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Efficient random walk algorithm for computing 
conductivity in continuum percolation systems 
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Random walks can be used to obtain the diffusion constant and thus the conductivity for 
continuum percolation problems. This paper presents an efficient algorithm that allows 
walkers to move very large distances in one step. The algorithm uses a first-passage time 
distribution for d-dimensional spherical surfaces. Results. are given for overlapping 
nonconducting disks in two dimensions. Depending on the density of disks, it is found that the 
present algorithm is about 5 to 50 times faster than an equivalent algorithm using fixed step 
lengths. 

INTRODUCTION 
Research on the diffusion and electrical conductivity 
through inhomogeneous materials is of interest from both 
an applied and fundamental point of view. In geophysics, 
the conductivity through porous sedimentary rocks is ap­
proximated by Archie's law1

: ur:x <Pm, where u is the con­
ductivity, </> is the porosity, and m is a number typically 
around 2. Recently, there has been some work on looking 
for realistic models for porous rocks and determining the 
relation between conductivity and porosity.2 The field of 
percolation theory originated from the question of how 
does the conductivity depend on the random placement of 
conducting objects of various shapes (or the inverse prob­
lem of placing random nonconducting objects in a con­
ducting medium).3 There has been a great deal of interest 
in obtaining the critical exponents describing the behavior 
of various quantities near the percolation threshold 
between the conducting and nonconducting region. All ex­
ponents for static quantities have been found to be univer­
sal depending only on the dimension d of the system.4 The 
universality of the static exponents has been shown to hold 
in continuum systems as well. 5 However, the critical expo­
nents for transport quantities may not have the same value 
in certain continuum systems as they do in lattice systems. 6 

Thus it is important to find efficient methods for working 
with systems that do not have an underlying lattice. 

Recently, a number ofresearchers7 have been explor­
ing the use of random walkers to compute the diffusion 
constant and thus through an Einstein relation the conduc­
tivity in continuum systems. This method on a lattice fre­
quently goes under the expression "an ant in the laby­
rinth. "8 The results thus far are generally at about the 5% 
to 10% accuracy level even though significant computer 
time has been used. Thus there is a need to improve this 
method since currently there does not seem to be any other 
comparable method. The purpose of this paper is to report 
a new algorithm for the random walk method which pro-

vides an improvement factor of between about 5 to 50 in 
running time depending on the porosity. 

I. SMALL-STEP METHOD FOR COMPUTING CONDUCTIVITY 
The basic random walk method is as follows: One first lays 
down a configuration of nonconducting obstacles into 
which the walker may not step. (The inverse problem of 
conducting objects in a nonconducting background can 
also be done.) Then one puts down a walker in the conduct­
ing region and allows it to exercise a random walk. One can 
either have walk steps of fixed length and random direc­
tions along coordinate axes, fixed step lengths in a uniform­
ly random direction, or steps of random size in each of d 
directions according to some probability distribution of 
step sizes (typically a uniform distribution). If the walker 
does not step into or through an obstacle, then the step is 
allowed. Otherwise, the walker is returned to its original 
position and the time is incremented one unit. This method 
is referred to as the "blind ant" boundary condition. Data 
on the mean-square displacement from its original position 
and possibly other quantities are accumulated periodically 
and averaged in with the results of many other walkers. 
The step size must be small enough to sample accurately 
the crevices between obstacles and the shape of the obsta­
cles as well as ensuring that walkers rarely move through 
the edge of an obstacle. Simultaneously the step size must 
be large enough so that the walker makes some progress 
sampling a significant portion of the configuration space. 
Finally, one must produce enough configurations to sam­
ple adequately configuration space. 

The ratio of (R 2 ) to the time (proportional to the 
number of attempted steps) in the long time limit is 2dD, 
where Dis the diffusion constant and (R 2 ) is the walkers' 
mean-squared distance from their starting position. Using 
an Einstein relation, the conductivity is proportional to </JD 
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where the porosity,¢>, plays the role of the number of carri­
ers. One can show that this procedure gives the correct 
expression for the conductivity even though some walkers 
may be trapped in finite regions. 

