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E -m a il : J o a c h im .W e ic k e r t@ ti .u n i-m an n h e im .d e

VVVVVV: h ttp :/ /w w w .ti .u n i-m an n h e im .d e /~ bm g /w e ic k e r t /

A b s tra c t

T h e g o a l o f th is p a p e r is to in v e s tig a te s e gm en ta tio n m e th o d s th a t e om b in e fa s t

p re p ro e e s s in g a lg o r i thm s u s in g p a r t ia l d if fe re n tia l e q u a tio n s (P D E s ) w ith a w a -

te rsh e d tra n s fo rm a tio n w ith re g io n m e rg in g . V V eeo n s id e r tw o w e ll- fo u n d e d PD E

m e th o d s : a n o n lin e a r is o tro p ie d if fu s io n f i l te r th a t p e rm its e d g e e n h a n e em en t, a n d

a e o n v e x n o n q u a d ra tie v a r ia t io n a l im ag e re s to ra tio n m e th o d w h ie h g iv e s g o o d d e -

n o is in g . F o r th e d if fu s io n f i l te r , a n e f f ie ie n t a lg o r i thm is a p p lie d u s in g a n a d d it iv e

o p e ra to r sp li t t in g (A O S ) th a t le a d s to re e u rs iv e a n d se p a ra b le f i l te r s . F ü r th e

v a r ia t io n a l re s to ra tio n m e th o d , a n o v e l a lg o r i thm is d e v e lo p e d th a t u s e s A O S

se h em e s w ith in a G au s s ia n p y ram id d e e om p o s it io n . E x am p le s d em o n s tra te th a t

p re p ro e e s s in g b y th e s e P D E te e h n iq u e s s ig n if ie a n tly im p ro v e s th e w a te rsh e d se g -

m en ta tio n , a n d th a t th e re su lt in g s e gm en ta tio n m e th o d g iv e s b e tte r re su lts th a n

som e tra d it io n a l te e h n iq u e s . T h e a lg o r i thm h a s lin e a r e om p le x ity a n d it e a n b e

u se d fo r a rb itra ry d im en s io n a l d a ta s e ts . T h e ty p ic a l C PU tim e fo r s e gm en tin g a

2 5 6 2 im a g e o n a m o d e rn P C is fa r b e low o n e se e o n d .

K eyw o rd s : n o n lin e a r d if fu s io n , v a r ia t io n a l m e th o d s , im ag e re s to ra tio n , a d d it iv e

o p e ra to r sp li t t in g , G a u s s ia n p y ram id , w a te rsh e d se gm en ta tio n , re g io n m e rg in g

C R S u b je c t C la s s if ic a tio n : 1 .4 .6 , 1 .4 .3 , 1 .4 .4 .

1 Introd uction

S egm en ta tio n is o n e o f th e b o tt le n e c k s o f m an y im ag e a n a ly s is a n d c om p u te r v is io n ta sk s

ra n g in g f rom m ed ic a l im ag e p ro c e s s in g to ro b o t n a v ig a tio n . Id e a I ly it s h o u ld b e e f f ic ie n t

to c om p u te a n d c o r re sp o n d w e I l w ith th e p h y s ic a l o b je c ts d e p ic te d in th e im ag e . T h is

a lso re q u ire s th a t s e gm en ta tio n g iv e s a c om p le te p a r t i t io n in g o f th e im ag e su c h th a t

o b je c t c o n to u rs a re c lo s e d a n d n o d a n g lin g e d g e s e x is t .

In th e la s t d e c a d e m u ch re s e a rc h o n PD E -b a se d re g u la r iz a tio n m e th o d s h a s b e e n

c a r r ie d o u t; s e e e .g . [1 , 2 , 3 , 4 ] fü r re c e n t o v e rv iew s . A lth o u g h th e p rom is in g re su lts

su g g e s t th a t th e y m ig h t b e a ttra c tiv e a s a p re p ro c e s s in g s te p fo r m an y su b se q u e n t

im ag e a n a ly s is m e th o d s , l i t t le re s e a rc h h a s a c tu a I ly b e e n c a r r ie d o u t w h ic h c om b in e s
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PD E -b a se d p re p ro c e s s in g m e th o d s w ith o th e r e c h n iq u e s . O n e o f th e p ro b lem s w a s

th a t P D E -b a se d m e th o d s h a v e b e e n c o n s id e re d ls b e in g to o s low in o rd e r to b e c om e an
I

a d e q u a te p a r tn e r fo r e f f ic ie n t o th e r m e th o d s . 'T Ih is sh ow s th e n e e d to fu r th e r d e v e lo p

e ff ic ie n t a lg o r ithm s fo r P D E -b a se d te c h n iq u e s . I

T h e g o a l o f th e p re se n t p a p e r is to a d d re s s th e se to p ic s in th e fo llow in g w ay :
I

