Bin Dehaish et al. Journal of Inequalities and Applications (2015) 2015:51 ® Journal of |nequa|ities and Applications

DOI 10.1186/513660-014-0541-z

a SpringerOpen Journal

RESEARCH Open Access

A regularization projection algorithm for
various problems with nonlinear mappings in
Hilbert spaces

Buthinah A Bin Dehaish', Abdul Latif?, Huda O Bakodah' and Xiaolong Qin?*

“Correspondence: gxlxajh@163.com
’Department of Mathematics, King
Abdulaziz University, PO. Box 80203,
Jeddah, 21589, Saudi Arabia

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, a regularization projection algorithm is investigated for solving common
elements of an equilibrium problem, a variational inequality problem and a fixed
point problem of a strictly pseudocontractive mapping. Strong convergence
theorems are established in the framework of real Hilbert spaces.

Keywords: Hilbert space; equilibrium problem; variational inequality; nonexpansive
mapping; fixed point

1 Introduction and preliminaries

Let H be a real Hilbert space with the inner product (,-) and the norm || - ||. Let C be a
nonempty closed convex subset of H. P¢ stands for the metric projection from H onto C.
Let F be a bifunction of C x C into R, where R denotes the set of real numbers. Consider
the following equilibrium problem in the terminology of Blum and Oettli [1]:

Find x € C such that F(x,y) >0, VyeC. (1.1)

In this paper, the solution set of problem (1.1) is denoted by FP(F).
To study problem (1.1), we may assume that F satisfies the following conditions:
(Al) F(x,x)=0forallx e C;
(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;
(A3) foreachx,y,z€C,

lim supF(tz +(1-8)x,y) < F(x,p);
£40

(A4) for eachx € C, y — F(x,y) is convex and lower semi-continuous.
Let S be a self-mapping of C. F(S) stands for the fixed point set of S. Recall that S is said
to be B-contractive if there exists a constant 8 € [0,1) such that

5% — Syl < Bllx—yll,  Vx,y€C.
S is said to be nonexpansive if

1Sx—Syll < llx—yll, Vx,yeC.

© 2015 Bin Dehaish et al, licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly credited.


http://dx.doi.org/10.1186/s13660-014-0541-z
mailto:qxlxajh@163.com

Bin Dehaish et al. Journal of Inequalities and Applications (2015) 2015:51 Page 2 of 14

S is said to be « -strictly pseudocontractive if there exists a constant « € [0,1) such that

2
’

[1Sx = Syl < llx = yII* + i || (x — Sx) — (y = Sy)

Vx,y € C.

The class of «k-strictly pseudocontractive mappings was introduced by Browder and
Petryshyn [2]. It is clear that every nonexpansive mapping is a 0-strictly pseudocontractive
mapping.

Let A : C — H be a mapping. Recall that A is said to be monotone if

(Ax—Ay,x—y) >0, Vx,yeC.
A is said to be strongly monotone if there exists a constant « > 0 such that
(Ax — Ay,x —y) > a||x —y||2, Vx,y € C.

For such a case, we say that A is «-strongly monotone. A is said to be inverse-strongly
monotone if there exists a constant & > 0 such that

(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.

For such a case, we say that A is a-inverse-strongly monotone. It is clear that A is «-in-
verse-strongly monotone if and only if A~ is a-strongly monotone.
Recall that the classical variational inequality is to find x € C such that

(Ax,y—x) >0, VyeC. (1.2)

It is known that x € C is a solution of (1.2) if and only if x is a fixed point of Pc(I — rA),
where r > 0 is a constant and ] is an identity mapping. From now on, the solution set of
(1.2) is denoted by VI(C, A).

A set-valued mapping T : H — 2 is said to be monotoneifforallx,y € H,f € Txand g €
Ty imply (x—y,f —g) > 0. A monotone mapping T : H — 2!’ is maximal if the graph G(7)
of T is not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping 7 is maximal ifand only if, forany (x,f) €e H x H, (x-y,f —g) > 0
for all (y,¢) € G(T) implies f € Tx.