II. ALGORITHM USING FIRST-PASSAGE TIMES 
The above method is an inefficient use of computer time. 
This is because the walker spends too much time walking 
between obstacles without getting very close to an obstacle. 
To get around this waste of computer time, I have changed 
the basic algorithm as follows. First, find the largest d­
dimensional sphere that does not overlap any obstacle cen­
tered at the present position of the walker. Our system 
space is divided into cells of the same size as the obstacles so 
that only cells near the walker need be checked. Then move 
the walker immediately to a random position on this 
sphere. (See Ref. 9 and references therein for efficient 
methods for doing this.) Update the time by picking it from 
a distribution of first-passage times to the surface of this 
sphere. We set both upper and lower limits on the radius of 
this sphere. The upper limit is set so that we limit the num­
ber of obstacles we must check. The lower limit is set be­
cause when the walker gets too close to an obstacle, the 
radius of this sphere tends to decrease very rapidly leading 
to the undesirable situation that the walker remains still. In 
practice, when the walker gets too close to the obstacle, we 
use the old algorithm until it walks away from the obstacle. 
Below we explain how to determine the first-passage time 
distribution p(a,t)dt defined as the probability of first 
reaching the surface of a d-dimensional sphere of radius a 
in a time between t and t + dt. 

The first step toward an analytical calculation of 
p(a,t)dt is to calculate P(r,t), the probability that a parti­
cle starting at the origin will be at a distance r from the 
origin at time t, having never gone a distance greater than a. 
This probability is determined by solving the diffusion 
equation: 

D V2P(r,t) = aP(r,t) ' 
at 

with initial condition 

P(r,0) = 8(r) = 8(r)/r 

and the absorbing boundary condition 

P(a,t) = 0. 

The solution in two dimensions is 

(1) 

(2) 

(3) 

(4) 

where J0 and J 1 are Bessel functions and j n is the nth zero of 
J0 (z). In three dimensions the solution is 

P( ) ~ nsin(mrr/a) e-<mrlal'D1. (S) 
r,t = n~I 2a2r 
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The next step is to find the probability of not being 
absorbed at time t. This function P(t) is obtained by inte­
grating Eqs. ( 5) and ( 6) over the region r <a. The result in 
two dimensions is 

(6) 

and in three dimensions it is 

T 
P(t)=2 L (-l)n+le-(mr/a)'Dt. (7) 

n=I 

The third step is to find the probability of being ab­
sorbed during the time t to t + dt. This is given by 
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FIG. 1. Probability ofa walker first reaching the surface ofa sphere ( 3-D) 
or circle (2-D) of unit radius at time t. Units of time are chosen such that 
( i2) = t. The curves are the analytical results and the squares are the re­
sults of simulating 10 000 random walkers starting at the origin of a 
sphere (3-D) or circle (2-D). 



p(a,t)dt = - aP(t)!at dt. Thus we finally obtain in two 
dimensions 

and in three dimensions 

p(a,t)dt 

= 2D f ( _ 1 )n +I (mr)2e- (mr)
2 

Dtla' d!. (9 ) 
n=I a 

Note that in both cases p(a,t)dt is a function oft /a2 and 
dt I a2

• Thus one function suffices for first passage to circles 
(spheres) of any radius. The three-dimensional result can 
be easily evaluated numerically. In two dimensions, if one 
uses the approximations 10 

jn;::::, (n - 0.25)11" 

and 

J1 (z);::::, - (2/1Tz) 112 cos(z - 31T/4 ), 

then one can get results to within a few percent. I found it 
easier simply to simulate the first passage walks directly 
and numerically determined p(a,t)dt in two dimensions. 
This procedure, for instance, guarantees that p(a,t)dt is 
normalized. Plots of these functions are shown in Fig. 1. 

Once one hasp ( a,t) dt, one still must reformulate it as 
a nonuniform probability distribution. This is done by cre­
ating an array FP ( i), where i runs, for example, from 1 to 
1000. FP(i) is defined by numerically integratingp( l,t)dt 
until the integral equals i/1000. Then the mean of the time 
at this point in the integration and the end of the previous 
point is put in the array FP ( i). Thus, if we choose a random 
integer between 1 and 1000, FP(i) will provide the first­
passage time for moving randomly to a circle or sphere of 
unit radius. To obtain the actual increment in time, we 
must multiply this time by a2

• 

Ill. RESULTS 
In this paper we will illustrate the new algorithm by pre­
senting results in two dimensions of the conductivity 
between random overlapping nonconducting disks. The 

1: ABLE I. Properties char~cterizing the efficiency of the present algo­
nt~m. ~II data are for a typical run of 1000 walkers walking for 400 time 
umts usmg a Sun 3/75 computer. The maximum big step size is 1. 