• Im ag e se gm en ta tio n is a c h ie v e d b y m ean s ~ f a w a te rsh e d a lg o r ithm . T h is p o p u la r

m o rp h o lo g ic a l m e th o d is m o re m o re th a n ~ n ed g e d e te c to r : i t g iv e s a tru e im ag e

p a r ti t io n in g w ith o u t d a n g lin g e d g e s . T h e I w a te rsh e d se gm en ta tio n is su f f ic ie n tly

fa s t fo r m o s t a p p lic a tio n s , b u t i t s u f fe rs f rom th e lim ita tio n th a t m an y ir re le v a n t

m in im a c a u se a n o v e rs e gm en ta tio n . I

• In o rd e r to re d u c e th e o v e rs e gm en ta tio n p ro b lem w e s tu d y th e u se o f tw o PD E -

b a se d te c h n iq u e s fo r p re p ro c e s s in g th e im ag e b e fo re se gm en ta tio n : th e n o n lin e a r

d if fu s io n te c h n iq u e b y C a tte et al. [5 ] w h ic h a llow s e d g e e n h an c em en t, a n d a

n o n q u ad ra tic v a r ia tio n a l re s to ra tio n te c h n iq u e o f S c h n ö rr [6 ] a n d C h a rb o n n ie r et

al. [7 ] w h ic h is w e ll- su ite d fo r e d g e -p re se r1 v in g im ag e d e n o is in g . T h e se m e th o d s

h a v e b e e n c h o se n a s s im p le p ro to ty p e s o f P D E s th a t a re m a th em a tic a lly w e ll-

fo u n d ed : th e y a re w e ll-p o se d in th e se n se of H ad am a rd in th a t th e y h a v e a u n iq u e

so lu tio n w h ic h is s ta b le w ith re sp e c t to p e r tu rb a tio n s o f th e o r ig in a l im ag e .

• A s a n e ff ic ie n t a lg o r ithm fo r th e n o n lin eL d if fu s io n f il te r w e ap p ly a re c e n tly

d e v e lo p e d m e th o d b a se d o n an a d d itiv e o ~ e ra to r sp li t t in g (A O S ) [8 ] . I t le a d s to

se p a ra b le a n d re c u rs iv e f il te rs . F o r th e n o n ru a d ra tic v a r ia tio n a l im ag e re s to ra tio n

m e th o d , w e d ev e lo p a n o v e l a lg o r ithm : m in im iz a tio n o f th e e n e rg y fu n c tio n a l

is a c h ie v e d b y co n s id e r in g a s te e p e s t d e sd e n t m e th o d th a t le a d s to a d if fu s io n -
I

re a c tio n PD E . T h is P D E is th e n so lv e d ~ y a m o d if ie d A O S a lg o r ithm th a t is

em b ed d ed in a G au s s ia n p y ram id d e c om pG ls it io n .

T h e re su lt in g se gm en ta tio n a lg o r ithm s c a n Je g e n e ra liz e d in a s tra ig h tfo rw a rd w ay

to a rb itra ry d im en s io n a l d a ta s e ts . T h e ir c om p l~ x ity is l in e a r in th e p ix e l n um b e r , a n d

th e y p ro d u c e id e n tic a l re su lts w h en th e im ag e is I ro ta te d b y 9 0 d eg re e s . A n o v e ra ll C PU

tim e o f le s s th a n o n e se c o n d fo r s e gm en tin g a 2 5 6
2
im ag e o n a ty p ic a l P C o r w o rk s ta tio n

m ak e s th em a ttra c tiv e fo r m an y tim e -c r it ic a l a p b lic a tio n s .

T h e p a p e r is o rg a n iz e d a s fo llow s . S e c tio n l2 sk e tc h e s th e b a s ic s tru c tu re o f th e

c o n tra s t-e n h a n c in g n o n lin e a r d if fu s io n f il te r a n < i:lth e c o n v ex n o n q u ad ra tic re s to ra tio n

m e th o d . In S e c tio n 3 w e d is c u s s e f f ic ie n t a n d te lia b le n um e r ic a l te c h n iq u e s fo r th e se

m e th o d s . T h ey a re b a se d o n an a d d itiv e o p e r~ to r sp li t t in g . F o r a p p ro x im a tin g th e

v a r ia tio n a l re s to ra tio n m e th o d , th e se A O S te cH n iq u e s a re e x te n d e d to n o v e l p y ram id
I

A O S sch em e s . In S e c tio n 4 w e d e sc r ib e th e w a~ e rsh e d a lg o r ithm w ith re g io n m e rg in g ,

a n d in S e c tio n 5 w e illu s tra te th e u se fu ln e s s o f th e c om b in e d se gm en ta tio n p ro c e s s b y

a p p ly in g it to s e v e ra l e x am p le s a n d c om p a r in g it w ith c 1 a s s ic a p p ro a c h e s . T h e p a p e r is

c o n c 1 u d ed w ith a sum m a ry in S e c tio n 6 .

Related work. T h e w o rk p re se n te d h e re h a s b e e n in f lu e n c e d b y se v e ra l re la te d

a p p ro a c h e s . C lo se s t in te rm s o f e f f ic ie n t P D E -b a se d re g u la r iz a tio n m e th o d s is th e w o rk
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of A cton [9] on m ultigrid versions for nonlinear d iffusion filtering . They are, how ever

not based on AOS schem es and they do not use m ethods w ith areaction term . It is

common to supplem ent w atershed segm entations w ith tools for reducing the overseg-

m entation problem . Analgorithm by O rphanoudakis et al. [10] also uses region m erging

for th is purpose, but it applies statistical instead of PDE-based sm oothing strateg ies.

P rom ising results of com bining w atershed algorithm s w ith nonlinear d iffusion have been

described recently by D e V leeschauer et al. [11] and S ijbers et al. [12]. Investigations

of w atershed algorithm s w ith in scale-space hierarchies have been carried out by G riffin

et al. [13]' O lsen [14]' S ram ek and W rbka [15]' and O lsen and Sporring [16] for the

linear d iffusion scale-space, and by Jackw ay [17] for the dilation-erosion scale-space. A

nonmorphological segm entation algorithm based on nonlinear d iffusion scale-spaces has

been studied by N iessen et al. [18 , 19]. This d iscussion show s that the novelty of our

approach consist of developing pyram id AOS algorithm s for efficien t PDE-based regu-

larization , and combining fast AOS-based algorithm s w ith an im portant m orphological

segm entation tool, the w atershed algorithm . This results in a fast segm entation m ethod.