Recently, Iiduka and Takahshi [3] investigated variational inequality (1.2) and fixed
points of a nonexpansive mapping based on a Halpern-like algorithm. To be more clear,
they proved the following result.

Theorem IT Let C be a closed convex subset of a real Hilbert space H. Let A be an
a-inverse-strongly monotone mapping of C into H, and let S be a nonexpansive mapping
of C into itself such that F(S) N VI(C,A) # 0. Suppose x; = x € C and {x,} is given by

Xpe1 = 0 + (L — 0,)SPc (0 — ApAxy)

foreveryn=1,2,..., where {a,} is a sequence in [0,1) and {A,} is a sequence in [0,2a]. If
{a,} and {)\,,} are chosen so that A, € [a, b] for some a, bwith0 <a < b <2a,lim,_, o, =0,
Yo 0ty =00, Yo |1 — o] <00 and Y oy |Aus1 — Ayl < 00, then {x,} converges strongly

to Prs)nvi(c,a)X.
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Since equilibrium problem (1.1) provides a unified model of several problems such as
variational inequalities, fixed point problems and inclusion problems. In [4], Takahashi
and Takahashi further studied fixed points of a nonexpansive mapping and equilibrium
problem (1.1) based on the viscosity approximation method, which was introduced by
Moudafi [5]. To be more clear, they proved the following result.

Theorem TT Let C be a nonempty closed convex subset of a real Hilbert space H. Let F
be a bifunction from C x C to R satisfying (A1)-(A4), and let S be a nonexpansive mapping
of C into H such that F(S) NEP(F) # Q. Let f be a contraction of H into itself, and let {x,}
and {u,} be sequences generated by x, € H and

F(tt,y) + -y =ty thy = %) 20, Vy€C,
X1 = of (%) + (1 — ty)Suiyy

Joreveryn=1,2,..., where {a,} C [0,1] and {r,} C (0,00) satisfy lim, oo ct;, = 0, Y i 0t =
00, Y ooy lotys1 — o] < 00, liminf, oo 1y > 0 and Y oo) |Fps1 — 1yl < 00. Then {x,} and {u,}
converge strongly to z € F(S) N EP(F), where z = Pps)nep(e)f (2).

Subsequently, many authors investigated common solution problems based on hybrid
projection methods due to real world applications, for example, image restoration and
digital signal processing; see [6—20] and the references therein. In view of the complexity
of convex, hybrid projection methods, they are not easy to implement. In this paper, we
study a regularization projection algorithm for solving equilibrium problem (1.1), varia-
tional inequality (1.2) and a fixed point problem of a «-strictly pseudocontractive map-
ping. Possible computation errors are taken into account. Strong convergence theorems
are established in the framework of real Hilbert spaces.

In order to prove our main results, we also need the following lemmas.

Lemma 1.1 [21] Let C be a nonempty closed convex subset of H. Let A be a monotone
mapping of C into H, and let Ncv be a normal cone to Catve C, ie.,

Ncv= {weH: (v—u,w)>0,Vu e C}
and define a mapping T on C by

Av+Ncv, veC,
d, veC.

Tv =

Then T is maximal monotone and 0 € Tv if and only if (Av,u —v) >0 forallu € C.

Lemma 1.2 [2] Let C be a nonempty closed convex subset of H, and let S : C — H be a
Kk -strictly pseudocontractive mapping. Then I — S is demi-closed at zero.

Lemma 1.3 [1] Let C be a nonempty closed convex subset of H, and let F: C x C — R bea
bifunction satisfying (A1)-(A4). Then, for any r > 0 and x € H, there exists z € C such that

1
F(z,y)+-(y-zz-x)>0, VyeC.
r
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Further, define

1
Tox = {zeC:F(z,y)+ -(y—z,z—x) zo,VyeC}
r

forallr >0 and x € H. Then the following hold.:
(@) T, is single-valued;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

”Trx_ Try”2 S (Trx_ Tr :x_y>;

(c) F(T),) =EP(F);
(d) EP(F) is closed and convex.

