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INTRODUCTION

The problem of neutron transport is basically concerned with
random eventa. The moat that can be said about any given interaction
is the probability for the various kinde of events. In many of these
events, the outcome (i.e., direction of neutron scattering and
emergent energies) can be apecified only in terms of prodbability dis-
tributions.

In a Monte Carloc calculation these stochastic processes are
simulated on a computer by following essentially individual neutron
histories. Random nuabers are used to determine the outcome of the
various processes.

The Monte Carlo method differs from numerical methods in that
the neutrons are treated as discrete particles, while phase space is
treated as a continuum (numerical methods treat the neutron population
&s a continuum, while phase space is represented by a set of discrete
points).

The Monte Carlo method proposed here follows neutron
histories through many generations. The total number of histories
followed depends on the statistical uncertainty desired.

The major differences in the Monte Carlo scheme proposed here
and previous Monte Carlo calculations are as follows:

1. The routine for the calculation of the fast fission factor
is essentially the same as the code developed at Hanford by the author.
The major difference is that the use of neutron weights has been intro-
duced. The use of neutron weights provides an estimate of this

parameter for every history followed and reduces the statistical error

significantly. GL9 03
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2. The calculation of the resonance escape probability follows
the general outline used by R. D. Richtmeyer°1 However, an improved
sampling technique is used to decrease the machine time required for
each neutron history. The major innovation here is the use of doudbling
surfaces in the moderator.

3 The conpﬁtation of the thermal utilization is & new procedure.
A Monte Carlo scheme for calculating this parameter in water-uranium
lattices has been developed by A. Rotenberg.a However, Rotenberg assunes
that the thermal neutron spectrum is of the usual Wigner-~Wilkins fora.
In the Monte Carlo method proposed here, no assumptions are made about
the neutron spectra. The neutron spectrum is calculated for every
region. With this calculation, the effects of spectral hardening and
also epithermal fission will be included in the calculation of the
thermal regeneration factor.

4, The neutron flux is calculated in a somewhat different manner.

The definition that the neutron flux is proportional to the sum of the
path lengths per cubic centimeter per second has been utilized. The
neutron flux is recorded for 100 neutron energy groups, 25 thermal
groups, 50 resonance groups, and 25 fast groups. The concept of groups
has been introduced only as a convenience in recording the output,
Below 100 kev, the processes take place on a continuous basis in phase
space; the use of neutron groups is limited solely to the recording of
the ocutput. Above 100 kev, the neutron cross sectiona vary enough so
that the neutrons are assumed to exist in various groups. Scatterings
are followed from group to group rather than following a continuous

energy degradation.

730-v-45 (REV 5-89)
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5. A generalized geometry routine is incorporated so that any
type of lattice cell which can be specified by conic sections can be
studied.

6. At the present time, there are no Monte. Caglie nodes Shat will
Bates have applied the Monte Carlo method to conputing thermal neutruﬂg
spectra in a homogeneous infinite medium, and the proposed method
extends the procedure to heterogeneous lattices.

The Monte Carlo method proposed here represents perhaps the
most rigorous cell calculation that can be made; for example:

1. All transport effects are included.

2. The effect of epithermal fisasion on reactivity is included.

3. Spectral hardening is included.

b4, Ro assunptions are made about the neutron spectrua.

b In the calculation of the resonance escape probability, the
following effects are included:

a. Slowing down by heavy as well as light atoms is included.

b. No assumptions are made that the transport mean-free path
is small compared with the dimensions of the cell or the fuel rod.

C, No assumptions are made about the angular distributions
of flux entering the fuel rod.

d. It is not necessary to approximate the cell with a
cylinder.

e. Resonance scattering is included along with interference

between resonance and potential gcattering.

¥

m e ) -
compute the neutron spectra in complex lattices.i Br'uﬂ.’ ﬂnd Btvng!l~uadﬁ,
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f. The Doppler broadening of all resonances is included,
including both absorption and scattering.

g It is not assumed that the slowing down density is a
constant in the moderator.
€. In the calculation of the fast fission effect, the following

effects are included that are usually neglected:

a. Back~gcattering from the moderator is included; that is,
soms figsion neutrons can escape froa the fuel rod, make a
collision in the moderator, and re-enter a fuel rod with sufficient
energy to cause a fast fission in uranium-238.

b. The interaction fast effect, which may amount to a few
tenthas of a percent in reactivity in a graphite lattice, is
included. That is, the fractional increase in the fast fission
effect due to neutrons born in adjacent fuel rods or celle is

included.

