u)du.

powers of the sample intervaly —z1|, the Lo, norm of higher _
order derivative off(«), and a constant. For each actual cameid;, for i = 1,..., N, the average

In the following, we briefly explain how Proposition 1 Carpum?er of pixels that are images §{7), for 7 € [u, u + du],
be used to analyze the rendering quality. In the Informatidn H;(u)du/A;. The average number of points % hence
Propagation step, considéf actual camerag$Il;}Y , and a can be computed as
virtual camerall,. We denote{z; ,, } the set of actual pixels du &
of IT; and{w; , } are such that; ,, is the image of 2D surface E[N,] = A Z H!(u).
point S(u; ) (see Fig. 3). Lety;,, be the image ofS(u; ) T =1
at the virtual camerdl,. These points{y; ,} will serve as

i ‘ ) - ! The density\, (x) hence can be obtained as
samples in the interpolation process performed at virtnage

plane. EIN, 1 al

The second step, the Occlusion Removal step, is irrelevant Ao() = EL,CP] ~AH (u) ZH{(“)-
in this section because the scene is supposed to be free of ! =1
occlusions. In the Intensity Interpolation step, for eactual u
camerall;, fori = 1,...,N, let Vi = {y;..} be the set of If the density )\, (z) is a constant over the whole interval
points on the virtual image plane propagated from,, }. Let [a.b], the set of point$’ = {y,,},*, can be approximated as
the union of{);}Y, be a Poisson process. However, singéx) changes ovelu, b], Y

is approximated as generalized, or inhomogeneous, Poisson
N process [23]. We use this key result to derive properties of
_ L Ny :
Y= L_J Vi = {ymbmZs, (15) sample intervals.
=t _ Proposition 2: The point proces§’ can be approximated
ordered so thay,, < y,,+1. Hence,) contains all theactual  as a generalized Poisson process with density functidgm)

samples propagated from the actual cameras. satisfying (16) forz € [H,(a), H,(b)]. The sum of powers of
The sources of rendering errors come from the intensifje sample intervals can be computed as

errors and jitters afy,,}., in addition to the interpolation

. . . . . Ny—1
technique in use. We address these issues in the following _
sections. D (e = ym)* ~ KA, (17)
m=1

_ ) where
B. Properties of sample intervals

by /N 1—k
In this section, we want to investigate the properties of the Y, = / ZH{(“) (H! (u))k dui. (18)
sample intervalg (y,,+1 — ym)}m- AS we see later, we are a

most interested in the summation, (ym+1 — ym)¥, k € N.



Proof: Using the result of Lemma 1, the point proc@ss  Since bothe, p have the third coordinate equal € only
can be approximated as a Poisson process of deksity) in  the upper-lef2 x 2 block of matrix (w7 — 7, 7]’) needs to
each infinitesimal intervalr, « + dx]. As a consequence, thebe investigated. If we leR,, be the rotation matrix ofL,, the
average number of pointg,, € Y falling into [z, 2 + dz] is maximum singular value of the upper-l€fk 2 block of matrix
Az (z)dz, and the expectation of intervalB[(y,, 1 — ym)*] (womT — miwl) is in factdet(R,) = 1. Hence, using (22)

inside [z, z + dx] is equal tok!/ )\, (x)*. Hence: and (23) we obtain
Ym+1 — Ym) = (x)dx = = —
Ly Em Ho(a) Aa(@)F (380 (+]5)
By changing the variable under the integral framto u, < ICs = Collz- ”5”2_
usingdz = H,(u)du, we indeed obtain the desired resui. d(u)?
Note thatYy, called multiple-view term of ordek, for The last inequality implies (20). [ ]

k € N, depends only on the relative positions of the (actual The boundEp B, depends on the depth estimate erks
and virtual) cameras and the scene. In unoccluded scemes,ahd the relative positions between the virtual camera aed th
derivative H/(u) has positive infimum and finite supremumactual cameras and the scene definedshy

As a consequence:

D. Error analysis

Combining the results of Propositions 2 and 3, we derive in
Hence,Yj, = O(N'=*). In particular,y; = H,(b) — Hy(a) this sec.tion an error bound for tmnean apsolute error (MAE)

is a constant equal to the length of the imageStf), for of the virtual image. Note that, in practlce_, smaller MAE doe

u € [a,b], in the virtual image plane. not necessarily imply better visual quality. In additiohget

derivation for other metrics such as mean square error (MSE)

. is also possible, although more involved.