Lemma 1.4 [2] Let C be a nonempty closed convex subset of H, and let S: C — H be a
Kk -strictly pseudocontractive mapping. Define a mapping T by T = 81 + (1 - 65)S, where § is
a constant in (0,1). If § € [k,1) then T is nonexpansive and F(T) = F(S).

Lemma 1.5 [22] Let {x,} and {y,} be bounded sequences in H, and let {8,} be a sequence
in [0,1] with 0 < liminf,_, oo B, < limsup,_, ., B < 1. Suppose x,.1 = (L — By)yu + Buxn for all
integers n > 0 and

limsup(||yn+1 =¥l = %041 _xn”) <0.
n—00

Then lim,_, o ||y4 — %4l = 0.

Lemma 1.6 [23] Assume that {«,} is a sequence of nonnegative real numbers such that
Upil =< (1 - yn)an + 8;«1 + Un,

where {y,} is a sequence in (0,1) and {u,}, {3,,} are real sequences such that

(i) Yoo yu=00andy 02| py < 00;
(ii) limsup,_, o 8u/¥u <0 or Y oo 18,4 < 00.

Then lim,_, oo, = 0.

2 Main results

Theorem 2.1 Let C be a closed convex subset of a real Hilbert space H. Let A : C — H be
an a-inverse-strongly monotone mapping, and let F be a bifunction from C x C to R which
satisfies (A1)-(A4). Let S: C — H be a «-strictly pseudocontractive mapping, and let [ be
a B-contraction on H. Assume that Q = F(S) N VI(C,A) NEP(F) # @. Let {r,,} and {s,} be
positive real number sequences. Let {«,,}, {B,}, {yn} and {5,,} be real number sequences in
(0,1) such that oy, + By + yu = 1. Let {x,,} be a sequence generated in the following process:

x1 € H,
F(z,,2) + i(z—zn,z,, -x,) >0, VzeC,
Yn = Pclzy — spAzy + €y),

Xn+l = arlf(xn) + ,ann + Vn(an_yn + (1 - 3n)Syn)’
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where {e,} is a sequence in H. Assume that the control sequences satisfy the following con-
ditions:

() lim, oy =0andy o) a, = 00;

(b) 0 <liminf, o B, <limsup,_ . B. <1

(© Yoo llenll < 00, limys o0 18511 = 84| = 0 and k <8, <8 <1;

(d) limy,_s o0 |#yse1 — 7| = 0 and liminf,_, o 1, > 0;

() lim,— o0 |Sps1 —Su| =0,0<s<s, <5 <2a,
where 8, s, s’ are real constants. Then {x,} converges strongly to q, which is also a unique
solution to the variational inequality

(f(x) —x,x-y)>0, VyeC.
Proof For any x,y € C, we see that

|| I-s,A)x— (- s,,A)y” 2
= 2=yl - 2s,(x -y, Ax — Ay) + s} | Ax — Ay||®
< llx = yI* = s (2 —5,) [ Ax — Ay *.
By using condition (e), we see that ||[(/ — s,A)x — (I — 5,A)y|| < ||x — y||. This proves that

I —s,A is nonexpansive. Put S, = §,I + (1 — §,)S. It follows from Lemma 1.4 that S, is
nonexpansive and F(S,) = F(S). Let p € Q be fixed arbitrarily. Hence, we have

%41 =PIl < n|[fGen) = p|| + Ball%n =PIl + Vull Suyn — P
< auBlxn —pll +au|f) = p| + Ballxn = pll + Vallyu - pll
< (T-an(1=B)lxn —pll +au|f(®) - p| + lleal

< max{||x,, -pl, ”f(lpiijgp”} + [lexll.