OVER-ALL METHOD

A neutron is assumed to be born due to thermal fission in one of
the fuel rods. Initially, a uniform source distribution ie assumed.
The initial neutron energy is picked at random from the appropriate
fission distribution. The initial direction parameters are chosen at
random. (The neutron is emitted isotropically from the fission event.)
This neutron is then followed as it slows down, and all pertinent
events that ocour are recorded. By the use of weights (this technique
will be described later), the neutron can be thought of as a large

assembly of neutrons all following a given trajectory. When an

&g <08
. N
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absorption occurs, only a fraction of the neutrons are lost. If the

original ncutron weight was Wo9 then after a collision occurs

a. neutrons are absorbed,

t‘ﬂlM
3

w
o

o‘
g/‘M

'. neutrons are elastically scattered,

=
[«]
Mlm
3

in‘ neutrons are inelastically scattered,

and so on.

For neutron energy above one electron volt, the ascattering
(elastic) mechanics are evaluated on the basis that the scattering
nuclei are sgtationary.

If the neutron energy is less than one electron volt, the
scattering nuclei are assumed to have a Maxwell~Boltzman distribution.
The scattering mass used is an effective gcattering mass such that the
proper transfer functions which allow for chemical binding will be
obtained.

The output of the Monte Carlo e¢ode will be az followa:

1. The average flux in each region for each neutron energy group.
2. The resonance escape probability.

3. The thermal utilization.

4, The fast fisaion effect.

5 The neutron regeneration fazctoer, n °

6. The infinite neutron multiplication factor.

7. The statistical uncertainty for each of the above parameters,

730-V-45 (REV 5-59)
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If the lattice to be studied conteins graphite, a priori
knowledge of the importance functions is assumed. Work done elsewhere
indicates that thermal neutrons might make several hundred collisions
before entering the fuel. This difficulty can be alleviated by the uae
of doubling surfaces. Eagh time a neutron passes through a doubling
surface in the outward direction, the neutron weight is increased by
n (n = integer) and 1/n neutrons followed. If the neutron survives a
game of Russian Roulette, a random number § is generated; if ¢ < 1/n,
the neutron survives; if { > 1/n, the neutron history is terminated.
If the neutron passes through the doubling surface on the inward
direction, the weight ia decreased by n, and n neutrons are followed.
These surfaces are placed at A , 2\ - n\» from the process tube or
channel.

A = mean-free path for graphite.

The optimum value of n will be determined during trial runs of
the program. The optimum value ias defined as the maximum n, for which
the amnawer remains the same., Once this factor has been determined, it

will be permanently incorporated into the prograa.

SAMPLING METHOD

The sampling technique used in this program is somewhat
different from the usual straightforward procedures, such as diminishing
weights., After each collision, the neutron weight is examined to
determine if it is less than the cut-off value Wc. If not; the history

continues, but once the weight has been reduced below wc. a randonm

730-V-45 (REV 5-59)
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number { 1is chosen. If [ > 'e' the history is terminated and the
tallies made., If I < Wc. the hiatory is continued, but the weight

ims increased by multiplying by l/'c. Thus, hiastories are regenerated n
times with probability W:. For coding purposes, the procedure is altered
somewhat., After each collision, a random number is chosen and tested

against the actual weight W',

. ou e

If £ > W', the history is terminated and the tallies made.
It § £ W', the weight is increased to Wo and the history is continued.
The optimum value of Wo is approximately unity, and it has been shown

that both procedures are statistically correct.

GEOMETRY
In general, surfaces of the following forms can be
recognized:

2 2
1. (x-xo) + (y-yo) -K=0

2. x~K = 0
3 . y“K = 0
14‘ . Z—K = 0

5. Yy =mX+Db
Surfaces are assigned ome of the forms (1-5) by use of an index Doy
(A =1,2,3,4,5). A mioroscopic region o is identified by listing the
values of D, that bound it. It is also necessary to identify both
bounding surfaces and doubling surfaces by D p °F Dd~n' A further

paramcter ic needed to specify the types of materials in region~ .

o9 08
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The first step in the geometry routine (the initial source
routine is a separate entity) is to determine the distance to a collision.