C. Bound for sample jitters Let e(z) = f.(z) — f.(z) be the interpolation error and
Another source of IBR error is the jitters caused by noisy,;..i be the number of virtual pixels being images of surface

depth estimates. Le§ = [X,Y]” be a surface point, and points S(u) for u € [a,b]. The mean absolute errdiAE is

y be the image ofS at the virtual camerdl,. We denote defined as

0 < lim Vi NF1 < . (19)

S. = [X.,Y.]T a noisy estimate ofS with reconstruction Notxel

errorep = S, — S, andy to be the image of5, atII, (see MAE = Npixel [e(nia)l- (24)
Fig. 3). In this section, we derive a bound for the samplergtt n=1 )
L=7-uy. Theorem 1. The mean absolute errdd AE of the virtual

Proposition 3: The jitter u = § — y at virtual camerdl, Image is bounded by

caused by the depth estimate eregy is bounded by 3Y5 o ,
MAE < "2 A2 f/|loo + Er + EpBy||flllo,  (25)
4Y xr v v
|ul < EpBu. (20) Lo : o
where Y1, Y3 are defined as in (18)B, is as in (21), and
In the above inequalityB, is determined as follows: Ep,Er are as in (11).
IC, — Cil2 Proof: Note that then-th virtual pixel has position
B, = sup {W} (21) =z, = nA, in the virtual image plane, henddAE can be
u€labl,i=1,....N approximated as
Proof: Suppose the jitte: is propagated from actual N 1 Hy ()
camerall;, for somei = 1,...,N. Lete = [ex, ey, 0] MAE ~ —Hv(b) ~H,(a) /H “ le(z)|dx. (26)

_ T _ . : :
andp = [px, py,0]" = S(u) — C,. We can easily verify o down the integral above into intervays,, ym41)

S. = C,+p+e, and apply Proposition 1 to each interval to get:
S = év + p, H, (b) Nyl ey
ATC, — 0, i-12 [ @i = >0 [ e@as
v(a n=1 m
DenoteIl, = [« #«1]7. Using the above equalities and Ny—1
. . . 3 "
simple manipulations we get < > [g(ym-ﬁ-l = Ym)" 15 oo
~ ~ n=1
T T T T T
S mS p' (wemy —wm; )E ,
Ho= = = = = = . (22) +(WYm+1 — ym)(ET + EpB, Uoo}
ﬂ_g“se ﬂ_gs (W%Se) . (Wgs) ; (y +1 Y )( T D Hf || )
Note thatS. always lies in the ray connecting, and S, = Z%Aiﬂfmoo + Y1 (Er + EpBy| filloo) -

or § — C; = a- ¢ for some real number. Hence,p =

a-e+C;—C,. It can be shown, for alk, that In the last inequality,y” (ym+1 — ym)* are replaced by

k'Y, Ak=1 using (18). Substituting the above bound of the
el (momn? —mmle =0. (23) integral [|e(z)|d> into (26), we indeed obtain (25). [ ]



O actual samples
[] measured samples

E. Discussion

We first emphasize the power of the geometric and local
analysis resulted in Theorem 1. The bound can be applied
locally and give meaningful bounds in most parts of the scene
where f is smooth and thug f/| and ||f//|| are is small in
that regions. Regions with sharp edges and occlusions can be
isolated.

The error bound in (25) consists of three terms. In the first
term, || f/||.c andY; are fixed given the position of the virtual
camera, whereas; depends on the camera configuration and
the scene. We can considég as the spatial information
contributed by the actual cameras. Overall, the first term
characterizes the gain of using multiple actual cameras.

To decrease the first term in an IBR setting, we can either %1 ‘ Ld T2
use actual cameras of finer resolutidn, or increase the ‘ ‘ ‘
number of actual cameras. Theorem 1 indicates that both
methods yield comparable effects on the rendering qualifyg. 4. Linear interpolation of a discontinuous functionoripared to its

Moreover. the error bound decays @@\72) where corresponding bound of the interpolation error in SectidkA| the error
! ! bound for discontinuous function increases by an amounéenttipg on the

A\ = N/Az (27) g?frlwtleogigotr?t?ng:ts;fontmulty and the jump of the functiondats derivative
can be interpreted as the local density of actual samples.

The second termi&r, characterizes the noise level at actual ] ] ) o .
cameras. This can be considered as the limit of the renderffgor for functions with only one discontinuity. First, for
quality imposed by the quality of actual images. simplicity we introduced notations:

The third term contains the precisidiip of range finders
and two factord| f/ || ., B, that depend on the relative position
between the virtual camera and the actual cameras and m%’gﬁpﬁgtiﬁ?f ;r:enc%%%sliedeeg(gefutn%%ﬁ@:éﬁ%ijiéy\gce 10_?]2'
scene. Among these factofSp can be reduced by using bette aggrega){ed error ovel:, ;)| of the linear interpolation can
range finders, anflf; ||~ is fixed once the virtual camera ispe bounded by
specified. The last factof3,, depends in part on the relative ., L 1 3
positions between the virtual camera and the actual camergs |f(z) - f(z)] < gA" N Moo + g B182 [l + DA [

In practice, when the depth errép is large, we can reduce "' ,

B, by limiting the set of used actual cameras to only nearby +A(§2?f§{‘€i|} + max{luil}- I ”°°>(29)
Ic_ar_n_eras. This is intuitive and conforms with [2]. H_oweveyr, bw]here Jo,J1 are the jumps off (z) and its derivative at the
imiting the number of actual cameras, the density of actu scontinuityz,:

samples, i.eA, will also be reduced, which in turn affects the '
first term in (25). In this case, Theorem 1 could guide us on  J, = f(z}) — f(z;), Ji=f'(z))— f'(z7). (30)
what is the best way by trading the third term with the first

term in the error bound.

