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❝❧❛ss✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❢♦r ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❡rs✳ ❚❤❡r❡✱ ♦✉r t❛s❦ ✐s t♦ ❝♦♠♣✉t❡ ❛ ♣❛rt✐t✐♦♥✐♥❣ ♦❢

t❤❡ ✭❞✉❛❧✮ ♠❡s❤ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❞♦♠❛✐♥ ❞✐s❝r❡t✐③❛t✐♦♥ ❬✸✹❪✳

❉❡s♣✐t❡ s♦♠❡ s✉❝❝❡ss❡s ♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✭❡✳ ❣✳✱ ❬✶✱✷✵❪✮ ❢♦r t❤✐sNP✲❤❛r❞ ♣r♦❜✲

❧❡♠✱ s✐♠♣❧❡r ❤❡✉r✐st✐❝s ❛r❡ ♣r❡❢❡rr❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❙❡✈❡r❛❧ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ♣r♦✲

♣♦s❡❞✱ s❡❡ ❙❝❤❧♦❡❣❡❧ ❡t ❛❧✳ ❬✸✹❪ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✳ ❚❤❡② ❝❛♥ ❜❡ ❝❛t❡❣♦r✐③❡❞ ❛s ❡✐t❤❡r ❣❧♦❜❛❧ ♦r

❧♦❝❛❧ ♦♣t✐♠✐③❡rs✳ ❙♣❡❝tr❛❧ ♠❡t❤♦❞s ❬✶✹✱✸✽❪ ❛♥❞ s♣❛❝❡✲✜❧❧✐♥❣ ❝✉r✈❡s ❬✹✻❪ ❛r❡ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢

❣❧♦❜❛❧ ♠❡t❤♦❞s✳ ❲❤✐❧❡ s♣❛❝❡✲✜❧❧✐♥❣ ❝✉r✈❡s ✇♦r❦ ❡①tr❡♠❡❧② ❢❛st✱ t❤❡② ❞♦ ♥♦t ②✐❡❧❞ s❛t✐s❢②✐♥❣

♣❛rt✐t✐♦♥✐♥❣s ❢♦r ❝♦♠♣❧✐❝❛t❡❞ ❞♦♠❛✐♥s ✇✐t❤ ❤♦❧❡s ♦r ✜ss✉r❡s✳ ❙♣❡❝tr❛❧ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥

✇✐❞❡❧② ✉s❡❞✱ ❜✉t ❛r❡ r❡❧❛t✐✈❡❧② s❧♦✇ ❛♥❞ t❤✉s ❤❛✈❡ ❜❡❡♥ ♠♦st❧② s✉♣❡rs❡❞❡❞ ❜② ❢❛st❡r ❧♦❝❛❧ ✐♠✲

♣r♦✈❡♠❡♥t ❛❧❣♦r✐t❤♠s✳ ■♥t❡❣r❛t❡❞ ✐♥t♦ ❛ ♠✉❧t✐❧❡✈❡❧ ❢r❛♠❡✇♦r❦✱ t❤❡s❡ ❧♦❝❛❧ ♦♣t✐♠✐③❡rs s✉❝❤ ❛s

❑❡r♥✐❣❤❛♥✲▲✐♥ ✭❑▲✮ ❬✶✾❪ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ s❡✈❡r❛❧ st❛t❡✲♦❢✲t❤❡✲❛rt ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ❧✐❜r❛r✐❡s✱

✇❤✐❝❤ ✇❡ ❞❡s❝r✐❜❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✷✳

▼♦t✐✈❛t✐♦♥✳ ■♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ♠✉❧t✐❧❡✈❡❧ ❑▲ ②✐❡❧❞ ❣♦♦❞ s♦❧✉t✐♦♥s ✐♥ ✈❡r② s❤♦rt t✐♠❡✱

❜✉t t❤❡ ❝♦♠♣✉t❡❞ ♣❛rt✐t✐♦♥✐♥❣s ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ♠❡❡t t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ❛❧❧ ✉s❡rs✿ ❆s ❍❡♥✲

❞r✐❝❦s♦♥ ❤❛s ♣♦✐♥t❡❞ ♦✉t ❬✶✸❪✱ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r② ✈❡rt✐❝❡s ✭✈❡rt✐❝❡s t❤❛t ❤❛✈❡ ❛ ♥❡✐❣❤❜♦r

✐♥ ❛ ❞✐✛❡r❡♥t ♣❛rt✐t✐♦♥✮ ♠♦❞❡❧s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈♦❧✉♠❡ ❜❡t✇❡❡♥ ♣r♦❝❡ss♦rs ✐♥ ♥✉♠❡r✐❝❛❧

s✐♠✉❧❛t✐♦♥s ♠♦r❡ ❛❝❝✉r❛t❡❧② t❤❛♥ t❤❡ ❡❞❣❡✲❝✉t✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡❞❣❡✲❝✉t ✐s ❛ s✉♠♠❛t✐♦♥ ♥♦r♠✱

✇❤✐❧❡ ♦❢t❡♥ t❤❡ ♠❛①✐♠✉♠ ♥♦r♠ ✐s ♦❢ ♠✉❝❤ ❤✐❣❤❡r ✐♠♣♦rt❛♥❝❡ ✭❡✳ ❣✳✱ ❢♦r ♣❛r❛❧❧❡❧ ♥✉♠❡r✐❝❛❧

s♦❧✈❡rs t❤❡ ✇♦rst ♣❛rt✐t✐♦♥ ❞❡t❡r♠✐♥❡s t❤❡ ♦✈❡r❛❧❧ ❛♣♣❧✐❝❛t✐♦♥ t✐♠❡✮✳ ❋✐♥❛❧❧②✱ ❢♦r s♦♠❡ ❛♣♣❧✐❝❛✲

✷



t✐♦♥s✱ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣❛rt✐t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r s♠❛❧❧ ❛s♣❡❝t r❛t✐♦s ❬✾❪✱ ❜✉t ❛❧s♦ ❝♦♥♥❡❝t❡❞♥❡ss

❛♥❞ s♠♦♦t❤ ❜♦✉♥❞❛r✐❡s✱ ♣❧❛②s ❛ s✐❣♥✐✜❝❛♥t r♦❧❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ♠♦st ♣❛rt✐t✐♦♥✐♥❣✲❜❛s❡❞ ❧♦❛❞

❜❛❧❛♥❝❡rs ❞♦ ♥♦t t❛❦❡ t❤❡s❡ ❢❛❝ts ❢✉❧❧② ✐♥t♦ ❛❝❝♦✉♥t✳

❲❤✐❧❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r② ✈❡rt✐❝❡s ❝❛♥ ❜❡ ♠✐♥✐♠✐③❡❞ ❜② ❤②♣❡r❣r❛♣❤ ♣❛rt✐✲

t✐♦♥✐♥❣ ❬✹❪✱ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥ s❤❛♣❡s r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ t❡❝❤♥✐q✉❡s ✭❡✳ ❣✳✱ ❬✾✱✷✼❪✮✱

✇❤✐❝❤ ❛r❡ ❢❛r ❢r♦♠ ❜❡✐♥❣ ♠❛t✉r❡✳ ❋✉rt❤❡r♠♦r❡✱ ❞✉❡ t♦ t❤❡✐r s❡q✉❡♥t✐❛❧ ♥❛t✉r❡✱ t❤❡ ❤❡✉r✐s✲

t✐❝ ❑▲ ✐s ❞✐✣❝✉❧t t♦ ♣❛r❛❧❧❡❧✐③❡✳ ❆❧t❤♦✉❣❤ s✐❣♥✐✜❝❛♥t ♣r♦❣r❡ss ❤❛s ❜❡❡♥ ♠❛❞❡ ❬✺✱✸✸✱✹✹❪✱ ❛♥

✐♥❤❡r❡♥t❧② ♣❛r❛❧❧❡❧ ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❧♦❛❞ ❜❛❧❛♥❝✐♥❣ ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ t♦ ②✐❡❧❞

❜❡tt❡r s♦❧✉t✐♦♥s✱ ♣♦ss✐❜❧② ❛❧s♦ ✐♥ s❤♦rt❡r t✐♠❡✳

❚❤❡s❡ ✐ss✉❡s ❤❛✈❡ ❧❡❞ ✉s t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❤❡✉r✐st✐❝ ❇✉❜❜❧❡✲❋❖❙✴❈