This can be written“ (see Appendix C)

jz-ka,/{/n{
£

¥ = a random number in the range / 0,1_/
l;? = mean-free path in material { for neutrons with

energy G

The diatance to the nearest boundary is then calculated for a
neutron with coordinates X0 Ty 230 and direction cosines u, v, and w
where

u = CO8

v = cos O

w = cos
and o , F; , and ) are the angles made by the line of flight with the
X, Y, and z axes respectively.

The distance to a boundary of the type

(x—xo)2 . (y-yo)2 -K = 0
oan be calculated by substituting into the above equation

x:du+x1

y = dv+yl

The results would be:

b ¢V b2 - 4 ae

d =
2&

S R i
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P = 2(ux1 + ¥y - XU - yov)

2 2 2 e
¢ = (x1 +X = 2X X +Y) +Y - 2¥ 7 - KCT)

a = “2 + '20

Por boundaries of the foram,
2. X-K, =0
3. y-Kq = O
“'o z-xo{ = 0

5- ’--O(x*bd\'

the solutions are

- K
2. a.-xl i 2=k 4
u u
Yy, - K
1 y1 - K
50 d'- v if v 0
z. - K
b, d = - - ¢ 2=k
w
b=y, +n
5. dll !" fl .
V=-mau

The smallest positive value of d being accepted as the distance

to region _<'. A check is then made to determine if

1. 4 < a

2. /f >~ d

If the first equality holdsg a collision occurs in region . ,
and the collision routine is called. If the second statement is true,
then the neutron is advanced to:

x = du + xl

Yy = dv + 7y
. v 2
z2 = 4w + 5% v “"1

730-V-48 (REV 5-89)
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A check is now made to determine if the new region D_ ' is a
doubling surface or a boundary. If D_ ' is a doubling surface which is
described by an equation
‘2 + ’2 -K = 0,

& further check is made to determine if

1. xi +y = K
2 2
2 11 L 2 yl > K.

If the neutrons original position was such that

2
Qe <k

the weight of the neutron is increased by n if the neutron survives the

game of Rugsian Roulette. If x°

+ ,2 > K, the neutrons weight is
decreased by n and n neutrons followed. If the surface D_, is a
boundary, then

X = - x, for type 2, 3, and 4 surfaces

X = =-x )

) for type 5 surfaces

y = -y')

and the neutron history is continued.

When the neutron has been advanced to its new position,

(if,/ > d) a new ,p is calculated

A e - lefn(l-f,é-;

P(A) = e Lo

and the collision routine is called. The neutrons new position is:

730-V-45 (REV 5-89)
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x'.[ud-x
yY' = Aﬂ v+y
z'sjw+z

Before the collision routine is called, the neutron track length in
region /~ and &\' is recorded. The neutron flux for any energy group
can be defined as the sum of the track lengths per cubic centimeter

per sec. Thus, the average flux in each region can be calculated by

W = neutron weight

n
/(E) = track length per collision for a neutron of energy E.

COLLISION ROUTINE

Two cases are considered for elastic scattering.
1. If the neutron energy is above E min (E min = 1 ev), the
moderating atoms are considered to be at rest. 1In this case, the
energy loss can be readily calculated as follows:

B! -I(Sc +‘1‘c/l)
H acoa\}/’-zt-l

w' = angle of deflection in the center of mass system from

the original line of flight.

SR 313

730-v-45 (REV 5-59)
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E = original neutron energy
E' = new neutron energy

S = 1/2 (lere)

T = 1/2 (l-re)

re = (A-1)%/(as1)?