A prelim inary version of the present m anuscrip t has been presented at a conference [20].

2 PDE-Based Regularization

Below two proto types for w ell-posed PDE-based regularization techniques are presented .

The first one allow s contrast enhancem ent, w hile the second one can be expressed as an

energy m inim ization m ethod. These tw o m ethods are only representatives of a m uch

larger dass of d iffusion-based sm oothing m ethods. For a m ore detailed treatm ent of th is

topic the reader is referred to [4].

2.1 The Nonlinear Diffusion Filter of Catte et al.

In the m -dim ensional case the filter of C atte , L ions, M orel and Coll [5] has the fo llow ing

structure:

Let n := (0 , al) x .... x (0 , am) be our im age dom ain and consider a (scalar) im age

f(x) as a bounded m apping from n in to the real num bers R Then a filtered im age

u(x, t) of f(x) is calculated by solv ing the diffusion equation w ith the orig inal im age as

in itial state , and reflecting boundary conditions:

OtU = div (g(lV'uaI2) V'u)

f(x),

0,

(1)

(2)

(3)

where n denotes the norm al to the im age boundary on.
The "tim e" t is a scale param eter: larger values lead to sim pler im age representations.

In order to reduce sm oothing at edges, the diffusiv ity gis chosen as a decreasing function

of the edge detector lV'ua I2, where V'ua is the gradient of a G aussian-sm oothed version

3



o f u:

(4)

(5 )

(6 )

(S2 = 0 )

(S2 > 0 ) .
g(s') = {

W e u se th e d if fu s iv i ty

1

1 (
-3 .3 1 5 )

- e x p (s/;.,)8

I
F o r su c h ra p id ly d e c re a s in g d if fu s iv i t ie s , sm o o th in g o n b o th s id e s o f a n e d g e is m u c h

I

s tro n g e r th a n sm o o th in g a c ro s s i t . T h is s e le c t iv e sm o o th in g p ro c e s s p re fe r s in tra re g io n a l

sm o o th in g to in te r re g io n a l b lu r r in g . T h e fa c to r 3 .3 1 5 e n su re s th a t th e £ lu x <1>(s) :=

sg(S2) is in c re a s in g fo r I s l ~ A a n d d e c re a s in g fo r ls l > A. T h u s , A is a c o n tra s t p a ram e te r

s e p a ra t in g lo w -c o n tra s t re g io n s w ith ( sm o o th in g ) fo rw a rd d if fu s io n f rom h ig h -c o n tra s t

lo c a t io n s w h e re b a c kw a rd d if fu s io n m ay e n h a n c J e d g e s [2 1 ] . A fte r s om e tim e th is f i l te r

c re a te s s e gm en ta t io n - l ik e re su l ts w h ic h a re p ie b ew is e a lm o s t c o n s ta n t . F o r t - - - -+ 0 0 ,

h ow ev e r , th e im a g e b e c om e s c om p le te ly £ la t [4]1. W e ll-p o s e d n e s s re s u l ts fo r th is f i l te r

c a n b e fo u n d in [5 , 4 ] a n d a s c a le - s p a c e in te rp re ta t io n in te rm s o f a n e x trem um p r in c ip le

a s w e ll a s d e c re a s in g v a r ia n c e , d e c re a s in g e n e rg ~ , a n d in c re a s in g e n tro p y is g iv e n in [4 ] .

T h e e f fe c t o f th is d if fu s io n f i l te r is i l lu s tra te d in F ig u re 1 (c ) ,(d ) . W e o b s e rv e th a t

i t c re a te s p ie c ew is e a lm o s t c o n s ta n t re g io n s th a t a re s e p a ra te d b y sh a rp e d g e s . I f th e

im a g e s a re v e ry n o is y , h ow e v e r , th e f i l te r p e r fo r rn a n c e d e te r io ra te s n e a r e d g e s w h e re i t

te n d s to p re s e rv e th e s e n o is y s tru c tu re s b y d e c re ls in g th e d if fu s iv i ty . In th e n e x t s c e t io n
I

w e a re c o n c e rn e d w ith a re la te d m e th o d th a t is b e t te r s u i te d fo r n o is e e l im in a t io n th a n

is o tro p ie n o n lin e a r d if fu s io n f i l te r in g .

2.2 Variational Image Restoratiol1

M an y v a r ia t io n a l m e th o d s fo r im a g e re s to ra t io n (s u c h a s [6 , 7 , 2 2 ] ) o b ta in a f i l te re d

v e rs io n o f s om e d e g ra d e d im a g e f a s th e m in im rz e r o f a n e n e rg y fu n c tio n a l o f ty p e

Ef(u):= J ((U-J)2 + ~W(I\7uI2)) dx, (7)

w h e re tb e re g u la r iz e r '" is a n in :e a ß in g fu n c tio l . T b e f ir s t . s um m an d e n c o u ra g e s s im -

ila r i ty b e tw e e n th e re s to re d im a g e a n d th e o r ik in a l o n e , w h ile th e s e c o n d sum m an d

rew a rd s sm o o th n e s s . T h e sm o o th n e s s w e ig h t a :t> 0 is c a l le d regularization parameter.