✐♥ ♣r❡✈✐♦✉s ✇♦r❦ ❬✷✸❪ ✭❛❧s♦ s❡❡ ❙❡❝t✐♦♥ ✸ ♦❢ t❤✐s ♣❛♣❡r✮✳ ■t ✐s ❜❛s❡❞ ♦♥ ❛ ❞✐st✉r❜❡❞ ❞✐✛✉s✐♦♥

s❝❤❡♠❡ t❤❛t ❞❡t❡r♠✐♥❡s ❤♦✇ ✇❡❧❧ ❝♦♥♥❡❝t❡❞ t✇♦ ♥♦❞❡s ❛r❡ ✐♥ ❛ ❣r❛♣❤✳ ❲❡❧❧ ❝♦♥♥❡❝t❡❞ r❡❢❡rs t♦

t❤❡ ♣r♦♣❡rt② t❤❛t ♥♦❞❡s ♦r r❡❣✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ♠❛♥② ♣❛t❤s ♦❢ s♠❛❧❧ ❧❡♥❣t❤✳

❯s✐♥❣ t❤✐s ♥♦t✐♦♥✱ ❇✉❜❜❧❡✲❋❖❙✴❈ ❛✐♠s ❛t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥ s❤❛♣❡s ❛♥❞ r❡s✉❧ts

✐♥ ♣❛rt✐t✐♦♥✐♥❣s ✇✐t❤ ✈❡r② ♦❢t❡♥ ❝♦♥♥❡❝t❡❞ ♣❛rt✐t✐♦♥s t❤❛t ❤❛✈❡ s❤♦rt ❜♦✉♥❞❛r✐❡s✱ ❣♦♦❞ ❡❞❣❡✲

❝✉t ✈❛❧✉❡s ❛♥❞ ❛s♣❡❝t r❛t✐♦s✳ ▼♦r❡♦✈❡r✱ ✐t ❝♦♥t❛✐♥s ❛ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ♥❛t✉r❛❧ ♣❛r❛❧❧❡❧✐s♠ ❛♥❞

❝❛♥ ❜❡ ✉s❡❞ ❢♦r ♣❛r❛❧❧❡❧ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣✱ r❡s✉❧t✐♥❣ ✐♥ ❧♦✇ ♠✐❣r❛t✐♦♥ ❝♦sts ❬✷✺❪✳ ❨❡t✱ ✐ts ♣❛rt❧②

❣❧♦❜❛❧ ❛♣♣r♦❛❝❤ ♠❛❦❡s ✐t t♦♦ s❧♦✇ ❢♦r ♣r❛❝t✐❝❛❧ r❡❧❡✈❛♥❝❡✳ ■t ✐s t❤❡r❡❢♦r❡ ❤✐❣❤❧② ❞❡s✐r❛❜❧❡ t♦

❞❡✈❡❧♦♣ ❛ s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r ❛❧❣♦r✐t❤♠ r❡t❛✐♥✐♥❣ t❤❡ ❣♦♦❞ ♣r♦♣❡rt✐❡s ♦❢ ❇✉❜❜❧❡✲❋❖❙✴❈✳

❈♦♥tr✐❜✉t✐♦♥✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ❝♦♥s✐sts ♦❢ ❜♦t❤ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧

❛❞✈❛♥❝❡s ✐♥ ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ✇✐t❤ ❞✐✛✉s✐✈❡ s❤❛♣❡ ♦♣t✐♠✐③❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞

❇✉❜❜❧❡✲❋❖❙✴❈ ❜❡tt❡r✱ ✇❡ ♣r♦✈❡ ✐ts ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❙❡❝t✐♦♥ ✹ ❛s ♦✉r ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❛ ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ❛r❣✉♠❡♥t ❛♥❞ ❛ ❧♦❛❞ s②♠♠❡tr② r❡s✉❧t

❢♦r t❤❡ ❞✐st✉r❜❡❞ ❞✐✛✉s✐♦♥ s❝❤❡♠❡ ❋❖❙✴❈✳

❉✉❡ t♦ ❇✉❜❜❧❡✲❋❖❙✴❈✬s ❤✐❣❤ r✉♥♥✐♥❣ t✐♠❡✱ ✐ts ❡①❝❡❧❧❡♥t s♦❧✉t✐♦♥ q✉❛❧✐t② ❝♦✉❧❞ ♣r❡✲

✈✐♦✉s❧② ♥♦t ❜❡ ❡①♣❧♦✐t❡❞ ❢♦r ❧❛r❣❡ ❣r❛♣❤s✳ ❲❡ ♣r❡s❡♥t ✐♥ t❤✐s ✇♦r❦ ❛ ♠✉❝❤ ❢❛st❡r ♥❡✇ ❞✐❢✲

❢✉s✐✈❡ ♠❡t❤♦❞ ❢♦r t❤❡ ❧♦❝❛❧ ✐♠♣r♦✈❡♠❡♥t ♦❢ ♣❛rt✐t✐♦♥✐♥❣s ✐♥ ❙❡❝t✐♦♥ ✺✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢

✸



❇✉❜❜❧❡✲❋❖❙✴❈ ❛♥❞ t❤✐s ♥❡✇ ❞✐✛✉s✐✈❡ ♠❡t❤♦❞ ✇✐t❤✐♥ ❛ ♠✉❧t✐❧❡✈❡❧ ❢r❛♠❡✇♦r❦ ✇✐t❤ t✇♦

❞✐✛❡r❡♥t ❤✐❡r❛r❝❤② ❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠s✱ ❝❛❧❧❡❞ ❉✐❜❛P✱ ❝♦♥st✐t✉t❡s ♦✉r ♠❛✐♥ ❛❧❣♦r✐t❤♠✐❝

❛❝❤✐❡✈❡♠❡♥t✳ ❚❤✐s ❝♦♠❜✐♥❡❞ ❛❧❣♦r✐t❤♠ ✐s ♠✉❝❤ ❢❛st❡r t❤❛♥ ❇✉❜❜❧❡✲❋❖❙✴❈ ❛♥❞ ❝♦♠♣✉t❡s

♠✉❧t✐✲✇❛② ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣s ♦❢ ✈❡r② ❤✐❣❤ q✉❛❧✐t② ♦♥ ❧❛r❣❡ ❣r❛♣❤s ✐♥ ❛ ✈❡r② r❡❛s♦♥❛❜❧❡

❛♠♦✉♥t ♦❢ t✐♠❡✳ ■♥ ❙❡❝t✐♦♥ ✻ ✇❡ s❤♦✇ ✐♥ ❡①♣❡r✐♠❡♥ts ♦♥ ✇❡❧❧✲❦♥♦✇♥ ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s ✇✐t❤

s♠❛❧❧ ❛✈❡r❛❣❡ ❞❡❣r❡❡ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ❞❡❧✐✈❡rs ❜❡tt❡r s♦❧✉t✐♦♥s t❤❛♥ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt

♣❛rt✐t✐♦♥❡rs▼❊❚■❙ ❬✶✼✱✶✽❪ ❛♥❞ ❏❖❙❚▲❊ ❬✹✸❪ ✐♥ t❡r♠s ♦❢ ❡❞❣❡✲❝✉t ❛♥❞ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r②

✈❡rt✐❝❡s✱ ❜♦t❤ ✐♥ t❤❡ s✉♠♠❛t✐♦♥ ❛♥❞ ✐♥ t❤❡ ♠❛①✐♠✉♠ ♥♦r♠✳ ❈❡rt❛✐♥❧② ♥♦t❛❜❧❡ ✐s t❤❡ ❢❛❝t

t❤❛t ❉✐❜❛P ❛❧s♦ ✐♠♣r♦✈❡s ❢♦r s✐① ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s ❛ ❧❛r❣❡ ♥✉♠❜❡r ✭♠♦r❡ t❤❛♥ ✽✵ ♦✉t ♦❢

✶✹✹✮ ♦❢ t❤❡✐r ❜❡st ❦♥♦✇♥ ♣❛rt✐t✐♦♥✐♥❣s ✇✳ r✳ t✳ t❤❡ ❡❞❣❡✲❝✉t✳ ❚❤❡s❡ s✐① ❣r❛♣❤s ❛r❡ ❛♠♦♥❣ t❤❡

❡✐❣❤t ❧❛r❣❡st ✐♥ ❛ ♣♦♣✉❧❛r ❜❡♥❝❤♠❛r❦ s❡t ❬✸✼✱✹✷❪✳

✷ ❘❡❧❛t❡❞ ❲♦r❦

■♥ t❤✐s ✐♥tr♦❞✉❝t♦r② s❡❝t✐♦♥ ✇❡ ❢♦❝✉s ♦♥ ♣r❛❝t✐❝❛❧ st❛t❡✲♦❢✲t❤❡✲❛rt ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❣r❛♣❤ ♣❛r✲

t✐t✐♦♥✐♥❣ ❛❧❣♦r✐t❤♠s ❛♥❞ ❧✐❜r❛r✐❡s✳ ●❡♥❡r❛❧ ♣✉r♣♦s❡ ♠❡❛♥s ❤❡r❡ t❤❛t t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛♥❞