It follows that ||x, — p|| < max{|x; —p||,%} + > lleqll. This shows that {x,} is
bounded, so are {y,} and {z,}. Let 1, = % It follows that

_ an+1f(xn+1) + Vn+lsn+1yn+1 _ anf(xn) + VnSnyn

Apsl — Ay =
" ! 1- ﬂnd 1- ﬁn
_ an+1(f(xn+l) - Sn+1yn+l) + (1 - ,Bn+1)Sn+1yn
1- IBVH-I
_ an(f(xn) - Sn_yn) + (1 - /Sn)Snyn
1- ﬁn
Uyl (f(xn+1) - Sn+1yr1+1) oy (f(xn) - Snyn)
= - Sn n+l — Sn ne
1- /3n+1 1- ﬁn T o Y

Hence, we have

Oyl ”f(xm-l) = Sur1Ynsl + oy ”f(xn) = Sunll
1- :Bn+1 1- ,Bn
+ ”Sn+1yn+l - Snyn” (21)

”)"n+1 - )\n ” =
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Since z, = T,,x,, we find that F(z,,2) + %(z — Zu2n — %) > 0, Vz € C and F(z,,1,2) +
1
Tn+l
and F(zu1,2,) + ﬁ (Zn = Zus1sZns1 — Xns1) = 0, Vz € C. By using condition (A2), we find

that (z,,1 — z,,, 2=2 — 2117041y > () Hence, we have

n Tn+l

(Z = Zy41, Znsl — Xne1) = 0, Vz € C. It follows that F(z,,z,.1) + i (Zns1 — Zns Zn — %) = 0

y 2
Zp+l = Zns Zpsl — Xn — —(Zn+1 _xn+1) = ||Zn+1 - Zn” .
Tn+l

|I>. Hence, we have

This implies that (2.1 — 2y, %1 — %, + (1 - %)(znﬂ —%n41)) = 1Zns1 — 2

|rn+1 - rn|
1Zne1 = Zull < %1 — Xl + r—||Trn+1le — X |l
n+l

It follows that

961 = Yull < | Pc(znsr = Sus1AZus1 + €ni1) — Pe(zn — Sus1Azn + €l |
+ | Pc(zn = $n1Azn + €n11) = Pc(zn — $uAzu + &) |
< = $01A) 21 — (I = $1:14) 20 |
+ |21 = $111420 + €n1) — (20 — 5uAZ0 + €) |
< Nzu1 = zull + 1Sus1 = SulllAZull + llensall + llexnll
< orsr = %l + y 1T 0160 =

n+l

+18ne1 = SullAZu || + [lenall + llenll.
This implies that

1S+1Yn41 = Syl
S ||Sn+1yn+l - Sn+1yn|| + ||Sn+1yn - Snyn”
= ||yn+1 _yn” + ”Sn+1yn _Snyn”

7041 = Tl
< %1 — Xl + 77” Trmlxn — %y ||

n+l

+1Sue1 = SulllAzZull + llensrll + llenll + 1841 — Sl 1SYn = yull. (2:2)
Substituting (2.2) into (2.1), we find that

”)\n+1 - )Vn” - ”xn+1 _xn”

< an+1”f(xn+l) = Sus1Ynell + an”f(xn) =Sl
- 1- /3;1+1 1- ,Bn

|rn+1_rn|
+7

" Trn+1xn —%n ”
Tn+l

+ |Sn+1 —Sn“lAZn” + ”en+1” + ”en” + |5n+1 _3n|”5yn _yn”'

It follows from conditions (a)-(e) that

limsup(||Aus1 — Al = %041 — %all) < 0.

n—0o0
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By using Lemma 1.5, we see that lim,_, o || A, — %, || = 0, which in turn implies that
lim ||#,41 =% = 0. (2:3)
n— 00

