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Abstract

In this paper, a fast algorithm for solving the special tridiagonal quasi-Toeplitz system is presented where
the bandwidth of a quasi-Toeplitz is larger than the one of Toeplitz. Our algorithm is quite competitive
with the classic LU method. Some examples demonstrate the good efficiency and stability of our algorithm.
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1. Introduction

A Toeplitz matrix has the property that the entries are constant along diagonals parallel to the main
diagonal. If we define the sequence

a−p, a−p+1, · · · , a0, · · · , aq−1, aq; where a−p, aq 6= 0 (1)

and p and q are specified positive integers, then the elements of a banded square Toeplitz matrix of order J
and bandwidth p+ q + 1, (≤ J) are given by

aij = aj−i.

If aj−i is a member of the sequence (1) and zero otherwise, the matrix becomes a tridiagonal Toeplitz matrix,
for its properties and applications, see [1].

For this last matrix, several researchers have been developing fast serial and parallel algorithms to solve
this kind of systems [2, 3, 4] and [5, 6, 7, 8] . Now if we make some disturbances in the first p and the last
q rows of our matrix, for example (p = q = 1), our matrix becomes tridiagonal quasi-Toeplitz. Recently, in
[9, 10, 11] , the class of quasi-Toeplitz and their computational problems had been investigated by Bini et al.,
also its applications in quasi birth-and-death processes, option pricing, numerical solution of ordinary and
partial differential equations (ODE and PDE), interpolation problems, boundary value problems (BVP),
and signal processing had been studied.
Du et al. [12] presented a method for finding the solution of tridiagonal QT linear systems and prove the
efficiency of the new method by numerical results. and more general, the numerical solution of block quasi-
tridiagonal Toeplitz matrix was studied by [13]. In [12], it was assumed the bandwidth of a quasi-Toeplitz
matrix equals to bandwidth of Toeplitz but, the bandwidth of a quasi-Toeplitz matrix may be larger than
the bandwidth of its pure Toeplitz. That is the reason for which, we tackle the problem where the bandwidth
of a quasi-Toeplitz is larger than the one of Toeplitz. In this paper, we will focus on the problem of solving
n-by-n nonsingular tridiagonal quasi-Toeplitz linear system

Tx = f, (2)
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where the matrix A is defined as
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and a, b, c, αi and βi, i = 1, ..., n are real numbers and satisfy the relations |a| ≥ |b| + |c|, |α1| ≥
∑n

i=2 |αi|, |βn| ≥
∑n−1

i=1 |βi|, i.e., the matrix A is diagonally dominant. We suppose that α1 6= a, α2 6= b
and βn−1 6= c, βn 6= a and b 6= 0, c 6= 0. We can see that

T = T ′ + e1u
T + env

T , (3)

where e1 is the first column vector of the identity matrix I and
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The article is organized as follows. In section 2, we give a new form of decomposition of the coefficient
matrix T ′. Based on this form of matrix decomposition and combined with the Sherman-Morrison formula,5

we propose an efficient algorithm for solving tridiagonal quasi-Toeplitz linear systems. In section 3, we
present some numerical results to show the efficiency of our algorithm. Finally, we make some conclusions
in Section 4.

2. Algorithms for solving tridiagonal quasi-Toeplitz linear systems

In this section we exploit the structure of the matrix T ′ to give a new decomposition of this matrix, then10

we use Sherman–Morrison formula to obtain a fast algorithm to solve system (2).

2.1. Special decomposition for matrix T ′

The matrix
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is a tridiagonal Toeplitz matrix can be decomposed by LU decomposition. For this LU decomposition,
2n − 1 values of li,j , ui,j should be determined and saved in memory, but if we see the structure of this
matrix we can introduce a new decomposition other than LU .
Let

L =
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and Dn×n = diag(s, s, . . . , s).
We see that the product LDU has the same structure with T ′, then the matrix T ′ can be represented as

T ′ = LDU + (a− s)e1e
T
1 ,

where l1, s and u1 verify the following relations:

su1 = b (4)

sl1u1 + s = a (5)

sl1 = c. (6)