❧✐❜r❛r✐❡s ♦♥❧② r❡q✉✐r❡ t❤❡ ❛❞❥❛❝❡♥❝② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❣r❛♣❤ ❛♥❞ ♥♦ ❛❞❞✐t✐♦♥❛❧ ♣r♦❜❧❡♠✲

r❡❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❡✈❛❧✲

✉❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✻ ❛♥❞ ♦♥ ♠❡t❤♦❞s ✇✐t❤ r❡❧❛t❡❞ t❡❝❤♥✐q✉❡s ❢♦r ✐♠♣r♦✈✐♥❣ ♣❛rt✐t✐♦♥s✳ ❋♦r

❛ ❜r♦❛❞❡r ♦✈❡r✈✐❡✇ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❙❝❤❧♦❡❣❡❧ ❡t ❛❧✳ ❬✸✹❪✳ ❚❤❡ ♣r❡✈✐♦✉s ✇♦r❦ ♦❢ t❤❡

❛✉t❤♦rs ♦♥ ❞✐✛✉s✐♦♥✲❜❛s❡❞ s❤❛♣❡✲♦♣t✐♠✐③✐♥❣ ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ❛ ♥✉♠❜❡r ♦❢ ♠❡t❛❤❡✉r✐st✐❝s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣

r❡❝❡♥t❧②✱ ❡✳ ❣✳✱ ❬✷✱✻✱✸✼❪✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s ❢♦❝✉s ♦♥ ❧♦✇ ❡❞❣❡✲❝✉ts ✐♥st❡❛❞ ♦❢ ❣♦♦❞ ♣❛rt✐t✐♦♥

s❤❛♣❡s ❛♥❞ ♠♦st ♦❢ t❤❡♠ r❡q✉✐r❡ ✈❡r② ❤✐❣❤ r✉♥♥✐♥❣ t✐♠❡s t♦ ②✐❡❧❞ ❤✐❣❤ q✉❛❧✐t② r❡s✉❧ts✳

✷✳✶ ●r❛♣❤ P❛rt✐t✐♦♥✐♥❣ ❜② ▲♦❝❛❧ ■♠♣r♦✈❡♠❡♥t ✇✐t❤ t❤❡ ▼✉❧t✐❧❡✈❡❧ P❛r❛❞✐❣♠

❘❡✜♥✐♥❣ ❛ ❣✐✈❡♥ ♣❛rt✐t✐♦♥✐♥❣ ❜② ❧♦❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ✉s✉❛❧❧② ②✐❡❧❞s ❜❡tt❡r r✉♥♥✐♥❣ t✐♠❡s ♦♥

❧❛r❣❡ ❣r❛♣❤s t❤❛♥ ❣❧♦❜❛❧ ❛♣♣r♦❛❝❤❡s✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❤♦✇ t♦ ♦❜t❛✐♥ ❛ ❣♦♦❞ st❛rt✐♥❣ s♦❧✉t✐♦♥

✹



✐s ♦✈❡r❝♦♠❡ ❜② t❤❡ ♠✉❧t✐❧❡✈❡❧ ❛♣♣r♦❛❝❤ ❬✸✱✶✺❪✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t❤r❡❡ ♣❤❛s❡s✳ ■♥st❡❛❞ ♦❢

❝♦♠♣✉t✐♥❣ ❛ ♣❛rt✐t✐♦♥✐♥❣ ✐♠♠❡❞✐❛t❡❧② ❢♦r ❧❛r❣❡ ✐♥♣✉t ❣r❛♣❤s✱ ♦♥❡ ❝♦♠♣✉t❡s ❛ ❤✐❡r❛r❝❤② ♦❢

❣r❛♣❤s G0, . . . , Gl ❜② r❡❝✉rs✐✈❡ ❝♦❛rs❡♥✐♥❣ ✐♥ t❤❡ ✜rst ♣❤❛s❡✳ Gl ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✈❡r② s♠❛❧❧

✐♥ s✐③❡✱ ❜✉t s✐♠✐❧❛r ✐♥ str✉❝t✉r❡ t♦ t❤❡ ✐♥♣✉t ❣r❛♣❤ G0✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❤❛s❡ ❛ ✈❡r② ❣♦♦❞

✐♥✐t✐❛❧ s♦❧✉t✐♦♥ ❢♦r Gl ✐s ❝♦♠♣✉t❡❞✱ ✇❤✐❝❤ ✐s ❡❛s② ❞✉❡ t♦ t❤❡ s♠❛❧❧ s✐③❡ ♦❢ Gl✳ ❋✐♥❛❧❧②✱ ✐♥

t❤❡ t❤✐r❞ ♣❤❛s❡✱ t❤❡ s♦❧✉t✐♦♥ ✐s ✐♥t❡r♣♦❧❛t❡❞ t♦ t❤❡ ♥❡①t✲✜♥❡r ❣r❛♣❤✱ ✇❤❡r❡ ✐t ✐s ✐♠♣r♦✈❡❞

✉s✐♥❣ ❛ ❧♦❝❛❧ ✐♠♣r♦✈❡♠❡♥t ❛❧❣♦r✐t❤♠✳ ❚❤✐s ♣r♦❝❡ss ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♥❞ ❧♦❝❛❧ ✐♠♣r♦✈❡♠❡♥t

✐s r❡♣❡❛t❡❞ r❡❝✉rs✐✈❡❧② ✉♣ t♦ G0✳

❆ ✈❡r② ❝♦♠♠♦♥ ❧♦❝❛❧ ✐♠♣r♦✈❡♠❡♥t ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠❡t❤♦❞ ❜② ❋✐❞✉❝❝✐❛ ❛♥❞

▼❛tt❤❡②s❡s ✭❋▼✮ ❬✶✶❪✱ ❛ r✉♥♥✐♥❣ t✐♠❡ ♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❑❡r♥✐❣❤❛♥✲▲✐♥ ❤❡✉r✐st✐❝

✭❑▲✮ ❬✶✾❪✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ ❜♦t❤ ✐s t♦ ♠✐❣r❛t❡ ♥♦❞❡s ❜❡t✇❡❡♥ ♣❛rt✐t✐♦♥s ✕ ♦r❞❡r❡❞ ❜② t❤❡

♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❝♦st r❡❞✉❝t✐♦♥s ✕ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ ✭❛❧♠♦st✮ ❜❛❧❛♥❝❡❞ ♣❛rt✐t✐♦♥

s✐③❡s✳ ❆❢t❡r ❡✈❡r② ♥♦❞❡ ❤❛s ❜❡❡♥ ♠♦✈❡❞ ♦♥❝❡✱ t❤❡ ❜❡st s♦❧✉t✐♦♥ ❢♦✉♥❞ s♦ ❢❛r ✐s ❝❤♦s❡♥✳ ❚❤✐s

✐s r❡♣❡❛t❡❞ s❡✈❡r❛❧ t✐♠❡s ✉♥t✐❧ ♥♦ ❢✉rt❤❡r ✐♠♣r♦✈❡♠❡♥ts ❛r❡ ❢♦✉♥❞✳

❙t❛t❡✲♦❢✲t❤❡✲❛rt ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ❧✐❜r❛r✐❡s s✉❝❤ ❛s ▼❊❚■❙ ❬✶✼✱✶✽❪ ❛♥❞ ❏❖❙❚▲❊ ❬✹✸❪

✉s❡ ❑▲✴❋▼ ❢♦r ❧♦❝❛❧ ✐♠♣r♦✈❡♠❡♥t ❛♥❞ ❡❞❣❡ ❝♦♥tr❛❝t✐♦♥s ❜❛s❡❞ ♦♥ ♠❛t❝❤✐♥❣s ❢♦r ❝♦❛rs❡♥✐♥❣✳

❲✐t❤ t❤✐s ❝♦♠❜✐♥❛t✐♦♥ t❤❡s❡ ❧✐❜r❛r✐❡s ❝♦♠♣✉t❡ s♦❧✉t✐♦♥s ♦❢ ❛ ❣♦♦❞ q✉❛❧✐t② ✈❡r② ❢❛st✳ ❍♦✇❡✈❡r✱

❛s ❛r❣✉❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❢♦r s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❡✐r s♦❧✉t✐♦♥s ❛r❡ ♥♦t t♦t❛❧❧② s❛t✐s❢❛❝t♦r②✳

❚♦ ❛❞❞r❡ss t❤❡ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣ ♣r♦❜❧❡♠ ✐♥ ♣❛r❛❧❧❡❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ❞✐str✐❜✉t❡❞ ✈❡rs✐♦♥s ♦❢

t❤❡ ❛❜♦✈❡ t✇♦ ❧✐❜r❛r✐❡s ❬✸✸✱✹✹❪ ❛♥❞ ♣❛r❛❧❧❡❧ ❤②♣❡r❣r❛♣❤ ♣❛rt✐t✐♦♥❡rs s✉❝❤ ❛s ❩♦❧t❛♥ ❬✺❪ ♦r