Since T, is firmly nonexpansive, we find that

Iz = pII* = 1T, %5 = T, 117

< (Xn =P zZu—p)

= 2 (=1 + = I = 3~ 2 1P).
That is,
2w = pII* < 1w = pII* = 126 — 2.
It follows that

%01 = Bl < | Gon) = 2| + Bullt =PI + 1l Sy - pII
<, |[f ) = p| + Bulln = pII* + Villy - pII?
< au|[fGen) = p||* + Bullxw — PI? + vullzn — P11 + £

2
< & |[f (@) = p||” + 120 = PI* = vulltn = 2all* + i
where f, = |le,||(llex|l + 2|lz, — pll). This further implies that

2
Yulln = zull> < o |[f ) = 2| + 0 = PI* = %01 = PI* + 15

2
=ay Hf(xn) —P” + (”xn =Pl + 1%nn —P||) %0 = Xns1ll +fu-
By using conditions (a) and (b), we find from (2.3) that
lim ||z, —x,]|| =0. (2.4)
n—0oQ
Since A is «-inverse-strongly monotone, we find that

19 = pI? < || (20 — $442) — (p — 5,4D) + &
S H (Zn —P) _Sn(AZn —AP) ”2 +fn

< 1% = plI* = 520t — $) |1 Az, — Ap|* + f.
It follows that

%01 = DI < e[ Ge) = 2| + Bullt =PI + V1S - pII
<, |[f ) = p| + Bulln = pII% + Vullyn - pII?

2
=ay iLf(xn) —P” + [lxn —P||2 — 5,20 = 5,)yullAz, —AP||2 + f.
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This yields that

5120 = 5,) 74|42, = Ap|* < an [ () = p[|” + 1560 = 1> = W =PI + £
By using (2.3), we find from conditions (a), (c) and (d) that

lim [[Az, - Ap]| =0.
Since P¢ is firmly nonexpansive, we find that

”yn —P||2 S <(1 _SnA)Zn +€; — (I - SnA)pryn _p>
= %{H (I-s,A)z,+e,— (I —s,,A)pH2 + 1y, —plI?
- ”(1 _SnA)Zn +ée, — (I_SnA)p - ()/n —P)Hz}

{”Zn _P||2 + o+ 1yn _P||2 - ”Zn —In— (Sn(AZn - Ap) _en) ”2}

IA
N = N =

{zn =PI +fo + llyn =PI = ll20 = yul®
+ 2(z,, — Y Su(Az, — Ap) — en) - ||s,,(Az,, —Ap) —e, ||2}
1

< E{”xn =pI? + i + 19 =PI = 20 = yl?

+ 2|z = yull Hsn(AZn —Ap) —e, ” - Hsn(Azn —Ap)-ey, ||2}:
which yields that
1>

1y = 21? < 1% =PI + £ = 120 = Yull® + 255120 = yu | |1 A2, — Apl|

+ 21z = yullllenll-
It follows that

%1 = 2I% < @ |[f @) = p||* + Bulln — P11 + vall Sy — pII?
< au|f ) = p|* + Bl - pI> + Yilly - pII?
< au|[f @) = p||* + 190 = DI + fo = Vil = yull?

+28,Vullzn — YullllAzy — Apll + 2|12, — yullllenl.
This in turn leads to

Villzw = yull> < [ fn) = p|* + 120 =PI = %01 — 21> + £

+ 28, Vullzn — YullllAzy — Apll + 2112, — yullllenl.
By use of (2.3) and (2.5), we find from restrictions (a), (b), (c) and (e) that

lim |z, — yn|l = 0.
n—00

Page 8 of 14

(2.6)
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On the other hand, we have
YullSu¥n = %nll < %01 — %41l + oty “xn _f(xn)”

By using conditions (a) and (b), we find from (2.3) that
lim ||x, — S, y,| = 0. (2.7)
n—oQ