! = random number in the range (0,1)

The cosine of the angle of deflection in the laboratory aystem

from the original line of flight can be caloulated as follows:

Y Y
Q@ + 4% 4 22

cos\ =

The direction parameters after collision are then calculated

by5
u becwau ; bdv cau
l] -w
v becwy ; bdu e ay
l-w
w' . =2 °2 +au
l-w
where

730-v-48 (REV 5-59)
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If w' is close to unity, that is if 1 - w' - 2" 1, the formulas
become indeterminate, and the following is used:

w' = bo

v* = bd

w = aw

2. If the neutron energy is less than Enin' the moderator atoms
are considered to have a Maxwell-Boltzman diastribution of velocities.
The probability p of a coellision between a neutron of
- ) - P
velocity v and a target of velocity v, and with %V, = Mv v, depends
upon the relative velocity and the distribution of target velocities.
The probability of a collision with a moderator atom is obtained by

integrating over all 3é

N hd -> - - =3
fp dv, = f.oo-('v - val) llvz) dv,

The assumption is made that the scattering cross section is

constant in this region. Then

2
e g L) ert G v7
pdv, = o + (1 + erf\/x v
2 V;&v quz
with
A
X ® AT

8ince the integral prodbability is complex, it is much more
convenient to deal with the differential probability. The selection

of v, is made with a rejection tochniquo.3 An upper bouand of the

i AR HE i H e aatn

730-v-45 (REV §-89)
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integrand is v + voi the upper bound of the probabllity is then

fp max di‘a = vfn(va) dv, + fvz n(va) dv,

= v + 1

T
o To

Ay

A random number I in the range (0,1) is drawn. IfZ <

v/(v + I), a value of v, is chosen from a Maxwellian distribution

2
(see Appendix B). IfI > vlvel), v_ is selected from the distribution

2
va-(va).

The v, 80 obtained is representative of the upper bound
probability p(max), the actual probability is more restrictive. Every
velocity v, is chosen too frequently by the method because sach
velocity is chosen with maximum probability. The frequency should be
reduced by the fraction which p(max) exceeds the actual p. Thus, a
second random number [ is drawn to test the choice of v, It
Z < ‘ v - ;2' / ,? + #é’ ’ '2 is accepted; otherwise, the sample is
rejected and the process is repeated.

The value of A is selected by choosing a random number I in
the range (0,1) and

HMw 28 -1
If the scattering is accepted, the calculation proceeds in the

ususl manner.

For any collision one has

- - >, " >
b"*'é"aﬂf' ¢,572 - ¥,

}

ﬁ
i
&

bk

&
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where ¢c is the velocity in the center of mass, and the primed and
unprimed quantities refer to the post and pre-collision velocities.
S8ince for elastic collisions

J¥ - ¥

2’ ',$.";2°,!

the new neutron speed /is

| wel -’ﬂ “v‘-‘v\alo-vl

vpz ,v-v ; + 2 (v-vz) Vc A

A= 2 -1

X = l/(l + A.ff)

O
"

Ayed/ (1 + A o)

' a(V2+2A vv+2

1/2 -1
o ot ¥ V2 (Agpe + 1)

eff 2)

- 2 2
vrlc‘\/v +v2-2/4vv2
The direction parametera after collision can be calculated in

the usual manner except that

cosk}/ = cos \4]' coa\y" - sin W' sin \y"
‘v /+’"v"-"v‘
lv/

cos ! = ::Z *Aoft/“;/ I“"g{/“
(Aott +1) l71 ’7;!

cos Y a

730-V-45 (REV 5-89)
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> A 2 bed 1/2
l v - 'cl = (vc -v,-2Avy vz/“)

3

\v' = angle bet'ocn‘g; and v'

<}

q/" = angle between :; and

In the above calculations for elastic scattering, it was
assumed that scattering was isotropic in the center of mass system.
If the appropriate differential scattering cross sections were known,
the effect of anisotropic scattering collision in the center of mass

system could easily be calculated.

In the case of inelastic scattering, the emergent neutron

energy is chosen from the evaporation aodel.6

N(E') = E° cxpfl'/o

o = 228

B = 0o62\/ A

A random number ! in the range (0,1) is calculated and
1
Ela-OXnZ
A second random number in the same range is chosen and

1
Ea = -o,?ng
then

E' = E + E, (see Appendix E)

- \ﬂ“‘ LR 8
< aaidd -
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After the mscattering mechanics have been calculated, the
appropriate quantities are recorded and the history either continues
oris terminated. If the history has been terminated, the program
selects a neutron from the bern storage portion of the program. If none

is available, the program returns to initial start.