P❛r❦✇❛② ❬✹✵❪ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ❚❤✐s ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐s ✈❡r② ❝♦♠♣❧❡① ❞✉❡ t♦ ✐♥❤❡r❡♥t❧②

s❡q✉❡♥t✐❛❧ ♣❛rts ✐♥ ❑▲✴❋▼ ✐♠♣r♦✈❡♠❡♥t✱ ❡✳ ❣✳✱ ♥♦ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ✈❡rt✐❝❡s s❤♦✉❧❞ ❝❤❛♥❣❡

t❤❡✐r ♣❛rt✐t✐♦♥s s✐♠✉❧t❛♥❡♦✉s❧②✳

✷✳✷ ❇✉❜❜❧❡ ❋r❛♠❡✇♦r❦ ❛♥❞ ❙❤❛♣❡✲♦♣t✐♠✐③✐♥❣ ●r❛♣❤ P❛rt✐t✐♦♥✐♥❣

❚❤❡ ❇✉❜❜❧❡ ❢r❛♠❡✇♦r❦ ✐s r❡❧❛t❡❞ t♦ ▲❧♦②❞✬s k✲♠❡❛♥s ❛❧❣♦r✐t❤♠ ❬✷✶❪ ✭✇❡❧❧✲❦♥♦✇♥ ✐♥ ❝❧✉st❡r

❛♥❛❧②s✐s✮ ❛♥❞ tr❛♥s❢❡rs ✐ts ✐❞❡❛s t♦ ❣r❛♣❤s✳ ■ts ✜rst st❡♣ ✐s t♦ ❝❤♦♦s❡ ✐♥✐t✐❛❧ ♣❛rt✐t✐♦♥ r❡♣r❡✲

s❡♥t❛t✐✈❡s ✭❝❡♥t❡rs✮✱ ♦♥❡ ❢♦r ❡❛❝❤ ♣❛rt✐t✐♦♥✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✱ ❛❧❧ r❡♠❛✐♥✐♥❣ ✈❡rt✐❝❡s

✺



❋✐❣✳ ✶✳ ❙❦❡t❝❤ ♦❢ t❤❡ ♠❛✐♥ ❇✉❜❜❧❡ ❢r❛♠❡✇♦r❦ ♦♣❡r❛t✐♦♥s✿ ❉❡t❡r♠✐♥❡ ✐♥✐t✐❛❧ ❝❡♥t❡rs ❢♦r ❡❛❝❤
♣❛rt✐t✐♦♥ ✭❧❡❢t✮✱ ❛ss✐❣♥ ❡❛❝❤ ♥♦❞❡ t♦ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ♥❡❛r❡st ❝❡♥t❡r ✭♠✐❞❞❧❡✮✱ ❛♥❞ ❝♦♠♣✉t❡
♥❡✇ ♣❛rt✐t✐♦♥ ❝❡♥t❡rs ✭r✐❣❤t✮✳

❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡✐r ❝❧♦s❡st ❝❡♥t❡r ✈❡rt❡① ✇✳ r✳ t✳ s♦♠❡ ❞✐st❛♥❝❡ ✭♦r s✐♠✐❧❛r✐t②✮ ♠❡❛s✉r❡✳ ❆❢t❡r

t❤❛t✱ ❡❛❝❤ ♣❛rt✐t✐♦♥ ❝♦♠♣✉t❡s ✐ts ♥❡✇ ❝❡♥t❡r ❢♦r t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✳ ❚❤❡ t✇♦ ♦♣❡r❛t✐♦♥s ❛s✲

s✐❣♥✐♥❣ ✈❡rt✐❝❡s t♦ ♣❛rt✐t✐♦♥s ❛♥❞ ❝♦♠♣✉t✐♥❣ ♥❡✇ ❝❡♥t❡rs ❝❛♥ ❜❡ r❡♣❡❛t❡❞ ❛❧t❡r♥❛t❡❧② ❛ ✜①❡❞

♥✉♠❜❡r ♦❢ t✐♠❡s ♦r ✉♥t✐❧ ❛ st❛❜❧❡ st❛t❡ ✐s r❡❛❝❤❡❞✳

❋♦r ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✉♥❞❡r t❤❡ ♥❛♠❡ ❇✉❜❜❧❡ ❜②

❉✐❡❦♠❛♥♥ ❡t ❛❧✳ ❬✾❪ ✭✇❤✐❝❤ ♣r♦✈✐❞❡s r❡❢❡r❡♥❝❡s t♦ ♣r❡✈✐♦✉s r❡❧❛t❡❞ ✐❞❡❛s ❧✐❦❡ ❲❛❧s❤❛✇ ❡t

❛❧✳ ❬✹✺❪✮✳ ❚♦ ❝♦♠♣✉t❡ ♥❡✇ s✉❜❞♦♠❛✐♥s✱ ❉✐❡❦♠❛♥♥ ❡t ❛❧✳ ❧❡ts t❤❡ s♠❛❧❧❡st s✉❜❞♦♠❛✐♥ ✇✐t❤ ❛t

❧❡❛st ♦♥❡ ❛❞❥❛❝❡♥t ✉♥❛ss✐❣♥❡❞ ✈❡rt❡① ❣r❛❜ t❤❡ ✈❡rt❡① ✇✐t❤ t❤❡ s♠❛❧❧❡st ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡

t♦ ✐ts ❝❡♥t❡r✳ ❚❤❡ ♥❡✇ ❝❡♥t❡r ♦❢ ❛ ♣❛rt✐t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ❛s t❤❡ ✈❡rt❡① ❢♦r ✇❤✐❝❤ t❤❡ ✭❛♣✲

♣r♦①✐♠❛t❡✮ s✉♠ ♦❢ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡s t♦ ❛❧❧ ♦t❤❡r ✈❡rt✐❝❡s ♦❢ t❤❡ s❛♠❡ ♣❛rt✐t✐♦♥ ✐s ♠✐♥✐♠❛❧✳

❚❤✉s✱ ❜② ✐♥❝❧✉❞✐♥❣ ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♥❡①t ✈❡rt❡①✱ t❤❡ s✉❜❞♦♠❛✐♥s ❛r❡ ✉s✉❛❧❧②

❣❡♦♠❡tr✐❝❛❧❧② ✇❡❧❧✲s❤❛♣❡❞✳ ❆s ❛ ❞♦✇♥s✐❞❡✱ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ♦♥❧② ❛♣♣❧✐❝❛❜❧❡ ✐❢ ❝♦♦r❞✐✲

♥❛t❡s ❛r❡ ♣r♦✈✐❞❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ ♦❢ t✇♦ ♥♦❞❡s ♠✐❣❤t ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤

t❤❡ ❣r❛♣❤ str✉❝t✉r❡ ❛t ❛❧❧✱ ❧❡❛❞✐♥❣ t♦ ✉♥s❛t✐s❢❛❝t♦r② s♦❧✉t✐♦♥s ✐♥ ❝❛s❡ ♦❢ ❤♦❧❡s ♦r ✜ss✉r❡s✳ ❆❧s♦

♥♦t❡ t❤❛t ❛ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐s ♥♦t ❡❛s② ❞✉❡ t♦ t❤❡ str✐❝t❧② s❡r✐❛❧ ❛ss✐❣♥♠❡♥t ♣r♦❝❡ss✳ ❉✐✛❡r❡♥t

✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ♦♣❡r❛t✐♦♥s ❡①✐st✱ s❡❡ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬✷✸❪ ❢♦r ❤♦✇ t❤❡②

❤❛✈❡ ❡✈♦❧✈❡❞✳

✷✳✸ ❉✐✛✉s✐✈❡ ❆♣♣r♦❛❝❤❡s t♦ P❛rt✐t✐♦♥✐♥❣

■♥ t❤❡ ❛r❡❛ ♦❢ ❣r❛♣❤ ❝❧✉st❡r✐♥❣ t❤❡r❡ ❡①✐st t❡❝❤♥✐q✉❡s ❢♦r ❞✐✈✐❞✐♥❣ ♥♦❞❡s ✐♥t♦ ❣r♦✉♣s ❜❛s❡❞ ♦♥

r❛♥❞♦♠ ✇❛❧❦s✳ ❚❤❡✐r ❝♦♠♠♦♥ ✐❞❡❛ ✐s t❤❛t ❛ r❛♥❞♦♠ ✇❛❧❦ st❛②s ❛ ✈❡r② ❧♦♥❣ t✐♠❡ ✐♥ ❛ ❞❡♥s❡

✻



❣r❛♣❤ r❡❣✐♦♥ ❜❡❢♦r❡ ❧❡❛✈✐♥❣ ✐t ✈✐❛ ♦♥❡ ♦❢ t❤❡ ❢❡✇ ♦✉t❣♦✐♥❣ ❡❞❣❡s✳ ❙♦♠❡✇❤❛t r❡❧❛t❡❞ t♦ ♦✉r