Since S, is nonexpansive, we find that

1S = xull < 1Sp%n = Spyull + 1Suyn — xull

= n = zall + 120 = Yl + 11Spyn — %l
It follows from (2.4), (2.6) and (2.7) that
Him_ o, = Syxul| = 0. (2.8)
Notice that

1%, — x|l < ||an - (8nxn +(1- 8n)5xn) H + || Suy — x|

< 8ullSxu — 2l + |Suxn — %l
By using condition (c), we find that
lim ||x, — Sx,| = 0. (2.9)
n— 00

Now, we are in a position to show limsup,,_, .. {f(q) — ¢,%, — q) < 0, where g = Pof(q). To
show it, we can choose a subsequence {x,,} of {x,} such that

lim sup(f(q) —q, % — q) = ilifgloV(CI) — g Xn; — q>.

Since {x,,} is bounded, we can choose a subsequence {x,,l.j } of {x,,,} which converges weakly
to some point x. We may assume, without loss of generality, that {x,,} converges weakly
to x.

Next, we prove x € Q. First, we show x € EP(F). Notice that

1
F(yn;y) + r_<y_ymyn _xn> Z 0’ V_)/ € C
By using condition (A2), we see that % & = Y Yu — %n) = F(5,¥4), Yy € C. Replacing n by

n;, we arrive at

Yni = %n

<J’—J’nl-, >ZF(y,yn,.), VyeC.

nj

By using (2.4) and (2.6), we find that {y,,} converges weakly to x. It follows that 0 > F(y, X).
For each t with 0 <t <1, let z, = tz + (1 — t)x, where z € C. It follows that z; € C. Hence,
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we have F(z;,x) < 0. It follows that
0 = F(z1, 2) < tF(2z1,2) + (1 = t)F (24, %) < tF(2;,2),

which yields that F(z;,z) > 0, Vz € C. Letting ¢ | 0, we obtain from condition (A3) that
F(x,z) > 0, Vz € C. This implies that x € EP(F).
Next, we show that x € VI(C, A). Let T be a maximal monotone mapping defined by

Ax+Ncx, x€eC,
Tx =

@, x ¢ C.

For any given (x,y) € Graph(T'), we have y — Ax € Ncx. Since y, € C, we have (x — y,,y —
Ax) > 0. Since y, = Pc(z, — s,Az, + e,), we see that (x — y,,y, — ([ - s,4)z, — e,) > 0 and
hence

<x—y,,,y7n _:” ~Cn +Az,,> > 0.

It follows that

(X = Yujpd) = (X — Yy, AX)

= Zy — €y
> (x_ynpr) - <x_yni:w +Aan.>
Sy

i

= (X = YupAx = Ayy,) + (X = Yy AV, — Azy;)

_ynl‘ _Zn,' _enl‘
—(x _yni! p e S
i

Su;

J’ni - Z}'ll‘ - eni>
i

> (X = Yy AYn; — Azp;) = <x_ym’ s
”

Since A is Lipschitz continuous, we see that (x—x, y) > 0. Notice that T is maximal mono-
tone and hence 0 € Tx. This shows that ¥ € VI(C,A). By using Lemma 1.2, we find that
x € F(S). It follows that limsup,,_, .. (f(q) - ¢, %, —q) <0,

041 — gl
< aulf (%) = @ %1 — ) + Bullxn = qll %1 = g1l + VullSuyn — 1 %001 — 4l
< aulf () = £ (@), %1 — @) + ulf (@) = G X1 — q) + Bull%n — X %1 — 4
+ Vu (60 — g1l + €1) 1%ns1 — gl

<an13+,3n+7/n

= = (= qll® + lnn = 1) + lf (@) = @ 5w = q) + enll®nin — gl

It follows that
”xn+l - q||2 = (1 - 0[,,(1 - :3)) ”xn - q”2 + 2an<f(q) — @ Xns1 — q) + 21(,,6,,,

where K = sup,...; {[lx, — ql[}. By using Lemma 1.6, we find that lim, .« [, — gl = 0. This
completes the proof. d
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For nonexpansive mappings, we have the following result.