T e v

Alzxd—:vl, Agzwg—xd, A:,Tg—wl. (28)

Proof: See Appendix A. ]
IV. ANALYSIS FOR 2D OCCLUDED SCENES Remark 3: The bound in Proposition 4 is proposed for the

In this section, we consider 2D occluded scenes by intr?rg(‘:m:"g{jlted error over the interval, o). This is different

. . o . . _from the pointwise bound given in Proposition 1. Proposiio
ducing two adjustments to the analysis in Section lll. Firs . ; -
; . e can be considered as a local analysis, providing a bound
the presence of occlusions requires modification of the fam

. ) o . Lo r the interpolation error in individual intervals. Becesuof
density A, (z). Second, intervals containing discontinuities o e discontinuity atz... the agareqated error increases by an
the virtual image, either caused by the intensity or depm y alva, ggreg y

discontinuities, need to be analyzed using the new metho‘fjldr!]Ount of

ology of Proposition 4. For simplicity, we assume that all
the occluded samples are successfully removed, and the s f Jo = J, = 0, the bound of Proposition 4 simplifies

of remaining samples are dense enough so that there eX58'She case wherég(z) is twice continuously differentiable

at most one discontinuity in each sample interval. Generiﬁl 21, 25]. The bound is characterized by sample intervals,

Egﬁzj'ssio'isposs'ble’ though less elegant, and prOOIUC&ms'msample errors, and jitters, in addition to intrinsic prdjeer of

f(z). Similar remarks can be drawn for interpolation using

splines of higher orders [5].

A. Methodology The bound in (29) suggests that we need to investigate the
We extend the Proposition 1 to consider discontinuosample intervals, especially observed sample intervalgrat

functions. In the following, we bound the linear interpiat the discontinuities, and sample jitters in the context drIB

3
§A1A2- |J1|+§A-|J0|. (31)



consistency, we also use notatirmjfn and v, ,, as in (36)
and (37), forz, ,, € &}, though they are in fact equal.
For each discontinuity

rn € X =X, X, (38)

the interval[y,,,, , ym, +1] containingz,, is called anobserved

interval (or sampled interval). The following lemma is a

classical result of Poisson processes.

o depth discontinuity Lemma 2: [8], [23] Let (¥, +1 — ¥m,) be the observed
interval around each discontinuity,. The length of intervals
Asp = Ym,+1 — Tp, ANA Ay, =, — Y, are independent
and follow exponential distributions of parametei,, (u,!))

Fig. 5. A 2D occluded scene. We differentiate two kinds otdittinuities: and \(H, (u,, )), respectively.

those due to occlusions (such ag ,, with parametermdfn and u;n) and Corollary 1: The following equations hold:
those due to the textur€(u) (such asc:,, with parametern, ).

o intensity discontinuity

1 1
Elym. 41— Ym. | = 39
[Yrmnt1 = Yrm,] NGATIRECAC) (39)
Modification of the sample density. Consider a 2D oc- Ar A 1 1

c!ugic_eq scene (see Fig. 5). For a cam&fa we define the ElA1nBon] = AH, (ul)) ' ANH,y(un)) (40)

visibility function We define operatorgy(f) and J1(f) as

Via(u) = 1, if S(u) isvisible atII (32)

=1 0, if S(u) isnot visible atII. Jo(f) = sup {’ lim f(y) — lim f(y)‘} (41)

x Yy—x Yy—x

Proposition 2 is modified as . . . .
A A0 = sw {| 1m0~ 1m0 62
Ae(7) = A H (u) Z Vi(u)Hj(u), (33) Next, we propose a similar result of the Theorem 1 for 2D
! =1 occluded scenes.
wherew is the parameter of the surface poifitu) having Theorem 2: The mean absolute errddAE of the virtual
image atx: image using the Propagation Algorithm is bounded by
3%
4Y,

3 1
+§D0Azu70(fv) + §D1Ai\71(fv)7 (43)

1-k
Y, = /b (ivi(u)Hz((uO (VU(U)H{)(U))k du. (35) yvherefv(:v) is the virtual imager_ is as_in (21)Y;, is defined
a \io in (35), Jo(f) and J1(f) are defined in (41) and (42), and

u = argnbin {d(u) : Hr[(u) = x} (34) MAE S A?g”.fé/”oo +ET + EDBvaé”oo

For this modificationY; will also be changed to

Intuitively, the modification in (35) signifies that, if a $ace Do, D1 are
point S(u) is occluded at an actual camdrg, or equivalently Dy, = 1 I 1 (44)
Vi(u) = 0, this camerdl, contributes no information to the S Ao(zd)  Aa(zy)
rendering of virtual pixelx = H,(u). Similarly, if S(u) is 1 1
occluded at the virtual camefd,, or equivalentlyV,, (1) = 0, D, = Z N ) (45)
zgex 7T\ TA\"d

no information from actual cameras is necessary.
Incorporation of jumps. We differentiate two categories of Proof: The proof is similar to the proof of Theorem 1; we

d!scont!nu!t!es at the viral |mag§0(x), _nar_n_ely, the depth need to consider in addition the aggregated error in obderve
discontinuities and the texture discontinuities (see EY. intervals|  around jumps{z,, € X’}. Hence, the
The depth discontinuities are at image object boundarie Yrmm s Yrmn 41 " ' ’