These equations give the unknowns l1, s and u1 as follows

l1 =
a−

√
a2 − 4bc

2b
, s =

a+
√
a2 − 4bc

2
, u1 =

a−
√
a2 − 4bc

2c
, (7)

or

l1 =
a+

√
a2 − 4bc

2b
, s =

a−
√
a2 − 4bc

2
, u1 =

a+
√
a2 − 4bc

2c
. (8)

2.2. Fast algorithm based on a new matrix decomposition

According to (3) the matrix T can be written as

T = LDU + e1z
T + env

T (9)

where z =
[

α1 − s α2 − b α3 . . . αn

]

.
15

Let R = LDU + e1z
T , then

T = R+ env
T .

The inverse of R can be written in terms of matrices L, D, U by using the well-known Sherman–Morrison
formula as follows

R−1 = (LDU)−1 − (LDU)−1e1z
T (LDU)−1

1 + zT (LDU)−1e1
, (10)

therefore the inverse of T can be written

T−1 = R−1 − R−1env
TR−1

1 + vTR−1en
. (11)

In order to obtain the solution of Tx = f by (10), three linear systems with the same coefficient matrix
LDU and different right-hand side vectors f , e1 and en should be solved, i.e., LDU [r, g, w] = [f, e1, en],
which can be solved efficiently by Algorithm 1.
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Algorithm 1 An algorithm for solving LDUx = y

Input: l1, u1, s, and y.
1. z1 = y1; zi = yi − l1zi−1, i = 2, . . . , n; % Forward substitution: Lz = y.
2. qi =

zi
s
, i = 1, . . . , n; %Dq = z.

3. xn = qn; xi = qi − u1xi+1, i = n− 1, . . . , 1; % Backwalrd substitution: Ux = q.

Output: x = [x1, x2, . . . , xn]
T
;

Finally, we can summarize discussions in this section and give our algorithm in Algorithm 2.

Algorithm 2 Algorithm for solving tridiagonal quasi-Toeplitz linear systems Tx = f

1. Compute r = (LDU)−1f , g = (LDU)−1e1 and w = (LDU)−1en by using Algorithm 1;

2. Compute σ1 = R−1f = r − (zT r)g
1+zT g

, σ2 = R−1en = w − (zTw)g
1+zT g

;

3. Compute T−1f = R−1f − R−1env
TR−1f

1+vTR−1en
= σ1 − (vTσ1)σ2

1+vTσ2

;

2.3. Stability analysis of our algorithm20

The stability of our Algorithm 2 depends on the first step that solving the upper and lower triangular
linear systems LDU [r, g, w] = [f, e1, en]. More precisely, two recursive iteration steps such as zi = yi− l1zi−1

and xn+1−i = qn+1−i − u1xn+2−i for i = 2, . . . , n corresponding to the forward and backward substitutions
as in Algorithm 1 are essential for Algorithm 2. When using finite precision arithmetic, we should avoid
roundoff error propagation. If all the roots of their characteristic equations λ + l1 = 0 and λ + u1 = 0 are25

all less than unity in magnitude, errors of zi and xn+1−i will smaller than errors of previous values zi−1 and
xn+2−i, respectively, in which case that Algorithm 2 is stable.

3. Numerical experiments

In this section, we present some numerical results to illustrate the effectiveness of our proposed algo-
rithm. We have performed the experiments in MATLAB R2017a with an Intel(R) Pentium(R) CPU B960,30

2.20GHz 2.20 GHz processor and double precision arithmetic. We initialized the exact solution solution
x∗ = [1, 1, . . . , 1]T . The vector on the right-hand side was defined as f = Ax∗ and the Relative error

RErr = ‖x−x∗‖2

‖x∗‖2

and computation time in seconds will be listed.