Corollary 2.2 Let C be a closed convex subset of a real Hilbert space H. Let A : C — H be
an a-inverse-strongly monotone mapping, and let F be a bifunction from C x C to R which
satisfies (A1)-(A4). Let S : C — H be nonexpansive, and let f be a B-contraction on H.
Assume that Q = F(S)NVI(C,A) NEP(F) #@. Let {r,} and {s,,} be positive real number se-
quences. Let {a,}, {B,} and {y,} be real number sequences in (0,1) such that o, + B, + v, = 1.
Let {x,} be a sequence generated in the following process:

X1 € H,
F(z,,2) + %(z—zn,zn —x,)>0, VzeC,
Vn = Pc(zy — 5,Az, + €y),

KXnl = ‘Xrtf(xn) + Bun + VuSYns

where {e,} is a sequence in H. Assume that the control sequences satisfy the following con-
ditions:

(a) limy ooy =0andy oo o, = 00;

(b) 0 <liminf,_ o By <limsup,_, ., B:<1;

(© Y2 llenll < 005

(d) limy,_ o0 |71 — 7| = 0 and liminf,_, o 1, > 0;

() lim,_ o0 |Sps1 —Su| =0,0<s5<s, <5 <2a,
where s, s’ are real constants. Then {x,} converges strongly to q, which is also a unique
solution to the variational inequality

(f(x) —x,x—y) >0, VyeC.
Further, if S is an identity, we have the following result.

Corollary 2.3 Let C be a closed convex subset of a real Hilbert space H. Let A : C — H be
an a-inverse-strongly monotone mapping, and let F be a bifunction from C x C to R which
satisfies (A1)-(A4). Let f be a B-contraction on H. Assume that Q = VI(C,A) NEP(F) # .
Let {r,} and {s,} be positive real number sequences. Let {«,}, {8,} and {y,} be real number
sequences in (0,1) such that a,, + B, + yn = 1. Let {x,,} be a sequence generated in the following

process:

X1 eH,
F(z4,2) + ;- (2= 2,20 = %) 20, V¥z€C,

Xntl = anf(xn) + ,ann + ynPC(Zn - SnAZn + en)y

where {e,} is a sequence in H. Assume that the control sequences satisfy the following con-
ditions:
(a) limy oo, =0and ) o2 o, = 00;
(b) 0 <liminf,_ o B, <limsup,_, ., B.<1;
© Yooy lleall < oo;
(d) limy,_s o0 |#ye1 — 7| = 0 and liminf,_, o 1, > 0;
)

(€) limy o0 |Sn41 — 54| =0,0 <5 <5, < s’ < 2a,
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where s, s’ are real constants. Then {x,} converges strongly to q, which is also a unique
solution to the variational inequality

(fx) —x,x-y)=0, VyeC.
Putting F(x,y) = 0 and r,, = 1, we find the following result.

Corollary 2.4 Let C be a closed convex subset of a real Hilbert space H. Let A : C — H be
an a-inverse-strongly monotone mapping. Let S : C — H be a «-strictly pseudocontractive
mapping, and let f be a B-contraction on H. Assume that Q = F(S) N VI(C,A) # . Let {s,,}
be a positive real number sequence. Let {a,}, {B,}, {vn} and {5,} be real number sequences

in (0,1) such that o, + B, + v = 1. Let {x,,} be a sequence generated in the following process:

X1 eH,
Zn =Panx
Yn = PC(Zn _SnAzn + 6,,),

Xp+l = anf(xn) + Buxy + Vn(anyn +(1- 8n)Syn)»

where {e,} is a sequence in H. Assume that the control sequences satisfy the following con-
ditions:

(a) limy ooy =0and ) o o, = 00;

(b) 0<liminf, o B, <limsup,_ . B. <1

© 0 llenll < 00, limy o0 [8,41 — 84l =0 and k <8, <8<1;

(d) limy o0 |Sps1 =Sl =0,0<s<s, <s <20,
where 8, s, s’ are real constants. Then {x,} converges strongly to q, which is also a unique
solution to the variational inequality

(fx) —x,x-y)=0, VyeC.