(backgrounds and foregrounds). L&} be the set of depth €ror bound needs to increase by an amount

discontinuities. For each point; ,, € Xy, denote §|yanrl — Y, |- To(f) + %AL"AQﬂl SJ(f). (46)
up, = lim H, (2, (36) The summation these terms, for ai}, in fact results in the
T %am ) additional fourth and fifth terms. n
Uy, = lim H; (x). (37)  Remark 4. Compared to Theorem 1, the bound in (43) has
% additional fourth and fifth terms to incorporate the discon-

The above equations are well defined sifég'(z) is a tinuities of the virtual imagef,(x). Overall, the fourth term
one-to-one mapping everywhere except at discontinuitfes decays a®(A~!) and the fifth term decays &(\~2), where
fo(z). Intuitively, v} is the parameter on the backgrouna is the local density of actual samples. Note further that,
andu , is the parameter on the foreground, or vice-versa.around discontinuities, the Poisson approximation might b

Thetexture discontinuities are discontinuities of the texturdess accurate since fewer number of actual cameras coetribu

T(u). We denote the set of texture discontinuitiés. For information to the rendering process.



angle given in (49) has the error bounded by

~

Fla) = @yl < 5B 193 oo + max{lel}
Fmax{lpla} 19/ ]e,  (50)

where R is the circumcircle radius of the triangld BC.

Proof: We show the proof foe = 0 and i = 0. In this
case, the error bound in the right-hand side of (50) reduces
into the first term. The techniques to incorporate the sample
error (second term) and jitter (third term) are similar te th
proof of Proposition 1.

Let O be the center of the circumcircle of triangeBC.
Using vector manipulations, it can be shown that

% Jacl,

(51)
whereAy = A—- X, Ap =B - X, andA¢c = C — X.
Using the 2D Taylor expansion we can obtain

Sa S
B = || X - Ol = 2218l + 22 a5l +

Fig. 6. Triangulation-based linear interpolation is oftesed with the Delau-
nay triangulation. In each triangle, the interpolationoercan be bounded, as

in Proposition 5, using the triangle’s circumcircle radidsthe sample errors 1
e, and the sample jitterg. flA)=f(X)+ Vf(X)T AP §A£ V2f(X,) - Aa
for some pointX ,. Similar equations can be obtained fBr
V. ANALYSIS FOR3D SCENES andC as well. Hence,
In this section, we extend the analysis into the 3D case.|f(X) —f(X)| = 1 ‘S_AAZ; V(X)) A+
A natural generalization of piecewise linear interpolatinto g 2 15 g
2D is the Delaunay triangulation-based linear interpofati ?BAg . V2f(Xb) -Ap + ?CAE . V2f(XC) . Ac‘

We present the 3D methodology for individual triangles in { g g g
Section V-A. Then, we show properties of Poisson Delaunay < —||V2f|\oo(—A||AA||§ + 28 aB|2+ —C||Ac|\§)
triangles in Section V-B and a bound for sample jitters in 2 S S S
Section V-C. Finally, an error analysis for 3D scenes withou < —|V?f||.R%
occlusions is given in Section V-D. 2 u
The bound in (50) suggests that we need to investigate the

properties of Delaunay triangles and the sample jittere Th

A. Methodology next two sections will present these properties.

In this section, we investigate the interpolation error dor
individual triangle. We define th€., norm of the gradient B, Properties of Poisson Delaunay triangles

. 5 ]
Vf(z,y) and the Hessian matriv"f(z, y) as follows: We assume in this section that the scene is unoccluded. We

IV £z, )] = sup  {|VF(z.y)|2} (47) start by proposing an equivalence of Lemma 1 for the 2D case.
P (2,y) ’ A 2D proces9 is calledidentically distributed scattering [22]

V2f(z, )l = su Omax | V2 (, . (48) Iif the density of points ofp over an arbitrary regionv

IV:1 . u)l (I,E) { (VS ]}, @8 follows a fixed probability mass distribution independefit o

. . w. Intuitively, there is a profound similarity between the 1D
where oy, [M] denotes the maximum singular value [9] obhg 2p cases, since they are both related to the probability
a matrix M. The linearly interpolated value at a 2D poiRt 554 function (pmf) of the number of points falling inside an
inside a triangleABC is defined as arbitrary region. Hence, in the following, we assume that th

—~ Sa Sp Sc Hypothesis 1 below holds.
f(X) = f(A)+—f(B)+ —~f(C), (49 Hypothesis 1: The superposition of 2D point processes with

. identically distributed scattering property can be apprated
where Sa,Sp,Sc, and S denote the area of trianglesgg 53 2D Poisson process.