F rom v a r ia t io n a l c a 1 c u lu s i t fo l lo w s th a t th e n iin im iz e r o f E f (u) s a t is f ie s th e so -c a l le d

E u le r -L a g ra n g e e q u a tio n

o = d iv (w'(I\7uI2)\7u) + ~(J - u) (8)

T h is c a n b e re g a rd e d a s th e s te a d y -s ta te (t - - - -+ J) o f th e d if fu s io n - re a c t io n p ro c e s s

8tu d iv ( " " ( IV 'u l ,)V l) + w - u) (9)

4



Figure 1: (a) Top Left: test image. (b) Top Right: Gaussian

noise with zero mean added. (c) Middle Left: nonlinear diffusion

filtering of (a). (d) Middle Right: nonlinear diffusion filtering of

(b) . (e) Bottom Left: variational restoration of (a). (f) Bottom

Right: variational restoration of (b).
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T h is s h ow s th e d o s e c o n n e c t io n b e tw e e n v a r ia t io n a l im a g e re s to ra t io n a n d d if fu s io n

f i l te r in g . In d e e d , m u c h m o re re la t io n s h a v e b e e n d is c o v e re d re c e n t ly ; s e e [2 4 ] fa r m o re

d e ta i ls . In o u r c a s e th e c o n v e x p o te n t ia l [2 3 ]

( \ c > 0 )

is u s e d . T h e c o r re s p o n d in g d if fu s iv i ty in (9 ) is g iv e n b y its d e r iv a t iv e
I

1
\]I'(I'V'uI2) = . + c .

\ /1 + l~ul2 /,\2
I

C h o o s in g a p o te n t ia l fu n c t io n \]I(S2) th a t is + n v e x in s a l lo w s to g u a ra n te e w e ll-

p o s e d n e s s a n d s ta b le a lg o r i th m s [6 ] . F o r n o n c o n v e x p o te n t ia ls a s in [2 5 , 2 6 ] ' s e v e ra l

w e ll-p o s e d n e s s q u e s t io n s a re o p e n . M a re o v e r , th ~ d if fu s io n - re a c t io n e q u a t io n (2 .2 ) c o n -

v e rg e s g lo b a l ly ( i .e . fo r a l l in i t ia l v a lu e s ) to th e s b lu t io n o f th e E u le r -L a g ra n g e e q u a t io n
I

(8 ) . I t s h o u ld b e n o te d th a t th e c o n v e x p o te n t ia l im p lie s th a t th e c o r re s p o n d in g d if fu s iv e

f iu x <p(s) = s\]l'(S2) is in c re a s in g in s. T h u s , b ~ c kw a rd d if fu s io n d o e s n o t a p p e a r a n d

e d g e e n h a n c em e n t is n o t p o s s ib le . N e v e r th e le s~ , s in c e th e d if fu s iv i ty \]I'(I'V'uI2 ) is d e -

c re a s in g in l'V'uI2 , sm o o th in g a t e d g e s is re d u c e d ! :m d d is c o n t in u i t ie s a re b e t te r p re s e rv e d

th a n in l in e a r sm o o th in g m e th o d s . I

F ig u re l( e ) ,( f ) d e p ic ts th e f i l te r p e r fo rm a n c e o f th is m e th o d . I t h a s a rem a rk a b le

ro b u s tn e s s u n d e r n o is e , b u t , in c o n tra s t to th e r lo n l in e a r d if fu s io n f i l te r o f C a tte et al.,

i t c a n n o t e n h a n c e e d g e s . T h is s i tu a t io n c a n b e H a n d le d b y m o re s o p h is t ic a te d d if fu s io n

f i l te r s s u c h a s e d g e -e n h a n c in g a n is o tro p ie d if fu s ! io n [2 7 ] . T h e y , h ow e v e r , r e q u ire m o re

c om p lic a te d n um e r ic a l a lg o r i th m s th a t a re b e y o h d th e s c o p e o f th e p re s e n t p a p e r .

3 E ffic ien t A Igü r ithm s fü r PD E -B a sed R egu la r iza -

t iü n

3 .1 L im ita tio n s o f C on v en tio n a l S ich em es

L e t u s f ir s t c o n s id e r f in i te d if f e re n c e a p p ro x im a tio n s to th e rn -d im e n s io n a l d if fu s io n f i l te r

o f C a tte et al.. I

A d is c re te rn -d im e n s io n a l im a g e c a n b e re g a rd e d a s a v e c to r f E ]RN, w h o s e c om -

p o n e n ts fi, i E { 1 , . . . , N} d is p la y th e g re y v a lu e s a t th e p ix e ls . P ix e l i r e p re s e n ts th e

lo c a t io n Xi. L e t hz d e n o te th e g r id s iz e in th e l: d ire c t io n . W e c o n s id e r d is c re te t im e s

tk := kT, w h e re k E N o a n d T is th e t im e s te p 's iz e . B y u~ a n d g f w e d e n o te a p p ro x -

im a tio n s to U(Xi, tk) a n d g(I'V'Ua(Xi, tk)12), r e s p J c t iv e ly , w h e re th e g ra d ie n t is re p la c e d

b y c e n tra l d if f e re n c e s . I

T h e s im p le s t d is c re t iz a t io n o f th e d if fu s io n e q u a t io n w ith re f ie c t in g b o u n d a ry c o n -

d i t io n s is g iv e n b y I

T
(1 0 )
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where Ni (i) consists o f the tw o neighbors o f p ixe l i a long the l d irec tion (boundary p ixe ls

m ay have on ly one neighbor). In vecto r-m atrix no ta tion th is becom es

(11)

Al describes the d iffu sive in terac tion in l d irec tion . O ne can calcu la te uk+
1 d irec tly

(exp lic itly ) from uk w ithou t any m atrix inversion :

m

uk+l = (I + T L Al(U
k
)) u

k
.