Corollary 2.5 Let C be a closed convex subset of a real Hilbert space H. Let F be a bifunc-
tion from C x C to R which satisfies (A1)-(A4). Let S : C — H be a k-strict pseudocontrac-
tion, and let f be a B-contraction on H. Assume that Q = F(S) N EP(F) # 0. Let {r,} be a
positive real number sequence. Let {a,}, {B}, {yn} and {8,} be real number sequences in
(0,1) such that o, + By + vy = 1. Let {x,,} be a sequence generated in the following process:

X1 e H,
F(z4,2) + ;- (2= 2,20 = %) 20, V¥z€C,

Xntl = anf(xn) + ,ann + yrz(‘snzn + (1 - 871)52;1)7

where {e,} is a sequence in H. Assume that the control sequences satisfy the following con-
ditions:
( ) lim, 0oy =0and )y oo, = 00;
(b) 0 <liminf,_ o B, <limsup,_, ., B.<1;
(€ Y02 llenll < 00, limy— o0 18441 = 84| =0 and k <8, <8<1;
)

(d) lim,_ o |Fye1 — 1| = 0 and liminf,_, o r,, > 0,



Bin Dehaish et al. Journal of Inequalities and Applications (2015) 2015:51 Page 13 of 14

where § is a real constant. Then {x,} converges strongly to q, which is also a unique solution
to the variational inequality

(fx) —x,x—-y)>0, VyeC.

Remark 2.6 Comparing Theorem 2.1, Corollaries 2.2-2.5 with Theorems IT, TT and the
corresponding results in [6-20], we have the following.
(a) We extend the nonlinear mapping from the class of nonexpansive mappings to the
class of k -strictly pseudocontractive mappings.
(b) Possible computation errors are taken into account.
(c) The conditions imposed on control sequences {«;,} and {s,} are relaxed.
(d) The common element is also a unique solution of variational inequality (1.2).

Theorem 2.7 Let C be a closed convex subset of a real Hilbert space H. Let A : C — H be
an «-inverse-strongly monotone mapping, and let f be a B-contraction on H. Assume that
VI(C,A) # 0. Let {s,} be a positive real number sequence. Let {c,}, {8,} and {y,} be real
number sequences in (0,1) such that o, + B, + ¥, = 1. Let {x,)} be a sequence generated in
x1 € C, X1 = 0yf (%) + By + VuYu, where y, = Pc(x, —s,Ax, +e,), where {e,} is a sequence
in H. Assume that the control sequences satisfy the following conditions:

() limy ooy =0andy o oy = 00;

(b) 0 <liminf,_ o B, <limsup,_, ., B.<1;

© 32 lleall < 00, limy o0 ISus1 =S4l =0, 0 <s <5, <5 <20,

where s and s’ are real constants. Then {x,} converges strongly to q = Pyycaf(q).

Remark 2.8 To construct a mathematical model which is as close as possible to a real
complex problem, we often have to use more than one constraint. Solving such problems,
we have to obtain some solution which is simultaneously the solution of two or more
subproblems. This is a common problem in diverse areas of mathematics and physical
sciences. It consists of trying to find a solution satisfying certain constraints. In this pa-
per, we investigate the problem of solving common solutions of an equilibrium problem,
a variational inequality problem and a fixed point problem of a strictly pseudocontractive
mapping based on a regularization projection algorithm. Possible computation errors are
also taken into account. Strong convergence theorems are established without compact
assumptions and additional metric projections in the framework of real Hilbert spaces.
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