3.1. Experiment 1

We consider the scalar hyperbolic equation [14]

ut = cux, 0 ≤ x ≤ L, t > 0, (12)

where u = u(x, t) and c is a real constant. For a well-posed IBVP on a finite domain one must specify initial
data, u(x, 0) = f(x), 0 ≤ x ≤ L, and an analytical boundary condition at x = L.

u(L, t) = g(t), for c > 0. (13)

To obtain a difference approximation of the model equation (12). We introduce the mesh in the space (x, t)
with increments ∆x and ∆t and an indexation defined by x = j∆x and t = n∆t. we divide the spatial
domain 0 ≤ x ≤ L in J equally spaced increments, i.e. J∆x = L. As a prototype (explicit) finite-difference
approximation for the model equation (12), we consider the Lax-Wendroff scheme

un+1
j = un

j +
ν

2

(

un
j+1 − un

j−1

)

+
ν2

2

(

un
j+1 − 2un

j + un
j−1

)

, (14)
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where ν = c∆t/∆x is defined to be the Courant number, this number usually is less than 1. The boundary
condition to (13) is homogeneous, i.e.,

un
J = 0. (15)

To compute un+1
0 , it is necessary to introduce additional numerical boundary scheme (NBS). We choose the

spatially one-sided scheme :

un+1
0 = un

0 + ν [−αun
2 + (1 + 2α)un

1 − (1 + α)un
0 ] , (16)

where α is a (real) parameter. If α = 0, then (17) is simply

un+1
0 = un

0 + ν (un
1 − un

0 ) . (17)

The La.x-Wendroff scheme (14) together with the analytical boundary condition (15) and the NBS (17) is
called a discrete IBVP. Then the Lax-Wendroff scheme (14) with the analytical boundary condition (15)
and NBS (17) can be written in vector-matrix form

un+1 = Tun, (18)

where
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and
c = −ν(1− ν)/2, a = 1− ν2, b = ν(1 + ν)/2,
α1 = 1− ν(1 + α), α2 = ν(1 + 2α), α3 = −να.

We know that, the Courant number usually is small, when ν ≤ 0.6, we have that |a| ≥ |b|+ |c| and l1, s and35

u1 are reals.
After we fixed ν, we chose α such that |α1| ≥ |α2|+ |α3| to get diagonally dominant matrix T .
Numerical tests have been introduced in Tables 1 to 6 to show that our algorithm is more fast and efficient
than other well-known existing methods.

40

Table 1: Numerical results for ν = 0.5, α = −0.1.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 5.32e-4 7.2802e-17 2.40e-4 1.5384e-16
103 5.04e-4 2.6037e-17 4.56e-4 1.5669e-16
104 3.03e-3 8.2336e-18 5.37e-3 1.5698e-16
105 2.10e-2 2.6037e-18 3.95e-2 1.5701e-16
106 2.40e-1 8.2336e-19 4.16e-1 1.5701e-16

Table 2: Numerical results for ν = 0.5, α = −0.5.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 4.02e-4 6.1815e-17 1.89e-4 1.5263e-16
103 4.61e-4 1.9547e-17 5.66e-4 1.5658e-16
104 3.69e-3 6.1815e-18 5.56e-3 1.5697e-16
105 2.17e-2 1.9547e-18 8.12e-2 1.5700e-16
106 2.08e-1 6.1815e-19 4.09e-1 1.5701e-16
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Table 3: Numerical results for ν = −0.3, α = 1.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 4.88e-4 4.5776e-17 4.27e-4 1.0991e-16
103 4.33e-4 1.4476e-17 5.44e-4 1.1091e-16
104 2.76e-3 4.5776e-18 5.35e-3 1.1101e-16
105 2.05e-2 1.4476e-18 4.50e-2 1.1102e-16
106 2.21e-1 4.5776e-19 4.10e-1 1.1102e-16

Table 4: Numerical results for ν = 0.48, α = −0.8.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 5.35e-4 4.7103e-17 2.29e-4 1.0591e-16
103 6.34e-4 1.4895e-17 6.74e-4 1.1052e-16
104 2.28e-3 4.7103e-18 6.75e-3 1.1097e-16
105 2.20e-2 1.4895e-18 6.70e-2 1.1102e-16
106 2.09e-1 4.7103e-19 4.09e-1 1.1102e-16