♥❡✇ ❞✐✛✉s✐✈❡ ♠❡t❤♦❞ ✐s t❤❡ ❛❧❣♦r✐t❤♠ ❜② ❍❛r❡❧ ❛♥❞ ❑♦r❡♥ ❬✶✷❪✱ ✇❤✐❝❤ ❝♦♠♣✉t❡s s❡♣❛r❛t♦r

❡❞❣❡s ✐t❡r❛t✐✈❡❧② ❜❛s❡❞ ♦♥ t❤❡ s✐♠✐❧❛r✐t② ♦❢ t❤❡✐r ✐♥❝✐❞❡♥t ♥♦❞❡s✳ ❚❤✐s s✐♠✐❧❛r✐t② ✐s ❞❡r✐✈❡❞

❢r♦♠ t❤❡ s✉♠ ♦❢ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ r❛♥❞♦♠ ✇❛❧❦s ✇✐t❤ ✈❡r② ❢❡✇ st❡♣s✳ ❚❤❡ ♣r♦❝❡❞✉r❡

❢♦❝✉s❡s ♦♥ ❝❧✉st❡rs ♦❢ ❞✐✛❡r❡♥t s✐③❡s ❛♥❞ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ♦❢ ❛♥② ❛tt❡♠♣t t♦ ✉s❡ ✐t ❢♦r t❤❡

❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ♣r♦❜❧❡♠✳

❙❝❤❛♠❜❡r❣❡r ❬✸✵✱✸✶❪ ❞❡✈❡❧♦♣❡❞ t❤❡ t✇♦ ❞✐✛✉s✐✈❡ s❝❤❡♠❡s ❋❖❙✴▲ ❛♥❞ ❋❖❙✴❆✳ ■♥t❡❣r❛t❡❞

✐♥t♦ t❤❡ ❇✉❜❜❧❡ ❢r❛♠❡✇♦r❦✱ ❜♦t❤ s❝❤❡♠❡s s❤❛❧❧ r❡✢❡❝t ❤♦✇ ✇❡❧❧✲❝♦♥♥❡❝t❡❞ ✈❡rt✐❝❡s ♦❢ t❤❡

❣r❛♣❤ ❛r❡ t♦ ❡❛❝❤ ♦t❤❡r✳ ❙❝❤❛♠❜❡r❣❡r✬s ❡①♣❡r✐♠❡♥ts s❤♦✇ ❛ ♣r♦♠✐s✐♥❣ ♣❛rt✐t✐♦♥✐♥❣ q✉❛❧✐t②

♦❢ ❤✐s ♠❡t❤♦❞s✳ ❍♦✇❡✈❡r✱ ❤❡ ❛❧s♦ ♣♦✐♥ts ♦✉t t❤❛t t❤❡ ♣r❛❝t✐❝❛❧ r❡❧❡✈❛♥❝❡ ♦❢ ❤✐s ♠❡t❤♦❞s ✐s

✈❡r② ❧✐♠✐t❡❞✳ ❚❤❡ ♠❛❥♦r ❞r❛✇❜❛❝❦s ❛r❡ ❡✐t❤❡r t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ❛ ❝r✉❝✐❛❧ ♣❛r❛♠❡t❡r t❤❛t ✐s

❤❛r❞ t♦ ❞❡t❡r♠✐♥❡ ♦r ❛ ✈❡r② ❤✐❣❤ r✉♥♥✐♥❣ t✐♠❡✳

❘❡❝❡♥t❧②✱ P❡❧❧❡❣r✐♥✐ ❬✷✼❪ ❤❛s ❛❞❞r❡ss❡❞ s♦♠❡ ❞r❛✇❜❛❝❦s ♦❢ t❤❡ ❑▲✴❋▼ ❤❡✉r✐st✐❝✳ ❍✐s

❛♣♣r♦❛❝❤ ❛✐♠s ❛t ✐♠♣r♦✈❡❞ ♣❛rt✐t✐♦♥ s❤❛♣❡s✱ ❜❛s❡❞ ♦♥ ❛ ❞✐✛✉s✐✈❡ ♠❡❝❤❛♥✐s♠ ✉s❡❞ t♦❣❡t❤❡r

✇✐t❤ ❋▼ ✐♠♣r♦✈❡♠❡♥t✳ ❋♦r t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss t❤❡ ❛❧❣♦r✐t❤♠ r❡♣❧❛❝❡s ✇❤♦❧❡ ♣❛rt✐t✐♦♥

r❡❣✐♦♥s ♥♦t ❝❧♦s❡ t♦ ♣❛rt✐t✐♦♥ ❜♦✉♥❞❛r✐❡s ❜② ♦♥❡ s✉♣❡r✲♥♦❞❡✳ ❚❤✐s r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢

❞✐✛✉s✐✈❡ ♦♣❡r❛t✐♦♥s ❛♥❞ r❡s✉❧ts ✐♥ ❛♥ ❛❝❝❡♣t❛❜❧❡ ♦✈❡r❛❧❧ s♣❡❡❞✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡s❝r✐❜❡❞

✐s ♦♥❧② ❝❛♣❛❜❧❡ ♦❢ r❡❝✉rs✐✈❡ ❜✐s❡❝t✐♦♥✳ ❆s P❡❧❧❡❣r✐♥✐ ♣♦✐♥ts ♦✉t✱ ❛ ✏❢✉❧❧ k✲✇❛② ❛❧❣♦r✐t❤♠ ✐s

t❤❡r❡❢♦r❡ r❡q✉✐r❡❞✑ ❬✷✼✱ ♣✳ ✷✵✷❪ s✐♥❝❡ r❡❝✉rs✐✈❡ ❜✐s❡❝t✐♦♥✐♥❣ ②✐❡❧❞s ✐♥ ❣❡♥❡r❛❧ ✐♥❢❡r✐♦r r❡s✉❧ts

❝♦♠♣❛r❡❞ t♦ ❞✐r❡❝t k✲✇❛② ♠❡t❤♦❞s ❬✸✻❪✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❧❛r❣❡ k✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ✜❧❧ t❤✐s

❣❛♣ ❜② ♣r♦✈✐❞✐♥❣ ❛ r❡❧❛t❡❞ ❢✉❧❧ k✲✇❛② ♣❛rt✐t✐♦♥✐♥❣ ❛❧❣♦r✐t❤♠✳

✸ ❉✐st✉r❜❡❞ ❉✐✛✉s✐♦♥ ❛♥❞ ❇✉❜❜❧❡✲❋❖❙✴❈

❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ♦✉r ♦✇♥ ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ✇✐t❤ ❞✐✛✉s✐✈❡ ♠❡❝❤❛✲

♥✐s♠s✳ ❙✉❝❤ ❛ ❞❡s❝r✐♣t✐♦♥ ✐s ♥❡❝❡ss❛r② t♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✇❡ ❡①♣❧❛✐♥ t❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❛❧❣♦r✐t❤♠ ❇✉❜❜❧❡✲❋❖❙✴❈✱ ❢♦r ✇❤✐❝❤ ✇❡ ♣r♦✈❡ t✇♦ ✐♠♣♦rt❛♥t

♣r♦♣❡rt✐❡s r❡❣❛r❞✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❝♦♥♥❡❝t❡❞♥❡ss ✐♥ ❙❡❝t✐♦♥ ✹✳
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✸✳✶ ❉✐st✉r❜❡❞ ❉✐✛✉s✐♦♥ ❋❖❙✴❈

❉✐✛✉s✐✈❡ ♣r♦❝❡ss❡s ❝❛♥ ♠♦❞❡❧ tr❛♥s♣♦rt ♣❤❡♥♦♠❡♥❛ s✉❝❤ ❛s ❤❡❛t ✢♦✇✳ ❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥

✐s ✐t❡r❛t✐✈❡ ❧♦❝❛❧ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣ ✐♥ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s ❬✼❪✳ ❉✐✛✉s✐♦♥ ✐s ✉s❡❞ ❤❡r❡ ✇✐t❤✐♥ t❤❡

❇✉❜❜❧❡ ❢r❛♠❡✇♦r❦ ❛s ❛ s✐♠✐❧❛r✐t② ♠❡❛s✉r❡ t❤❛t ♦✈❡r❝♦♠❡s ❞r❛✇❜❛❝❦s ♦❢ ♣r❡✈✐♦✉s ❇✉❜❜❧❡

✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ❋♦r t❤✐s r❡❛s♦♥ ❛ ❞✐st✉r❜❛♥❝❡ ❜❛s❡❞ ♦♥ ❞r❛✐♥ ❬✷✸❪ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥t♦

t❤❡ ✜rst ♦r❞❡r ❞✐✛✉s✐♦♥ s❝❤❡♠❡ ✭❋❖❙✮ ❬✼❪ ❢♦r ❧♦❛❞ ❜❛❧❛♥❝✐♥❣ t♦ ②✐❡❧❞ t❤❡ ❋❖❙✴❈ ❛❧❣♦r✐t❤♠