XBC,AXC,ABX, and ABC, respectively. In other  on the image plane of the virtual camdi, let ) be the

words, f(X) is a bivariate linear function that is equal togat o pointspropagated from actual pixels [20].

f(X) at locationsA, B, andC (see Fig. 6). In the presence prgnogtion 6: The point process’ can be approximated

of sample errors and jitters, sample valygsd), f(B), and 55 4 2p generalized Poisson process with density function

f(C) in (49) are replaced by (A+p4) +ca, f(B+pg)+

eg, and f(C + o) + ec, respectively. 1 X det (8Hi/8(u,v))
Proposition 5: We consider a functiorf(x, y) that is twice Mz,y) = A A

continuously differentiable. The linear interpolation artri- @2y 5= det (8Hv/8(u,v))

, (52)



where (u,v) = H, ' (z,y). Theorem 3: The mean absolute error MAE of the virtual
Proof: Since we assume that Hypothesis 1 holds, in eaghage using the Propagation Algorithm is bounded by

infinitesimal region, the point procedscan be considered as X, )
a 2D Poisson process. Hence, overdllcan be considered MAE < X A AV follso + Er + V2EDBy||V fo| o,
as a generalized Poisson process. The densityy) can be (58)

computed, similarly to Lemma 1, as the average number where f, is the the virtual imagep, is as in (56),Ep, Er
points falling on an unit area. This indeed results in (58. are as in (11), and
Once we approximate the set of propagated pghtas a

N 1=k k
2D Poisson process, the next step is to investigate preperty, — / <Z det (M)) <det <M)> dudw.
Q =1

of Poisson Delaunay triangles. In the following, we exploit I(u,v) d(u,v)
results from stochastic geometry. (59)
Lemma 3: [22, Chapter 5] The circumradiug and the area Proof: Let D be the set of Delaunay triangles, and

S of Delaunay triangles of a 2D Poisson process of density,, = H,(f2) be the image region of the surfad(u,v)
) are independent. The circumradiusk has the probability at the virtual camera. ThBIAE can be approximated as

density function (pdf
b4 (pdf) , MAE = Sl / le(z, y)|dzdy (60)
2(mN)2r3e” ™ > 0. (53) fixy Qay
The momentsZ[S*] can be computed using explicit formula. = 5o Z /Aile(:v,yﬂd:vdy
In particular 1114 A;eD Vi X
2 1 35 < > Sa, (5 RV folloo + max{|e]}
21 — _ 21 i
E[R] = — E[S] = X E[S?] = S (54) Sa., £ (2

+max{ |2} - [V £, | ). (62)

In each infinitesimal patchw around(z,y) € Q,, we can
approximateR? ~ 2/(w\(z,y)) (see Lemma 3). Hence

C. Bound for sample jitters

Let S = [X,Y, Z]T be a surface point, angl be the image
of S at the virtual camerI,,. We denoteS, = [X., Y., Z.|"
a noisy estimate of with reconstruction erroep = S, — S, Z Sa,R? ~ / de - 2X2 CALA,.  (62)
andp the image ofS. at IL,. AeD ' Q,, AT, y) T

Proposition 7: The jitter 4 = p — p, at virtual camerdl, By changing the variables frorx, ) to (u, v), and substi-
with camera cente€',, caused by depth estimate errors Cafliting (62) into inequality (61), we indeed get (58). -
be bounded by Remark 5: The first term of (58),X; = Sq,,, is the area

|ull2 < V2EpB,. (55) of the scene’s image on the virtual image plane and does
not depend on the actual camera configuration. The value of

In the above inequalityi3, is computed as X5, called 3D multiple-view term of second order, encodes

B _ sup {|C’U — C’illg} (56) the geometrical information of the actual cameras and the
Y neint, N d(u,v)? scene. We note thak, decays asO(N~1'). The first term
also depends on the resolutiah, A,. Overall, in smooth
Proof: The jitter o is a two-coordinate vectop = regions, the first term has decay ord@fA~'), where X is
(112, 11T Using Proposition 3, the norms of both and y, the local density of actual samples. The second term is the
can be bounded by B,. Hence, intensity estimate error bounfd;. The third term relates to the
depth estimate error bounid, (linearly) and the geometrical
Ipllz = \/p2 + 12 < V2EpB,. position between the scene and the virtual camera Byiap

n Remark 6: A notable difference between the 3D case and
The boundEp B, depends on the depth estimate erl)5  the 2D case resides in the decay order of the first term. In (25)
and the relative position between the virtual camera and tf first term has decay ordé\~2), while in (58) the decay
actual cameras and the scene defined3py order isO(A~1). To see this difference, note that the first term
in inequality (50) containg? having the same dimension with
the sample density, whereas in (29), the first term contains