Table 5: Numerical results for ν = 0.25, α = 0.4.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 2.51e-4 8.5278e-17 1.47e-4 1.1644e-16
103 6.73e-4 7.9208e-17 8.06e-4 1.1158e-16
104 2.70-3 7.8575e-17 3.99e-3 1.1108e-16
105 2.16e-2 7.8512e-17 4.02e-2 1.1103e-16
106 2.30e-1 7.8505e-17 4.12e-1 1.1102e-16

Table 6: Numerical results for ν = 0.42, α = −0.4.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 5.99e-4 7.6919e-17 2.57e-4 8.5278e-17
103 5.67e-4 2.4324e-17 5.92e-4 7.9208e-17
104 2.76e-3 7.6919e-18 5.23e-3 7.8575e-17
105 2.23e-2 2.4324e-18 4.97e-2 7.8512e-17
106 2.28e-1 7.6919e-19 4.21e-1 7.8505e-17

In all examples, the CPU time required for our algorithms are significantly reduced, it saved at least
50% CPU time, and the precision is higher in almost all cases. This shows the efficiency of our proposed
algorithm.

3.2. Experiment 2

Three artificial examples were used in this experiment. Values of a, b, c, αi and βi corresponding to each45

example are presented in Table 7.
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Table 7: Test examples.

a b c αi βi

Example 1 4 1 0.5 α1 = 4, α2 = 2, α3 = 0.5, βn−2 = 0.5, βn−1 = 1, βn = 2,
αi4≤i≤n = 0 βi1≤i≤n−4 = 0

Example 2 6 -1.2 -0.65 α1 = −5.2, α2 = 4, α3 = −1, βn−3 = −0.6, βn−2 = −0.5, βn−1 = 1.5
α4 = −0.4, αi5≤i≤n = 0 βn = 6, βi1≤i≤n−5 = 0

Example 3 9.5 2.3 -3.2 α1 = 10, α2 = 4.5, α3 = 2, βn−4 = 4, βn−3 = 2, βn−2 = −0.5
α4 = 0.5, α5 = 0.6, αi6≤i≤n = 0 βn−1 = 1, βn = 11, βi1≤i≤n−5 = 0

The compared results between our proposed algorithm and the LU method for all examples are presented
in Tables 8-10.

Table 8: Numerical results for Example 1.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 3.04e-4 6.5682e-17 1.64e-4 1.1213e-16
103 8.02e-4 2.0770e-17 8.27e-4 1.1113e-16
104 2.64e-3 6.5682e-18 4.35e-3 1.1103e-16
105 1.86e-2 2.0770e-18 3.94e-2 1.1102e-16
106 2.16e-1 6.5682e-19 4.12e-1 1.1102e-16

Table 9: Numerical results for Example 2.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 5.96e-4 8.3081e-17 2.59e-4 1.1484e-16
103 4.12e-4 2.6273e-17 8.07e-4 1.1141e-16
104 2.91e-3 8.3081e-18 4.49e-3 1.1106e-16
105 2.09e-2 2.6273e-18 3.94e-2 1.1103e-16
106 2.29e-1 8.3081e-19 4.21e-1 1.1102e-16

Table 10: Numerical results for Example 2.

n Our algorithm LU method
Time [s] RErr Time [s] RErr

102 2.28e-4 1.1484e-16 1.37e-4 1.5060e-16
103 4.76e-4 3.6316e-17 8.34e-4 1.5638e-16
104 2.86e-3 1.1484e-17 9.65e-3 1.5695e-16
105 1.96e-2 3.6316e-18 4.76e-2 1.5700e-16
106 2.23e-1 1.1484e-18 4.30e-1 1.5701e-16

Based on the numerical results, all the numerical results in Tables 8-10 show that the proposed algorithm
takes less CPU time and is more efficient than the LU method especially when n increases.50

4. Conclusions

In this paper, we have proposed a new algorithm for solving tridiagonal quasi-Toeplitz linear system
such that the bandwidth of a quasi-Toeplitz is larger than the one of Toeplitz. The numerical results show
the effectiveness of our method. The error and computation time of our algorithm are lower than other
well-known existing methods. The efficiency of our algorithm is justified by numerical experiments.55
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