✭❈ ❢♦r ❝♦♥st❛♥t ❞r❛✐♥✮✳ ❋❖❙✴❈ r❡❛❝❤❡s ❛ ♥♦♥✲❜❛❧❛♥❝❡❞ ❧♦❛❞ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ st❡❛❞② st❛t❡✱

✇❤✐❝❤ ❝❛♥ r❡♣r❡s❡♥t s✐♠✐❧❛r✐t✐❡s ♦❢ ❣r❛♣❤ ♥♦❞❡s r❡✢❡❝t✐♥❣ t❤❡✐r ❝♦♥♥❡❝t❡❞♥❡ss✳

❉❡✜♥✐t✐♦♥ ✶✳ ❬✷✸❪ ▲❡t [x]v ❞❡♥♦t❡ t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❝t♦r x ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♥♦❞❡ v✳

▲❡t G = (V,E) ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❛♥❞ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❢r❡❡ ♦❢ s❡❧❢✲❧♦♦♣s ✇✐t❤ n ♥♦❞❡s ❛♥❞

m ❡❞❣❡s✳ ❆ss♦❝✐❛t❡❞ t♦ G ❛r❡ ❛ s❡t ♦❢ s♦✉r❝❡ ♥♦❞❡s ∅ 6= S ⊂ V ❛♥❞ ❝♦♥st❛♥ts 0 < α ≤

(maxdeg(G) + 1)−1 ❛♥❞ δ > 0✳✹ ▲❡t t❤❡ ✐♥✐t✐❛❧ ❧♦❛❞ ✈❡❝t♦r w(0) ❛♥❞ t❤❡ ❞r❛✐♥ ✈❡❝t♦r d ✭✇❤✐❝❤

✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❞✐st✉r❜❛♥❝❡✮ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

[w(0)]v =















n
|S|

v ∈ S

0 ♦t❤❡r✇✐s❡

❛♥❞ [d]v =















δn
|S|

− δ v ∈ S

−δ ♦t❤❡r✇✐s❡

❚❤❡♥✱ t❤❡ ❋❖❙✴❈ ✐t❡r❛t✐♦♥ ✐♥ t✐♠❡st❡♣ t ≥ 1 ✐s ❞❡✜♥❡❞ ❛s w(t) = Mw(t−1) + d✱ ✇❤❡r❡

M = I − αL ✐s t❤❡ ❞♦✉❜❧②✲st♦❝❤❛st✐❝ ❞✐✛✉s✐♦♥ ♠❛tr✐① ❬✼❪ ❛♥❞ L t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ♦❢ G✱

❞❡✜♥❡❞ ❛s Lu,u = deg(u)✱ Lu,v = −1 ❢♦r {u, v} ∈ E ❛♥❞ Lu,v = 0 ♦t❤❡r✇✐s❡✳

◆♦t❡ t❤❛t t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❋❖❙✴❈ t♦ ❡❞❣❡✲✇❡✐❣❤t❡❞ ❣r❛♣❤s ✭✇✐t❤ ❡❞❣❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω :

E → R✮ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❖♥❡ s✐♠♣❧② ✉s❡s t❤❡ ❡❞❣❡✲✇❡✐❣❤t❡❞ ✈❛r✐❛♥t ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐①✱ ✐✳ ❡✳✱ Lu,v = −ω(u, v) ❢♦r {u, v} ∈ E✱ Lu,u =
∑

v 6=u Lu,v✱ ❛♥❞ Lu,v = 0 ♦t❤❡r✇✐s❡✳ ◆♦❞❡

✇❡✐❣❤ts ❝❛♥ ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ❜② ❛ ♣r♦♣♦rt✐♦♥❛❧ ✇❡✐❣❤t✐♥❣ ♦❢ t❤❡ ❞r❛✐♥ ✈❡❝t♦r ❡♥tr✐❡s✳

✹ ❍❡r❡✱ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ G ✐s ❞❡✜♥❡❞ ❛s maxdeg(G) := maxu∈V deg(u)✳
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❚❤❡♦r❡♠ ✷✳ ❬✷✸❪ ❚❤❡ ❋❖❙✴❈ ✐t❡r❛t✐♦♥ r❡❛❝❤❡s ❛ st❡❛❞② st❛t❡ ❢♦r ❛♥② d ⊥ (1, . . . , 1)T ✳ ❚❤✐s

st❡❛❞② st❛t❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❧✐♥❡❛r s②st❡♠ Lw = d ❢♦r w ❛♥❞ ♥♦r♠❛❧✐③✐♥❣ w

s✉❝❤ t❤❛t
∑

v∈V [w]v = n✳

❉❡✜♥✐t✐♦♥ ✸✳ ■❢ |S| = 1 ✭|S| > 1✮✱ ✇❡ ❝❛❧❧ t❤❡ ❋❖❙✴❈ ✐t❡r❛t✐♦♥ t♦ t❤❡ st❡❛❞② st❛t❡ ♦r ✐ts

❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♥❡❛r s②st❡♠ ❛ s✐♥❣❧❡✲s♦✉r❝❡ ✭♠✉❧t✐♣❧❡✲s♦✉r❝❡✮ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡✳ ❆❧s♦✱ ❧❡t

[w(t)]uv ✭[w]uv✮ ❞❡♥♦t❡ t❤❡ ❧♦❛❞ ♦♥ ♥♦❞❡ v ✐♥ t✐♠❡st❡♣ t ✭✐♥ t❤❡ st❡❛❞② st❛t❡✮ ♦❢ ❛ s✐♥❣❧❡✲s♦✉r❝❡

❋❖❙✴❈ ♣r♦❝❡❞✉r❡ ✇✐t❤ ♥♦❞❡ u ❛s s♦✉r❝❡✳

❉❡✜♥✐t✐♦♥ ✹✳ ❆ r❛♥❞♦♠ ✇❛❧❦ ♦♥ ❛ ❣r❛♣❤ G = (V,E) ✐s ❛ ❞✐s❝r❡t❡ t✐♠❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss✱

✇❤✐❝❤ st❛rts ♦♥ ❛♥ ✐♥✐t✐❛❧ ♥♦❞❡ ❛♥❞ ♣❡r❢♦r♠s t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ■t ❝❤♦♦s❡s

♦♥❡ ♦❢ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ t❤❡ ❝✉rr❡♥t ♥♦❞❡ r❛♥❞♦♠❧② ❛♥❞ t❤❡♥ ♣r♦❝❡❡❞s t♦ t❤❡ ♥❡✐❣❤❜♦r ❥✉st

❝❤♦s❡♥ t♦ st❛rt t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✳ ❚❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❣✐✈❡♥ ❜② ❛ st♦❝❤❛st✐❝ tr❛♥✲

s✐t✐♦♥ ♠❛tr✐① P✱ ✇❤♦s❡ ❡♥tr② (u, v) ❞❡♥♦t❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ♠♦✈❡ ❢r♦♠ ♥♦❞❡ u t♦ ♥♦❞❡ v✳

❚❤❡ r❛♥❞♦♠ ✇❛❧❦ ♠❛② st❛② ♦♥ t❤❡ ❝✉rr❡♥t ♥♦❞❡ v ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ✐❢ Pvv > 0✳

❘❡♠❛r❦ ✺✳ ◆♦t❡✿ [w]uv = limt→∞([Mtw(0)]uv + nδ(
∑t−1

l=0 M
l
v,u) − tδ) ❬✷✹❪✱ ✇❤❡r❡ M

l
v,u ✐s t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ❛ r❛♥❞♦♠ ✇❛❧❦ ✭❞❡✜♥❡❞ ❜② t❤❡ st♦❝❤❛st✐❝ ❞✐✛✉s✐♦♥ ♠❛tr✐① M✮ st❛rt✐♥❣ ❛t v t♦

❜❡ ♦♥ u ❛❢t❡r l st❡♣s✳ ❙✐♥❝❡ [Mtw(0)]uv ❝♦♥✈❡r❣❡s t♦✇❛r❞s t❤❡ ❜❛❧❛♥❝❡❞ ❧♦❛❞ ❞✐str✐❜✉t✐♦♥ ❬✼❪✱

t❤❡ ✐♠♣♦rt❛♥t ♣❛rt ♦❢ ❛ ❋❖❙✴❈ ❧♦❛❞ ✐♥ t❤❡ st❡❛❞② st❛t❡ ✐s
∑∞

l=0 M
l
v,u✱ ✇❤✐❝❤ ✐s t❤❡ s✉♠ ♦❢

tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ r❛♥❞♦♠ ✇❛❧❦s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❧❡♥❣t❤s✳

✸✳✷ ❇✉❜❜❧❡✲❋❖❙✴❈ ✇✐t❤ ❆❧❣❡❜r❛✐❝ ▼✉❧t✐❣r✐❞

❇✉❜❜❧❡✲❋❖❙✴❈ ✐♠♣❧❡♠❡♥ts t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ❇✉❜❜❧❡ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❋❖❙✴❈