D. Analysis for 3D unoccluded scenes ' | i
(ro — x1)? of the same dimension with?.

Consider the intensity functiot, (z,y) = T'(H, " (z,y))
at virtual camerdl,. Let e(z, y) = fo(x,y) — fo(z,y) be the VI. EXPERIMENTS
interpolation error andVy, be the set of virtual pixelém,n) We present numerical experiments to show that the bounds
being images of surface poinfu, v) for (u,v) € 2. Denote Theorems 1 and 3 are reasonably tight and accurately predict
#Nq the number of pixels inV,. The mean absolute error  the trends of rendering error with respect to IBR parameters

MAE is defined as such as the number of actual pixels, depth errors. The experi
1 ments use a synthetic scene in Section VI-A and a real scene
MAE = #No Z le(mAg, nly)|- (57) in Section VI-B. Section VI-B also serves as an example on
(

m,n)EN estimating the bound in practice.
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" in the xy-plane and focus to the direction of theaxis.
| | ‘ Specifically, N = 10 actual cameras are randomly placed in
the square of dimensions x 2 centered around the virtual
camera position a5, 5, 0]7.
To validate the first term, we séfp = Er = 0 and plot
in Fig. 7(b) the mean absolute errors MAE (solid) and the

W error bound (dashed) against the total number of actualgixe
é“’ (equivalent to the local density of actual sampls The

variation of A is obtained by changing the resolutidn, A,,.
Observe that the MAE indeed decays@6\~!), conforming
to Theorem 3.
To validate the second term, we fix, = A, = 0.02 and
Ep = 0, and varyEr. For each value o, the intensity
105 — v -~ , estimate errors are chosen randomly in the intevdir, Fr|
10 10 10 10 10 . . . . . .
number of actual pixels following the uniform distribution. In Fig. 8, we show the
mean absolute error MAE (solid) and the theoretical bound
(dashed) plotted against the intensity estimate error thdiyn
Observe that the actual MAE fluctuates around one half of the
MAE,, error bound. The reason is that the error bound of Theorem 3
is derived for the worst case, whereas the actual MAE tends
to follow the average errors.
Finally, we validate the last term of (58) by fixingy, =
A, =0.02, Er =0, and varyingEp. For each value ofp,
the depth estimate errors are chosen randomly in the ifterva
[-Ep, Ep] following the uniform distribution. In Fig. 9, we
show the mean absolute error MAE (solid) and the theoretical
bound (dashed) plotted against the depth estimate errardbou
Ep. Observe that the MAE indeed appears below the error
bound and approximately linear 0.

(a) 2D scenes

10* B. Real scene

A data set of a real scene is used to validate the error bound
of Theorem 1. This section can also be considered as an

Fig. 7. The mean absolute error MAE (solid) and the theaabtiound example of the computation of various factors in the error
(dashed) plotted against the number of actual pixels in dgéoy axis. We bound in practice

note that the errors indeed have decag\—2) for 2D scenes an® (A~ 1) . . .
for 3D scenes, wherg is the local sample density, consistent with the results All the actual and virtual cameras are located in Hexis

of Theorems 1 and 3. looking to the direction of th& -axis. The virtual image at

C, = [4,0,0]T is rendered, scanline by scanline, using the

. images and depth maps from actual cametas= [2,0,0]”

A. Synthetic scerlwe _ . - andC; = [6,0,0]”. The mean absolute error is computed
We adopt a simple translational camera configuration in oysing the available ground truth (see Fig. 10). The erronbou

experiments. All the actual and virtual cameras are locatedof Theorem 1 is approximately computed, based on the data
the X-axis, looking to the direction of thé-axis. The 2D get, as follows.

scene consists of a flat surface with distance- 10 to the Intensity estimate error bound Er. Since the intensities

cameras and the textu&u) = sin(u) painted on the surface. gre quantized into integers in the interj@|255], we consider

We use camera resolutiof, = 0.01. To validate the first the intensity errors belong to the intervat0.5,0.5]. Hence,
term in (25), we settr = Ep = 0, and vary the number of \ye choose

actual cameragVv. In Fig. 7(a), we show the mean absolute Er=1/2. (63)

error MAE (solid) and the theoretical bound (dashed) ptbtte

against the number of actual pixels in the loglog axis. We Bound of jitters £ B,. The data set provide the disparities,

observe that both the MAE and the theoretical bound decigtead of depth, between two actual camefas= [2,0,0]"

with slopes = —2, consistent with the result of Theorem 1.and C, = [6,0,0]”. Hence, the bound of jitter&, B, is
Next, we validate the error bound (58) of Theorem 3 for directly computed instead of the depth estimate error bound

3D synthetic scene consisting of a flat surface with constapt,. Since the disparities betwee and C, are rounded to

depthz = 10 and the texture maf'(u, v) = sin(u) +sin(v). quarters of pixels, the disparities betwe€n, C» and C, =

The Propagation Algorithm [20] is used for a planar camera

configuration. All the actual and virtual cameras are placed'The data set is available at http://cat. middlebury.edustnewdata.html.