CROSS SECTION ROUTINE

The neutron oross sections are divided into finite energy
groups except in the range 0.45 ev to 100 kev. In all ranges, the
neutron energy may vary continuously although the absorptions and
fluxes are recorded in finite groups. In thias energy range resonance
absorption in uranium -238 predominates. The U-238 resonance region
consists of three loosely defined sub-regions:

1. Resolved region

2. 8tatistical region

3. Region above .~ 10,000 ev

For the first two cases (including interference between
resonance scattering and absorption and the thermal motion of the
target atoms), the cross sections for absorption and scattering can

be written as

Ua (E'T) Gr a \V(xyo)

o, (BsT) = 9, _ y(x,8) + 2 (3-{-‘-)\[%'::; X(x, o)

%, (E,T) = of\y (1:.v 9) (for U-235)

(See Appendix A for the calculation of the\+‘and X functionms,)

730-v-48 (REV 5-59)
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where

3/2 E_1/2
o, = 3200 (Li, ‘1?’ ‘}3Jﬂ‘ x 10718 on?
o

o (x-3)2/40
ZV 1+y

42 o o (x-y)2/4o

ZV 101

q/(x"é) =

X(x, 0) =
2 B
x =7 (357 - &)

A 24 EkT 34,bb x 20" T E , A2
S = Ul 2l 2 Sryy

E = energy of the neutron

E = energy of the neutron at the center of the resonance
A = nuclear mass

k' = Boltzman constant

T = abasolute temperature

conatiant potential scattering eross section

i

"o pot

f’ p nd /1Y are the neutron and x-ray half widths,.

)
i
St

¢

o
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The crose~sections for a nuclide that has resonances are

6‘(-‘3) = a‘(B,T) + x/VE
O = oa(E.T) + ¢ pot

When a neutron of energy E has a collision, a calculation is
made on the energy scale to determine the two nearest resonances. Let

these resonances be at Eo and E; such that

]
EOSESEO .

The cross-sections for the reaction are then taken as the sum of the
background cross-sections and thecontribution from these two resonances,
For the statistical region it is assumed that
1) The resonances are uniformly spaced
2) They have constant radiation width
3) The neutron widths are distributed with a Porter~Thomas
distribution,

The probability that

1/2

be x and x + dx is given by

~

2
P(x)dx-.\/ge'x/zdx .

730~v-45 (REV 8-59)
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Then

fvn = /LOWV[E:~ *

The procedure used to select from the Porter~Thomss distri-

bution is first select two random numbers and define (see appendix D)

518-/21{1

By = = (nlz

ir (al - 1)2 < 2 BZ' X = Bl. Otherwise two more random numbers are
drawn until the criteria is satigfied.

In the region above ~ 10,000 ev, where higher angular momenta
effects become important, (n, y) cross-sections are taken from BRL-325.7
The assumption 1s made that self-shielding is negligible in this region,

In U235 the neutron fission widths are distributed lls

a P(v) = "7 av

Selection of v is then the same as the selection of the

distance to a collision,

INITIATING PROCEDURE

To start the program'zés neutrons are assumed to be boran in
one of the fuel rods from thermal fission, The initial position is
first picked from a uniform distribution in the fuel rod, An initial
neutron energy is picked at random from the Cranberg fission spectrum
(see appendix E). Thenﬁvgs neutrons of this energy and initial position
0.9 "R

S
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are stored in the born storage. Then one neutron is picked from born
storage and its history is traced. If this neutron is lost before it
causes further figsions, the born storage is searched and another
neutron is followed. If no neutrons are in born storage then the pro-
gram returns to start, If the initial neutron is not lost before it
causes further fission, the new fission neutrons are stored in bora
storage to await their turn, Thus, the assumption that the thermal
fiseion distribution is uniform is rectified,

The initial neutron'’s position and direction cosines are
calculated in the following manner, Chose a random number % in the

range (0,1)
R= VK«

another random number is chosen and

p:u(Z(- 1) .

Then
x' = R cos @
¥' s Rsein @
and
x=x'+ xo
y=3' 47, .