♣r♦❝❡❞✉r❡s✱ s✐♥❣❧❡✲s♦✉r❝❡ ♦♥❡s ❢♦r ❆ss✐❣♥P❛rt✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧❡✲s♦✉r❝❡ ♦♥❡s ❢♦r

❈♦♠♣✉t❡❈❡♥t❡rs✳ ■ts ♦✉t❧✐♥❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✱ ✇❤❡r❡ Π = {π1, . . . , πk} ❞❡♥♦t❡s t❤❡

s❡t ♦❢ ♣❛rt✐t✐♦♥s ❛♥❞ Z = {z1, . . . , zk} t❤❡ s❡t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡♥t❡r ♥♦❞❡s✳ ❋✐rst✱ t❤❡

❛❧❣♦r✐t❤♠ ❞❡t❡r♠✐♥❡s ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t ✐♥✐t✐❛❧ ❝❡♥t❡rs ✭❧✐♥❡ ✶✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❛♥ ❛r✲

❜✐tr❛r② ♠❛♥♥❡r✳ ❆❢t❡r t❤❛t✱ ✇✐t❤ t❤❡ ♥❡✇ ❝❡♥t❡rs ❛t ❤❛♥❞✱ t❤❡ ♠❛✐♥ ❧♦♦♣ ✐s ❡①❡❝✉t❡❞✳ ■t

❞❡t❡r♠✐♥❡s ✐♥ ❛❧t❡r♥❛t✐♥❣ ❝❛❧❧s ❛ ♥❡✇ ♣❛rt✐t✐♦♥✐♥❣ ✭❆ss✐❣♥P❛rt✐t✐♦♥✱ ❧✐♥❡s ✸✲✻✮ ❛♥❞ ♥❡✇

✾



❆❧❣♦r✐t❤♠ ❇✉❜❜❧❡✲❋❖❙✴❈✭G✱ k✮ → Π

✵✶ Z ❂ ■♥✐t✐❛❧❈❡♥t❡rs✭G✱ k✮ ✴✯ ❆r❜✐tr❛r② ❞✐s❥♦✐♥t ✐♥✐t✐❛❧ ❝❡♥t❡rs ✯✴

✵✷ ❢♦r τ = 1, 2, . . . ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡

✴✯ ❆ss✐❣♥P❛rt✐t✐♦♥ ✯✴

✵✸ ♣❛r❛❧❧❡❧ ❢♦r ❡❛❝❤ ♣❛rt✐t✐♦♥ πc

✵✹ ■♥✐t✐❛❧✐③❡ dc ✭S = {zc}✮✱ s♦❧✈❡ ❛♥❞ ♥♦r♠❛❧✐③❡ Lwc = dc

✴✯ ❛❢t❡r s②♥❝❤r♦♥✐③❛t✐♦♥✿ ✉♣❞❛t❡ Π ✯✴

✵✺ ❢♦r ❡❛❝❤ ♥♦❞❡ v ∈ πc

✵✻ Π(v) = p : [wp]v ≥ [wq]v ∀q ∈ {1, . . . , k}

✴✯ ❈♦♠♣✉t❡❈❡♥t❡rs ✯✴

✵✼ ♣❛r❛❧❧❡❧ ❢♦r ❡❛❝❤ ♣❛rt✐t✐♦♥ πc

✵✽ ■♥✐t✐❛❧✐③❡ dc ✭S = πc✮ ❛♥❞ s♦❧✈❡ Lwc = dc

✵✾ zc = argmaxv∈πc
[wc]v

✶✵ r❡t✉r♥ Π

❋✐❣✳ ✷✳ ❙❦❡t❝❤ ♦❢ t❤❡ ♠❛✐♥ ❇✉❜❜❧❡✲❋❖❙✴❈ ❛❧❣♦r✐t❤♠✳

❝❡♥t❡rs ✭❈♦♠♣✉t❡❈❡♥t❡rs✱ ❧✐♥❡s ✼✲✾✮✳ ❚❤❡ ❧♦♦♣ ❝❛♥ ❜❡ ✐t❡r❛t❡❞ ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡ ✐s r❡❛❝❤❡❞

♦r✱ ✐❢ r✉♥♥✐♥❣ t✐♠❡ ✐s ✐♠♣♦rt❛♥t✱ ❛ ❝♦♥st❛♥t ♥✉♠❜❡r ♦❢ t✐♠❡s✳

■t t✉r♥s ♦✉t t❤❛t t❤✐s ✐t❡r❛t✐♦♥ ♦❢ t✇♦ ❛❧t❡r♥❛t✐♥❣ ♦♣❡r❛t✐♦♥s ②✐❡❧❞s ✈❡r② ❣♦♦❞ ♣❛rt✐t✐♦♥s✳

❚❤❡ ❛❜✐❧✐t② ♦❢ ❞✐st✐♥❣✉✐s❤✐♥❣ s♣❛rs❡❧② ❢r♦♠ ❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞

❜② ❋❖❙✴❈✬s ❝♦♥♥❡❝t✐♦♥ t♦ r❛♥❞♦♠ ✇❛❧❦s ♣♦✐♥t❡❞ ♦✉t ❛❜♦✈❡✳ ❆s r❛♥❞♦♠ ✇❛❧❦s t❡♥❞ t♦ st❛② ❛

❧♦♥❣ t✐♠❡ ✇✐t❤✐♥ ❛ ❞❡♥s❡ r❡❣✐♦♥ ♦♥❝❡ t❤❡② ❤❛✈❡ r❡❛❝❤❡❞ ✐t✱ ❇✉❜❜❧❡✲❋❖❙✴❈ ✉s✉❛❧❧② ♦❜t❛✐♥s

♣❛rt✐t✐♦♥ ❝❡♥t❡rs ✐♥ ❞❡♥s❡ r❡❣✐♦♥s ❛♥❞ ❜♦✉♥❞❛r✐❡s t❡♥❞ t♦ ❜❡ ✐♥ s♣❛rs❡ ♦♥❡s ✭❛s ❞❡s✐r❡❞✮✳

▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ ✐s♦❧✐♥❡s ♦❢ t❤❡ ❋❖❙✴❈ ❧♦❛❞ ✐♥ t❤❡ st❡❛❞② st❛t❡ t❡♥❞ t♦ ❤❛✈❡ ❛ ❝✐r❝✉❧❛r

s❤❛♣❡✱ t❤❡ ✜♥❛❧ ♣❛rt✐t✐♦♥s ❛r❡ ✈❡r② ❝♦♠♣❛❝t ❛♥❞ ❤❛✈❡ s❤♦rt ❜♦✉♥❞❛r✐❡s✳ ❆❞❞✐t✐♦♥❛❧ ♦♣❡r❛t✐♦♥s

♥♦t ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡❇✉❜❜❧❡ ❢r❛♠❡✇♦r❦ ✭s✉❝❤ ❛s ❜❛❧❛♥❝✐♥❣ ♣r♦❝❡❞✉r❡s ❛♥❞ t✐❡ ❜r❡❛❦✐♥❣✺✮

❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✐♥t♦ ❇✉❜❜❧❡✲❋❖❙✴❈ ❬✷✺❪✱ ❜✉t ❛r❡ ♦♠✐tt❡❞ ❤❡r❡ ❢♦r ❡❛s❡ ♦❢ ♣r❡s❡♥t❛t✐♦♥✳

✺ ❚✐❡s ✇✐t❤✐♥ ❆ss✐❣♥P❛rt✐t✐♦♥ ❛♥❞ ❈♦♠♣✉t❡❈❡♥t❡rs ❛r❡ ❤❛♥❞❧❡❞ ❛s ❢♦❧❧♦✇s✳ ■❢ ❛ ♥♦❞❡ ❤❛s r❡❝❡✐✈❡❞ t❤❡ s❛♠❡ ❤✐❣❤❡st
❧♦❛❞ ❢r♦♠ ♠♦r❡ t❤❛♥ ♦♥❡ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡ ✇✐t❤✐♥ ❆ss✐❣♥P❛rt✐t✐♦♥✱ ✐t ❝❤♦♦s❡s t❤❡ s✉❜❞♦♠❛✐♥ ✐t ❛❧r❡❛❞② ❜❡❧♦♥❣s
t♦✱ ♦r ✕ ✐❢ t❤❡ ❝✉rr❡♥t s✉❜❞♦♠❛✐♥ ✐s ♥♦t ❛♠♦♥❣ t❤❡ ❝❛♥❞✐❞❛t❡s ✕ t❤❡ ♦♥❡ ✇✐t❤ t❤❡ s♠❛❧❧❡st ✐♥❞❡①✳ ■♥ ❝❛s❡ ♠♦r❡
t❤❛♥ ♦♥❡ ♥♦❞❡ ✐s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r t❤❡ ♥❡✇ ❝❡♥t❡r ✇✐t❤✐♥ ❈♦♠♣✉t❡❈❡♥t❡rs✱ ✇❡ ♣r♦❝❡❡❞ ❛♥❛❧♦❣♦✉s❧②✳
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▼♦st ✇♦r❦ ♣❡r❢♦r♠❡❞ ❜② ❇✉❜❜❧❡✲❋❖❙✴❈ ❝♦♥s✐sts ✐♥ s♦❧✈✐♥❣ ❧✐♥❡❛r s②st❡♠s✳ ■t ✐s t❤❡r❡✲