10 10° 10°,
number of actual pixels

(b) 3D scenes
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0.012

T 0.03 T
MAEPA MAEPA
— — — Theoretical bound — — — Theoretical bound
0.01r 7 B 0.025 _ 71
0.008} 7 g 0.02f 7
w 7 w 7
<Co.006 - g <Co.015F -
= s e
0.004 - 0.01- Phe -
0.002 - 0.005f _ ~ .
1 2 3 4 5 6 7 8 9 10
Ep x107°
Fig. 8. The mean absolute error (MAE) (solid) and the thecakt Fig. 9. The mean absolute error (MAE) (solid) and the thécakt
bound (dashed) plotted against the intensity estimate boond F-. bound (dashed) plotted against the depth estimate errarcbBy,.

In this camera setting with two actual cameragCat= 2
and C, = 6 and the virtual camera af, = 4, it can be
verified that

Hi(u) + Hj(u) = 2H] (u), wu € [a,b]. (68)

As a consequence
Y3/Yi=1/4. (69)

Note that the length of the image line does not affect therati
Y3/Y1, although it does changg, individually.

Lo norms ||f/ |l and ||f//||«- Since there exist noises
and discontinuities in the virtual imagg,, a preprocessing
step is necessary to estimdtﬁgk)noo. To limit the effect of
. —_— o R S . noise, the virtual image is first convolved with the derivati
50 100 150 200 250 300 350 400 450 Of Orderk of a Gaussian kernel

1 x2
) = cexp | —=— | - 70
Fig. 10. The ground truth image of the scene at the virtualectar®’, = gg( ) V2mo? ( 2U2> ( )

T
14,0, 017 In our experiment, we use the filter of length pixels and

o = 1. Next, since the virtual image is discontinuous, we
[4,0,0]7 are rounded to one eighth of a pixel. Hence, we adop$e thed5%-point value (instead of the00%-point value, i.e.
the maximum) of the convolution as the,, norm. To have
EpB, =1/16. (64) an idea, these values dff/ || for different scanlines have
The resolution A,. We assume the images in hatgo averages3.19 and standard deviatioh6.70, while the corre-
columns spread over the image line of lengttHence sponding values fo}t f,/| . are36.86 and11.13, respectively.
For each scanline, the error bounds of (25) are computed
Ay = 1/225. (65) using the procedure described above. In Fig. 11, we show
In practice, it turns out that the choice of the image line1® mean absolute error (solid) of the virtual image rendlere
length, and hence the resolutidy,, is not crucial. Its effect using the Propagation Algorithm [20] compared to the esti-
will be neutralized by the computation ¢f || and||f”[... Mated bounds (dashed). Observe that the bound is tighter for
Multiple-view terms Y;. For a camera located & = X, scanlines with smoother intensity functigip(z).
looking to the direction of thé& -axis, its projection matrix is
VII. CONCLUSIONS AND DISCUSSIONS
1 0 —Xp o
IT = 0 1 0 (66) We proposed a new framework to quantitatively analyze

: ) the rendering quality of IBR algorithms using per-pixel tlep
Suppose ;hat the scene surface is a parameterized CUf¢€showed that IBR errors can be bounded based on sample
[X(u), Y (u)]", for u € [a,b]. The corresponding scene-to4nteryals, sample errors, and jitters. We derived thecaéti

image mapping is bounds for the mean absolute errors (MAEs) that succegsfull
captured the effects of various factors such as depth and

X(u) - XO
’ intensity estimate errors, the scene geometry and textuee,

o (67)

HH(’LL) =
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solution of the following optimization:

‘ ‘ ‘ ‘ ‘ AL:tuaI err(;r
. | ot b (38lelle v (32 4 B, £, oo En (M) .

o min
! cpNp+erNr<c 4Y;

16} | iy i . ! ] (72)

! ol 1 Bit allocation. Suppose that depth maps and images are
recorded at the encoder and need to be transmitted over some
communications channel to IBR decoders. The virtual image
is rendered at the decoder upon receiving the depth maps and
images. The question is how to distribute the channel cgpaci
R into Rp for depth maps an@r for images to optimize the
rendering quality of the virtual images.

Let By = Er(Ry) and Ep = Ep(Rp) be distortions of
intensity and depth images corresponding to the transomissi
0 50 100 150 200 250 300 350 400 rate Ry, Rp. Since the first term of Theorem 1 does not de-
scanline pend onEp, Er, our optimal distribution of channel capacity

i _ _ _ _ {R},, R} is the solution of the following optimization:
Fig. 11. The mean absolute error (solid) of the virtual imeg@dered using
the Propagation Algorithm [20] compared to the estimatadrebound of
Theorem 1 (dashed) for each scanline of the scene shown inl@ig

i "
RoiRe<R {ET(RT) + Bullfy HOOED(RD)}. (73)