Another random number ¥ is chosen in the range (0,1), and

w=z2F-1

I = Vl-»wa

u’;_-@:,; 1'23
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Again, a random number is chosen and
Q@ = n(2f - 1)
u = fcos @
vuPﬁmO

GENERATION OF RANDOM NUMBERS9'10

The sequence

L= (e g s c mod 250

has been shown to be satisfactory if a > 2 and ¢ is odd,
This sequence generates s full periocd of 235 random numbers

before repeating the sequence,

{ fg', 9 (‘124
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APPENDIX

A, Calculation of\vgx, 02 and X gx, 0211’12

The convergent series are

W
Ve (xe 00200 ¥ (%)™ o th0)
n=0
[ (4e)
n

and F o(40) is the tabulated incomplete gamma function.

N
X
Lo ® =55 ) (E2 o (4)

n=0
et (40) = fﬁ%—;fi)- .
The values of n at which the series are terminated is
defined as
n-1
&P a w0) 7 5 ()% o (40) | < 0.00156 .
a=0

The asymptotic series are

L
\Va(x. Q) = Z [-—g&;]nﬂ n(x)
x“+

n=0

1
Po 1201

By(x) = 1/2 g,(x) L 3-h Bo(x) 7

vedo o258
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By(x) = 3/4 Bo(x) [75-20 B (x) + 16 By 2(x) 7
Bs(x) = 3¢ Bo(x) [77-56 Bo(x) + 112 BE(x) - 64 B)(x) 7

By(x) = 32 Bo(x) [79-120 Bo(x) + 432 BZ(x) - 576 B3(x) + 256

ag(x) 4
! 49
n 1
Fyx, 0= 3 (70" At

n=0
BI(x) = ==
0 xz-o-l
B,(x) = = 1/2 BY(x) [ 3-bx BY(x) 7
B3(x) = 3/4 pi(x) [75-20 x BY(x) + 16x° BE(x) 7
BY(x) = = 32 B3(x) [77-56 x BY(x) + 112 x° B2(x) - 642> BJ(x) 7]

ﬂz(x) = %ﬁ? By (x) [ 9-120 x BE(x) + 432¢° ﬂga(x)
- 576> BY(x) » 256x* p3* x 7
The conditions under which the convergent series are used is:

0<x¢le2 and 49 > 0.2?5:a + 0,05
1.2 ¢ x<10 and 49 > 0.12x° + 0,28
10 < x<100 and 49 > 0.105x° + 1.75
100 ¢ x<200 and 46 > 0,95x° + 100

The coefficients Bn and p}l have been determined by

B. J. Leshan,

C..5 98
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B. Selection From a Maxwell Boltgman Distribution
A useful device employed by von Neuman is used here, A

random number { is generated in the range / 0,1 7.

EVaax * ¥

Then H(Vp) is calculated, where YP is the most probable

velocity. A second random number is generated, and if
TM(V) L MCZ V)

the velocity is accepted as Vi 4if the inequality is not satisfied,

the procedure is repeated until the criteria is satisfied,

B. Selection of the Distance to a Collision
The probability density is

p(hHaf = e-ZﬂZ( ad

L .
i () -f phal =1 - £l
0

is the corresponding digtridbution function for a first collision at

-z

{=1l-¢

1.

Y.-% fa 2 -0

Since 1 = Z is equi-distributed in the range / 0, 1 / if [ is

J Y
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D, Selection of Resonance Partial 'didth_-}3

The reduced neutron width is distridbuted as

2
dp(x) ,wvf§- X /2 4y

F BQ.'.

where

The probability that Bi will be obtained and accepted is
@PX

P(ﬁi) -J( P(ﬂi) P(az) a8,
(8,-1)%22
ae
-pBf, -8
(8,-1)%/2
¢ 4] 1/ 2 ;
- B -8 -1/2
e ljf e 2 ap, = % P 1
(p,-1)%/2

which has the required distribution,

E. Selection from the Evaporation Model Spectrum

The probability digtribution is

dp(E) = CE o~ %7 .

The sum of two random logarithms has the distribution

x
P(x) tjf ¥ e'(x'!) aY = xe X .
0

The sum of twe numbers each distributed as OE/T has the

distribution required, )
NI ‘oK
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