CPU Improvement No. of fixed No. of big Root-mean-
time over fixed small steps steps square of big 

<P (h) method per walker per walker step size 

0.9 2.0 47 6130 2840 0.37 
0.8 3.8 28 13 180 5570 0.27 
0.7 6.1 18 20680 8380 0.22 
0.6 9.4 14 30060 11 630 0.18 
0.5 13.5 11 40450 15 380 0.16 
0.4 19.2 8 54600 19 410 0.14 
0.3 27.0 7 68 220 24150 0.12 

conductivity, u, is given relative to the conductivity with 
no disks. Preliminary results in three dimensions have also 
been obtained and they seem promising as well. Table I lists 
the CPU times to run the present algorithm on a 3/75 Sun 
computer and the ratios of running times between this algo­
rithm and the fixed step length algorithm. Results are given 
as a function of porosity. In all cases, the fixed step length 
was 0.02 where the disk radius provides the unit oflength. 
This same step length was used in the present algorithm for 
fixed step walks near the obstacles (within 0.04 of the sur­
face of an obstacle). Table I also lists the number of small 
fixed steps that occur near the surface of obstacles, the 
number of big steps, and the root-mean-squared step size 
for the large steps. These numbers show how the fraction of 
time spent by the walkers near the obstacles grows as the 
porosity decreases. 

In Fig. 2 are shown the data for the reduced conduc­
tivity as a function of porosity. The porosity can be deter­
mined from the density of disks, n, of radius R by the for­
mula 11 

</J = e-n7TR2. (10) 

The time over which (r2) is computed varied, depending 
on </J, from t = 400 tot= 1500. For a fixed step length/, the 
number of steps equals t //2. Thus, using our small fixed 
step size, a time of 400 corresponds to 106 small steps. The 
data shown were generated by an average over at least 1000 
walkers, each of which walked in a new configuration of 
disks. Changing the configuration for each walker gave the 
most reproducible results and one is guaranteed that each 
walk is totally independent of previous ones. 

The effective medium result and an extrapolation for­
mula due to Xia and Thorpe11 are also shown in Fig. 2. This 
latter formula has built in the correct slope of u vs <P near 
<P = 1, the correct critical porosity, <Pc ;::::,0.33, and the ac­
cepted value for the critical exponent for the conductivity 

12 ' µ;::::, 1.3. As can be seen, our results fit the extrapolation 
formula very well. 
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FIG: 2. C?nductiv.ity versus porosity for systems of overlapping noncon­
ductmg disks. Umts are chosen such that the conductivity is unity for 
<P = l. The interpolation formula is from Xia and Thorpe. 11 
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We have also computed the anomalous diffusion ex­
ponent a, defined by (r) a: f' for <P =<Pc or for distances 
less than the connectivity length for <P <<Pc. At <P = 0.33 we 
found a= 0.70 ± 0.03 fort= 1to1000. For <P = 0.30 we 
found a= 0.67 ± 0.03 fort= 1 to 400, a= 0.70 ± 0.02 
for t = 1 to 200, and a = 0.64 ± 0.05 for t = 200 to 400. 
Using a scaling hypothesis13 (including walks on finite as 
well as the infinite cluster), one can show that 
a= (2v - fJ)/(2v + µ - 2(3) ;:::;0.69. The numerical val­
ue is obtained by using the accepted values for the critical 
exponents: f3 = ff, and v = 4 Our numerical results are 
very close to the predicted value for a. 

IV. POSSIBLE FURTHER APPLICATIONS 
The algorithm presented in this paper can be used in any 
continuum percolation problem where it is easy to deter­
mine the intersection of ad-dimensional sphere with non­
conducting obstacles. 14 One can also use it on the inverted 
problem where the walkers move on the objects instead of 
between them. In this case, one simply makes sure that the 
maximum step is within the conducting object whose cen­
ter is closest to the walker. Improvements in the algorithm 
may be generated by optimizing the cutoff distance within 
which the fixed step length algorithm is used. 

This algorithm may also be useful in Monte Carlo sim­
ulations ofliquids when calculating the diffusive properties 
of individual molecules. Using the present algorithm, par­
ticles that find themselves in relatively dilute regions can 
move further, thus sampling a greater portion of configura­
tion space. 
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