A key to solve these optimization problems is the under-

number of cameras and their characteristics. In particttiar Standing of the multiple-view terrivs. In some special case,
proposed analysis suggests that the decay order of the MABS#h as translational configuration§,can be simplified using
O(A~1) for 3D scenes and(A~2) for 2D scenes. The error @ relationship similar to (68). _
bounds are also validated by experiments using synthetic an AcknowledgementsWe thank Professors Narendra Ahuja,
real scenes. David Forsyth, Bruce Hajek, and Yi Ma (University of Illiroi
In the following, we discuss some implications of the pro?t Urbana-Champaign, USA) for valuable hints and critigsm
posed analysis. For simplicity, we use the result of Thedtem
Where to put the actual cameras?Theorem 1 suggests a APPENDIX
potential application for camera placement. Suppose thlat w PROOF OFPROPOSITION4
rendelr a virual |rr_13rl]ge_at czmelhl, g(ljven a number oV pengte the following functions as linear interpolations of
actual cameras with given depth and texture estimate eMfSresponding samples:
Ep, Er. We want to find the optimal camera positions, that

is, optimal matriceII}Y ;. Given thatEp, Er, and N are ]?12(:6) _ T—n F(z) + T2 — % F(z1)
fixed, the last two terms of the error bound in Theorem 1 are T2 — X1 T2 — 1

also fixed. To decrease the error bound, the only way is to ,]/C\ld(l') _ X Flxg) + Td — T F(z1)
minimize Ys (see (18) fork = 3): Tqg—T1 Tq —T1
~ T — T4 ro — X

/N —2 faz() —— f(22) + 2_ fzg).
- [ (X mw) @)’ e @ S v

=L — v ' Let e12(x), e14(x), andegz(z) be the corresponding inter-

polation errors. The aggregated interpolation error isneefi
In caseY; cannot be analytically minimized, numericalks
methods can be u_se_d to approximate the optim_a_l configuration By = /302|€12(:E)|d:C (74)
If we want to optimize the actual camera positions for a set z
of virtual cameras, equation (71) should be the integrat-pf
for all the virtual cameras. It will be interesting to invigstte
this approach and one proposed by Zhang and Chen [32
Budget allocation. Suppose that a monetary budgeis

1

for flg(:z:) over the interval[xy,x2]. The aggregated errors
E14 and E4o are defined similarly.

] .

Lemma 4: The equality

available to buy range finders and cameras of egster, ~ Ay i Ay _ A1,
respectively. The question is to how to allocate the budget Fra(wa) = Kf(xd )+ Kf(xd )+ A S+ B (75)
into range finders and cameras to best render the virtuale'm.sr,{;%)ldS for someB such that
atII,.
We assume that, due to the registration process, the depth |B| < %A1A2 N N so- (76)

estimate errofp is a function of the number of range finders

Np. The texture estimate errab; and resolutionA, are

similar for all cameras. Hence, the error bound in (25) depen ~ Proof: Using the Taylor expansion we write

only onY; and Ep. The optimal budget allocation is to use 1.,

N7, range finders andV;. cameras, wheréV;,, N are the fla) = fleg) = Aaf'(zg) + 501" (&)  (77)
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Fig. 12. Linear interpolation error for functions with distinuities.

. . . [6]
for some¢; € [x1,z4]. A similar equation can be also derived

for x5. Hence (75) holds for -

A%AQ 1" AlA% 1"

= 8

B =2 (&) + S (). (78) el
9

For B defined above, it is easy verify (75). ] o)

Next, we propose a bound, for the cage = ¢; = 0 [10]

for i = 1,2, that is in fact tighter than the one proposed iﬁl]
Proposition 4.
Lemma 5. The aggregated erroF;>, when there are no [12]

sample errors and jitters, can be bounded by [13]

A2 + A3

1
E <—A3- //OO
12 177 oo+ —5 5

1
<13 '|J0|+5A1A2'|J1|- (79)

[14]

Proof: We can bound?;, by the summation of;4, Egp, [19]
and the area of the quadrangle formed py, f(z1)]7,
[z, f(22)]T, [wa, f(z)]T, and[zq, f(z)]T (the shaded re-

gion in Fig. 12). Hence

[16]

[17]

Eqp < E1d+Ed2+%|f12($d)—f($§)|+%|f12($d)—f($j{)|- [18]
(80)
Next, inequalities similar to Proposition 1 can be derived
for E14, F4o. Integrating both sides of these inequalities we
obtain [20]

B < SN e B < ALl (8D

~ [21]
Substituting f12(xz4) as in (75) into (80), together with

inequalities (81), we will indeed prove (79). ] 22]
Finally, to extend Lemma 5 in the presence of sample errors

and jitters, it is sufficient to prove the following lemma.
Lemma 6: The following inequality holds for = 1, 2: (23]

[24]

(@i + pa) + &0 = fl@i)] < lesl + [pal - 1f oo + |0l (82)

[25]

Proof: For arbitraryz, y € [x1,x2], with z < z4 < y:

1f(y) — f(@)] ) = S+ ol +1f ) = @
ly =zl - |f/(01)] + [wa — x| - | (62)] + | Jof
ly — 2| - | f'lloo + | Jol- (28]

[26]

IA N IA

[29]
The last inequality easily implies (82).
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