1=1

(12 )

For th is reason it is ca lled explicit scheme. Each exp lic it ite ra tion step can be perfo rm ed

very fast, bu t the step size has to be very sm all: one can show [8] tha t in o rder to

guaran tee stab ility , the step size m ust sa tisfy

1
T ~ m 2'

Ll=l h2
I

(13 )

For m ost p rac tica l app lica tions, th is restric tion requ ires to use a very h igh num ber o f

ite ra tions, such tha t the exp lic it schem e is ra ther slow .

Thus, w e consider a sligh tly m ore com plica ted d iscre tiza tion nex t, nam ely

(14 )

This schem e does no t g ive the so lu tion Uk+1 d irec tly (exp lic itly ): It requ ires to so lve a

linear system first. It is ca lled a linear-implicit (semi-implicit) schem e. The so lu tion

Uk+1 is g iven by

m 1

uk+1 = (I - TL Al(Uk)) - Uk.

1=1

(15 )

This schem e is abso lu te ly stab le [4 ].

In the 1 -D case the system m atrix is trid iagonal and d iagonally dom inan t. Fo r such

a system a G aussian algo rithm for trid iagonal system s (a lso ca lled Thomas algorithm)

so lves the p rob lem in linear com plex ity [8 ].

Fo r d im ensions m 2 : 2 , how ever, it is no t possib le to o rder the p ixe ls in such a

w ay that in the i-th row all nonvan ish ing elem en ts o f the system m atrix can be found

w ith in the positions [i, i - m ] to [i, i + m]: U sually , the m atrix reveals a m uch larger

bandw id th . A pp ly ing d irec t a lgo rithm s such as G aussian elim ination w ou ld destroy the

zeros w ith in the band and w ou ld lead to an imm ense sto rage and com pu ta tion effo rt.

T yp ica l ite ra tive a lgo rithm s becom e slow fo r large T, since th is increases the cond ition

num ber o f the system m atrix . T hus, in sp ite o f its abso lu te stab ility , the sem i-im p lic it

schem e is o ften no t m uch faster than the exp lic it one .
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3.2 AOS Schemes

In o rd e r to ad d re ss th e p re c ed in g p ro b lem w e co n s id e r a m od if ic a tio n o f (1 5 ) , n am e ly

th e a d d i t i v e o p e r a t o r s p l i t t i n g ( A O S ) s c h e m e [ 8 ]

1 m : -1

u
H 1

= m L ( I - m r A I(U
k
)) u

k
. (1 6 )

T h e o p e ra to rs B , ( U k ) := I - m T A l ( u
k

; :~ sc r i b e Je -d im en s io n a l d iffu s io n p ro ce sse s a lo n g

th e X l ax e s . U nd e r a co n se cu tiv e p ix e l n um be rin k a lo n g th e d ire c tio n l th ey com e dow n

to s tr ic tly d iag o n a lly d om in an t tr id iag o n a l m a td c e s w h ich can b e e ff ic ie n tly in v e rte d b y

th e T hom as a lg o rithm . I

M oreo v e r , (1 6 ) h a s th e sam e firs t-o rd e r T ay lo r l e x p an s io n in T a s th e ex p lic it a n d sem i-

im p li~ it sch em e : a ll m e th o d s a re O ( T + h i + ...-++1 h ;,J ap p ro x im a tio n s to th e co n tin u o u s

eq u a tlO n .

S in c e it is an a d d i t i v e sp littin g , a ll c o o rd in a~ e ax e s a re tre a ted in ex ac tly th e sam e

m ann e r . T h is is in co n tra s t to co n v en tio n a l s J littin g te ch n iq u e s from th e lite ra tu re ,

w h ich a re m u l t i p l i c a t i v e [2 8 ] . T h ey m ay p ro d u ce d iffe ren t re su lts if th e im ag e is ro ta te d

b y 9 0 d eg re e s .

R ecen tly a g en e ra l fram ew o rk fo r d isc re te n o n lin e a r d iffu s io n sc a le -sp a c e s h a s b een

d isco v e red , w h ich g u a ran te e s th a t th e d isc re tiz a lio n rev ea ls th e sam e sca le -sp a c e p ro p -

e r tie s a s its co n tin u o u s co u n te rp a r t [4 ] . O n e can lv e r ify [8 ] th a t th e A O S sch em e c re a te s

su ch a d isc re te n o n lin e a r d iffu s io n sc a le -sp a c e ~ o r ev e ry (!) s te p s iz e T . A s a co n se -

q u en ce , it p re se rv e s th e av e rag e g rey lev e l p " sa tis f ie s a c au sa lity p ro p e rty in te rm s o f a

m ax im um -m in im um p rin c ip le , a n d co n v e rg e s to ia co n s tan t s te ad y s ta te . M o reo v e r , th e

p ro c e ss is a s im p lify in g , in fo rm a tio n -red u c in g tqm sfo rm w ith re sp e c t to m any a sp ec ts :

T h e p -n o rm s

an d a ll e v en cen tra l m om en ts

N

Ilukllp := (L lu ~ IP ) l/P

i= l

(1 7 )

(1 8 )

N

M 2 n [ U
k
] := ~ L ( u J - p , ) 2 n

j= l '

I

I

a re d ec re a s in g in k , an d th e en tro p y I

N I

S [u
k

] := - L u j In u j, (1 9 )

f
. d ....c j= l. I .. ., k ('f f ' 't '.c

a m ea su re 0 u n ce rtam ty an m 1 ssm g m lo rm a tlO il, lS m crea sm g m 1 j IS p o s lIv e lo r

a ll j ) . I

T ab le 1 sum m ariz e s th e fe a tu re s o f th e d iscu ssed sch em es . F u ll a lg o rithm ic d e ta ils

o f A O S sch em es can b e fo u n d in [8 ] ' a n d a p ad lle l im p lem en ta tio n fo r p ro c e ss in g 3 -D

im ag e s is d e sc r ib ed in [2 9 ] .
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T ab le 1 : S ch em e s w h ic h c re a te d isc re te n o n lin e a r d if fu s io n sc a le -sp a c e s .

s c h em e fo rm u la

ex p lic it Uk+1 = (I + 7 ~ Al (uk) ) uk

sem i- im p lic it Uk+1 = (I-7I:Al(u
k))- uk

l=1

A O S uk+1 = - I : (I-m7Al(uk))- uk

m l=1

s ta b ili ty

7< 0 0

7< 0 0

co s ts /i te r .

v e ry low

h ig h

low

e ff ic ie n cy

low

fa ir

h ig h

M an y n o n lin e a r d if fu s io n p ro b lem s re q u ire o n ly th e e lim in a tio n o f n o ise a n d som e

sm a ll-s c a le d e ta ils . O fte n th is c a n b e a c com p lish ed w ith n o m o re th an 5 ite ra tio n s in

su ff ic ie n t p re c is io n . W e sh a ll s e e th a t th is ta k e s a b o u t h a lf a se c o n d fo r a 2 5 6
2
im ag e o n

cu rre n t p e s o r w o rk s ta tio n s .

3.3 Pyramid AOS

L e t u s n ow in v e s tig a te a n o v e l e x te n s io n o f th e A O S fram ew o rk to th e v a r ia tio n a l im ag e

re s to ra tio n m e th o d . In m a tr ix -v e c to r n o ta tio n a sem i- im p lic it d is c re tiz a tio n o f (9 ) is

g iv en b y

7

S o lv in g fo r uk+1 y ie ld s

m

L Al(Uk) Uk+1 + a (J - uk+l).

l=1

(2 0 )

(

m ) -1 k T

uk+1 = I __ 7_ '" A (Uk) U + cJ.
1+2:-6 l 1+2:-

C l< l=1 C l<

(2 1 )

In a n a lo g y to th e p re v io u s se c tio n w e m ay ap p ro x im a te th is sc h em e b y its A O S v a r ia n t

(2 2 )

w h ich ag a in com e s d ow n to re c u rs iv e f il te r in g .

In co n tra s t to th e p u re d if fu s io n f ilte r , h ow ev e r , w e a re n ow in te re s te d in ap p ro x im a t-

in g th e s te a d y -s ta te so lu tio n fo r t - - -+ 0 0 . E v en w ith la rg e tim e s te p s iz e s , th e d if fu s io n

p ro c e s s w ill m a in ly a c t w ith in a fa ir ly sm a ll v ic in ity a ro u n d e a ch p ix e l. T h u s , m an y

ite ra tio n s a re re q u ire d if th e im ag e s iz e is la rg e . In o rd e r to sp e ed u p th e p ro c e s s , w e

m ay em b ed th e A O S sch em e in to a p y ram id fram ew o rk . T h e id e a is a s fo llow s :

• c re a te a G au ss ia n p y ram id d e com po s itio n [3 0 ] w ith th e sm o o th in g m a sk (1, ~, ~)
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• adapt the filter parameters to the downsalpled image. The scaling behaviour of

diffusion-reaction processes requires that al must be divided by 4 if one reduces the

image size by a factor 2. Since the smootHing mask (~, ~, ~) reduces the contrast

of an ideal step edge by 25 %, it follows tl~at the contrast parameter A has to be

multiplied by 0.75. I

• start w ith the coarsest level (a 2 x 2 image), and apply a specified number of AOS

iterations .

• expand this solution to the next finer level by linear interpolation, and use it as

initial value for AOS iterations at this levJl.

• proceed in the same way until convergenc1 at the finest level is reached.

Figure 2 illustrates the effect of pyram id AOS. lIypically, five iterations are sufficient in

order to obtain good convergence at each level.lSince the Gaussian pyram id decompo-

sition can be performed with linear complexity, ~he overall complexity remains linear as

weIl. W e shall see that regularizing a 2562 imag:e on a current PC or workstation with

this pyram id AOS scheme requires only around 0.5 CPU seconds.

It should be noted that the pyram id embed~ing converges to the same regularized

image than pure AOS iterations would do, sir~ce the convex variational approach is

globally convergent. However, pyram id AOS conterges faster because of its better initial

data that are provided by the previous pyram id level.

4 Watershed Segmentation rith Region Merging

The preceding PDE-based regularization techniques lead to simplified images where

noise and unimportant fine-scale details have be:en removed.

In order to create a true segmentation, we haiV le to postprocess the regularized image

by a technique which gives an edge map without dangling edges. This edge map should

lead to a partitioning of the entire image into a fihite number of regions, it should handle

the semantically important corners and junctiods gracefully, and - last but not least -

it should be fast. C lassical gradient-based edgei detectors such as aSobeloperator or

K irsch masks are not sufficient for this task, as Ithey do not give closed contours. This

also holds for more sophisticated variants such as the Canny edge detector [31].

W e found a watershed technique [32, 33] baJed on the squared gradient magnitude

very useful for these purposes. Such a technique Iregards an image as alandscape where

the intensity values correspond to the elevation. Areas where a rain drop would drain to

the same minimum are denoted as catchment b~sins, and the lines separating adjacent

catchment basins are called watersheds. W atebheds are a morphological technique,

since they are invariant under monotone grey s'cale-transformations. They lead to an

image segmentation into regions, and they can ~escribe edge junctions [35]. This is in

contrast to edge detectors based on zero-crossings of differential operators such as the

Laplacian-of-Gaussian [34]: they do not allow to detect T-junctions [36].
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Figure 2: (a) Top: Gaussian pyramid of a noisy test image. (b)

Bottom: regularized by pyramid AOS.
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W e use Fairfie ld 's w atershed algorithm [37]. O ur code is based on an im plem en-

ta tion of O ltm ans [38], w here the Pascal code fuas been transferred in to C and m inor

m odifica tions have been included in order to op tim ize its perfo rm ance.

The basic idea of th is a lgorithm is slid ing ddw nhill on the grad ien t squared surface

un til one arrives a t a local m in im um . Then one r~p laces all p ixels a long th is path by the

im age in tensity a t its co rrespond ing ex trem um . ! This a lgorithm has linear com plex ity .

The squared im age grad ien t is ca lcu la ted by So tie l opera to rs.

W atershed algorithm s often create too m any ~egm ents. A lthough th is oversegm enta-

tion is less dom inan t in the PDE -regu larized im age than in the orig inal one , it m ay still

lead to prob lem s. N um erous w ays have been proposed in order to deal w ith the overseg -

m en ta tion prob lem , fo r instance by using m arkers [33 , 39]' reg ion m erg ing [40 , 41 , 10]' o r

scale-space techn iques [13 , 17 , 14]. In our case w e shall see that a sim ple reg ion m erg ing

stra tegy is adequate .

In such a step , ad jacen t reg ions are m erged j if the ir con trast d ifference is below a

specified th resho ld . Th is con trast param eter can be re la ted to the con trast param eter

..\ o f the PDE -based regu lariza tion , thus it does ~o t constitu te an add itional param eter.
I

F ind ing a connected reg ion w here neighboring p ixels do no t d iffer by m ore than a spec-

ified con trast value can be perfo rm ed in linear c~m plex ity and the resu lt is independen t

o f the order in w hich the algorithm runs th rou0h the p ixels. T hus, the en tire segm en-

ta tion algorithm is invarian t under im age ro ta tidns by 90 degrees and it reveals a linear

to ta l com plex ity .

A w atershed segm enta tion of a 256 2 im age w ith subsequen t reg ion m erg ing takes

abou t 0 .2 CPD seconds on a PC or w orksta tion . Thus, the overa ll segm en ta tion tim e

includ ing the PDE -based regu lariza tion is far leJs than 1 second .

5 Experiments

F igure 3 illu stra tes how preprocessing by non lilear d iffusion filte ring greatly reduces

the num ber o f segm ents in a m ed ical M R im age: W e also observe that under non linear

d iffusion the segm ent boundaries rem ain w ell located and need no t be traced back in

order to im prove their localiza tion . A s can be seen fo r instance at the cerebellum , the

segm ents co rrespond w ell w ith the dep ic ted physica l ob jec ts. M oreover, segm en ta tion of
,

elongated ob jects does no t crea te any prob lem . For com parison purposes w ith a classic

approach , F igure 3(e) show s the resu lt o f an edge detec to r based on Sobel opera to rs.

H ere the grad ien t m agn itude has to be postp rocessed in order to g ive usefu l in fo rm ation .

B u t even w ith soph istica ted postp rocessing str~ teg ies such as hysteresis th resho ld ing

and nonm axim um suppression , there rem ains o~e sign ifican t d ifference to a w atershed

segm enta tion : the con tours are no t c losed . H Jnce such an opera to r does no t g ive a

partition ing of the im age dom ain in to segm ent~ . The la tter one can be ach ieved by

considering level se ts o f a d ifferen tia l opera to r su~h as the zero crossings of the L ap lacian

in F igure 3 (f). In th is case fa irly large G ausJians are requ ired in order to p reven t

oversegm enta tion . A s a resu lt, im age structu r~ s becom e m uch m ore d islocated that

in the w atershed approach w ith non linear d iffJsion as p rep rocessing . Th is is c learly

v isib le w hen com paring the con tours o f the cerJbellum in F igs. 3 (d ) and (f). A no ther

I

i
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T ab le 2 : C PU tim e s fo r th e d if fe re n t s te p s o f th e se gm en ta tio n a lg o r ithm w h en 2 5 6
2

im ag e s a re p ro c e s se d .

m e th o d S u n U ltra 6 0 P C (P en tium II M M X , 4 4 0 M h z )

n o n lin e a r d if fu s io n 0 .4 9 4 s 0 .5 9 1 s

(5 ite ra tio n s )

v a r ia tio n a l re s to ra tio n 0 .4 0 7 s 0 .5 1 6 s

(5 ite ra tio n s p e r le v e l)

w a te rsh e d tra n s fo rm a tio n 0 .1 6 2 s 0 .1 9 9 s

w ith re g io n m e rg in g

d if fe re n c e b e tw e en th e se tw o ap p ro a ch e s c o n s is ts o f th e b eh av io r a t ju n c tio n s : a s a lre a d y

m en tio n ed an d a s is v is ib le in F ig u re 3 (f ) , z e ro c ro s s in g s c a n n o t m ee t a t T - ju n c tio n s ,

w h e re a s w a te rsh e d s d o .

In F ig u re 4 it is sh ow n th a t th e m e rg in g s te p c a n b e e s se n tia l fo r a v o id in g th e

o v e rse gm en ta tio n p ro b lem s in th e w a te rsh e d a lg a r ithm . N o n lin e a r d if fu s io n m ay c re a te

a lm o s t p ie c ew ise c o n s ta n t a re a s , b u t sm a ll f iu c tu a tio n s w ith in su ch an a re a in tro d u c e

m an y sem an tic a lly ir re le v a n t c a tc hm en t b a s in s . S u ch f iu c tu a tio n s c a n a lso b e c au se d b y

q u an tiz a tio n e rro rs , e .g . b y s to r in g g re y v a lu e s in a b y tew ise m an n e r . M e rg in g ad ja c e n t

re g io n s w ith s im ila r g re y v a lu e s c o n s titu te s a s im p le rem ed y fo r th e se p ro b lem s .

F in a lly , F ig u re 5 g iv e s a c om p a r iso n b e tw e en th e tw o PD E -b a se d re g u la r iz a tio n

te c h n iq u e s . T h e re su lts a re in c om p le te a c c o rd an c e w ith th o se from F ig u re 1 . T h e

co n tra s t-e n h an c in g n o n lin e a r d if fu s io n m e th o d g iv e s m o re re a lis tic re su lts fo r im ag e s

w ith le s s n o is e , a s c a n b e se e n from th e se gm en ta tio n o f th e a rm s an d le g s in F ig u re 5 (c ) .

H ow ev e r , in a m a re n o isy s itu a tio n , th e q u a lity o f th is m e th o d d eg ra d e s s ig n if ic a n tly .

T h e v a r ia tio n a l m e th o d th a t d o e s n o t a llow co n tra s t e n h an c em en t, o n th e o th e r h a n d ,

d o e s n o t re a c h th e q u a lit ie s o f n o n lin e a r d if fu s io n p re p ro c e s s in g (F ig . 5 (e ) ) , b u t is v e ry

s ta b le u n d e r n o is e (F ig . 5 (f ) ) . I t is th u s th e b e tte r p re p ro c e s s in g m e th o d fo r n o isy

im ag e s . A g a in it sh o u ld b e em p h a s iz e d th a t th e re e x is t m o re so p h is tic a te d n o n lin e a r

d if fu s io n m e th o d s th a t c om b in e th e a d v an ta g e s o f b o th a p p ro a ch e s s tu d ie d h e re [2 7 ] .

T h e ir e f f ic ie n t a lg o r ithm ic re a liz a tio n , h ow ev e r , is m o re c om p lic a te d an d re q u ire s fu r th e r

re se a rc h .

T ab le 2 p re se n ts p re c is e C PU tim e s fo r o u r se gm en ta tio n a lg a r ithm b o th fo r a w o rk -

s ta tio n (S u n U ltra 6 0 ) a n d a P C (P en tium II M M X , 4 4 0 M h z ) , w h en 2 5 6
2
im ag e s a re

p ro c e s se d an d a G N U C com p ile r is u se d . O n b o th a rc h ite c tu re s , p re p ro c e s s in g b y m ean s

o f n o n lin e a r d if fu s io n o r v a r ia tio n a l re s to ra tio n c an b e a ch ie v ed in a b o u t 0 .5 se c o n d s ,

w h ile th e w a te rsh e d tra n s fo rm a tio n w ith re g io n m e rg in g ta k e s 0 .2 se c o n d s . T h is sh ow s

th a t th e c om p le te a lg o r ithm a llow s to se gm en t 2 5 6
2
im ag e s in m u ch le s s th a n a se c o n d .

W ith a P C w ith 7 0 0 M H z it is e v en p o ss ib le to se gm en t tw o su ch im ag e s in le s s th a n o n e

se c o n d . M o reo v e r , i t sh o u ld b e ta k en in to a c c o u n t th a t th e A O S a lg o r ithm , w h ic h is th e

m o s t tim e co n sum in g su b ro u tin e o f th e e n tire m e th o d , is v e ry w e ll-su ite d fa r p a ra lle l

c om p u tin g [2 9 ] . T h e re fo re , fu r th e r sp e e d u p c an b e a ch ie v ed in a s tra ig h tfo rw a rd w ay .
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Figure 3: (a) Top Left: MR image.1 (b) Top Right: nonlinear

diffusion filtering of (a). (c) Middle Left: segmentation of (a).

(d) Middle Right: segmentation of (b). (e) Bottom Left: Sobel

operator applied to (a). (f) Bottom Right: Zero crossings of the

Laplacian-of-Gaussian of (a).
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Figure 4: (a) Top Left: test image. (b) Top Right: nonlinear

diffusion filtering of (a). (c) Bottom Left: segmentation of (b)

without merging. (cl) Bottom Right: segmentation of (b) with

merging.
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Figure 5: (a) Top Left: hallway scent (h) Top Right: Gaussian

noise added. (e) Middle Left: segmJntation of (a) with nonlinear

diffusion as preprocessing. (d) Middl~ Right: segmentation of (b)

with non linear diffusion as preprocessi:ng. (e) Bottom Left: seg-

mentation of (a) with variational restci)l~ationas preprocessing. (f)

Bottom Right: segment at ion of (b) Jith variational
I
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6 Summary

W e have presen ted effic ien t a lgo rithm s fo r tw o pro to types o f PDE -based regu lariza tion

techn iques. T hese regu lariza tions sim plify subsequen t segm en ta tion tasks sign ifican tly ,

such that a lready a sim ple w atershed algo rithm w ith reg ion m erg ing g ives good resu lts .

T hese segm en ta tion techn iques are very fast thanks to the use o f AOS schem es and a

novel pyram id AOS algorithm . Th is m akes them attrac tive fo r m any tim e-critica l app li-

ca tions. A ll axes are trea ted equally , since the resu lt is independen t o f the p ixel o rdering .

The en tire a lgo rithm can be ex tended in a stra igh tfo rw ard w ay to m -d im ensional data ,

and the linear com plex ity in the p ixel num ber rem ains valid in any d im ension .
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