❢♦r❡ ♥❡❝❡ss❛r② t♦ ❡♠♣❧♦② ❛ ✈❡r② ❡✣❝✐❡♥t s♦❧✈❡r✳ ▼✉❧t✐❣r✐❞ ♠❡t❤♦❞s ❬✹✶❪ ❛r❡ ❛♠♦♥❣ t❤❡ ❢❛st❡st

❛❧❣♦r✐t❤♠s ❢♦r ♣r❡❝♦♥❞✐t✐♦♥✐♥❣ ❛♥❞ s♦❧✈✐♥❣ ❧✐♥❡❛r s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s ❛r✐s✐♥❣ ❢r♦♠ ❝❡rt❛✐♥

♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆❧❣❡❜r❛✐❝ ♠✉❧t✐❣r✐❞ ✭❆▼●✮ ❬✸✾❪ ✐s ❛♥ ❡①t❡♥s✐♦♥ t♦ ❝❛s❡s ✇❤❡r❡

♥♦ ♣r♦❜❧❡♠✲r❡❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s ❣❡♦♠❡tr② ✐s ❛✈❛✐❧❛❜❧❡✳ ■t ❝♦♥str✉❝ts ❛ ♠✉❧t✐❧❡✈❡❧ ❤✐✲

❡r❛r❝❤② ❜❛s❡❞ ♦♥ ✇❡✐❣❤t❡❞ ✐♥t❡r♣♦❧❛t✐♦♥ ✇✐t❤ ❛ ❝❛r❡❢✉❧❧② ❝❤♦s❡♥ s❡t ♦❢ ♥♦❞❡s ❢♦r t❤❡ ❝♦❛rs❡r

❧❡✈❡❧✳ ❚❤❡ ❛❝t✉❛❧ s♦❧✉t✐♦♥ ♣r♦❝❡ss ✐s ♣❡r❢♦r♠❡❞ ❜② ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s tr❛✈❡rs✐♥❣ t❤✐s ❤✐❡r✲

❛r❝❤②✱ ❡✳ ❣✳✱ ❱✲❝②❝❧❡s ♦r ❋▼❱✲❝②❝❧❡s ❬✹✶✱ ♣✳ ✹✻✛✳❪✳ ❲❡ ✉s❡ ❆▼● ❛s ❛ ❧✐♥❡❛r s♦❧✈❡r s✐♥❝❡ t❤❡

s❛♠❡ s②st❡♠ ♠❛tr✐① L ✐s ✉s❡❞ r❡♣❡❛t❡❞❧②✱ s♦ t❤❛t t❤❡ ❤✐❡r❛r❝❤② ❝♦♥str✉❝t✐♦♥ ✐s ❛♠♦rt✐③❡❞✳

❋✉rt❤❡r♠♦r❡✱ ❛s ❛♥ ❆▼● ❤✐❡r❛r❝❤② ✐s ❛❧s♦ ❛ s❡q✉❡♥❝❡ ♦❢ ❝♦❛rs❡r ❣r❛♣❤s r❡t❛✐♥✐♥❣ t❤❡ str✉❝✲

t✉r❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡✱ ✇❡ ✉s❡ ✐t ✐♥ ♦✉r ❇✉❜❜❧❡✲❋❖❙✴❈ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ♣r♦✈✐❞✐♥❣ ❛

♠✉❧t✐❧❡✈❡❧ ❤✐❡r❛r❝❤② ✭✐♥st❡❛❞ ♦❢ t❤❡ st❛♥❞❛r❞ ♠❛t❝❤✐♥❣ ❛♣♣r♦❛❝❤✮✳ ❋♦r ❇✉❜❜❧❡✲❋❖❙✴❈ t❤✐s

❛❧t❡r♥❛t✐✈❡ ❤✐❡r❛r❝❤② ❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ ❤❛r❞❧② ✐♥✢✉❡♥❝❡s t❤❡ s♦❧✉t✐♦♥ q✉❛❧✐t②✱ ❜✉t s♣❡❡❞s

✉♣ ❝♦♠♣✉t❛t✐♦♥s s✐❣♥✐✜❝❛♥t❧② ❬✷✷✱ ♣✳ ✼✾❪✳

✹ ❈♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❈♦♥♥❡❝t❡❞♥❡ss ❘❡s✉❧ts ❢♦r ❇✉❜❜❧❡✲❋❖❙✴❈

✹✳✶ ❈♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s ❛ ▲♦❝❛❧ ❖♣t✐♠✉♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❡tt❧❡ t❤❡ q✉❡st✐♦♥ ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ ❇✉❜❜❧❡✲❋❖❙✴❈ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷

❝♦♥✈❡r❣❡s✱ ✐♥ t❤❡ ❛✣r♠❛t✐✈❡✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❧♦❛❞ s②♠♠❡tr② ❛♥❞ ❛ ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥✱

✇❤✐❝❤ ♣r♦✈✐❞❡ ❛ s♦❧✐❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s ✐t ❝♦♠♣✉t❡s✳

❉❡✜♥✐t✐♦♥ ✻✳ ▲❡t t❤❡ ❢✉♥❝t✐♦♥ F (Π,Z, τ) ❢♦r t✐♠❡st❡♣ τ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

F (Π,Z, τ) :=
k

∑

c=1

∑

v∈πc(τ)

[w]zc(τ)
v ,

✇❤❡r❡ πc(τ) ❛♥❞ zc(τ) ❞❡♥♦t❡ t❤❡ c✲t❤ ♣❛rt✐t✐♦♥ ❛♥❞ ❝❡♥t❡r ♥♦❞❡ ✐♥ ✐t❡r❛t✐♦♥ τ ✱ r❡s♣❡❝t✐✈❡❧②✳
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❖❜s❡r✈❡ t❤❛t [w]
zc(τ)
v ❛❝ts ❛s ❛ s✐♠✐❧❛r✐t② ♠❡❛s✉r❡✱ ✐✳❡✳✱ ✐t r❡♣r❡s❡♥ts ❤♦✇ ✇❡❧❧✲❝♦♥♥❡❝t❡❞ t❤❡

✈❡rt✐❝❡s v ∈ πc(τ) ❛♥❞ t❤❡✐r r❡s♣❡❝t✐✈❡ ❝❡♥t❡r zc(τ) ❛r❡✳ ❍❡♥❝❡✱ ❡❛❝❤ ♣❛rt✐t✐♦♥ ❝♦♥tr✐❜✉t❡s t♦

F ❛ s✉♠ ♦❢ s✐♠✐❧❛r✐t✐❡s ❜❡t✇❡❡♥ ❛❧❧ ♥♦❞❡s ♦❢ ❛ ♣❛rt✐t✐♦♥ ❛♥❞ ✐ts ❝❡♥t❡r ♥♦❞❡✳

❖✉r ♦❜❥❡❝t✐✈❡ ✐s ♥♦✇ t♦ ♠❛①✐♠✐③❡ F ✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t F ❤❛s ❛ ✜♥✐t❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ❛♥②

✜♥✐t❡ ❣r❛♣❤✳ ❚❤✉s✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❇✉❜❜❧❡✲❋❖❙✴❈✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇

t❤❛t t❤❡ ♦♣❡r❛t✐♦♥s ❆ss✐❣♥P❛rt✐t✐♦♥ ❛♥❞ ❈♦♠♣✉t❡❈❡♥t❡rs ❡❛❝❤ ♠❛①✐♠✐③❡ t❤❡ ✈❛❧✉❡ ♦❢ F

✇✳ r✳ t✳ t❤❡✐r ✐♥♣✉t✳ ❚❤✐s ✐s ❝❧❡❛r ❢♦r ❆ss✐❣♥P❛rt✐t✐♦♥ s✐♥❝❡ ♥♦❞❡s ❛r❡ ❛ss✐❣♥❡❞ t♦ ♣❛rt✐t✐♦♥s

s❡♥❞✐♥❣ t❤❡ ❤✐❣❤❡st ❛♠♦✉♥t ♦❢ ❧♦❛❞✳ ❨❡t✱ ✐t ✐s ♥♦t ♦❜✈✐♦✉s ❢♦r ❈♦♠♣✉t❡❈❡♥t❡rs✱ s♦ t❤❛t ✇❡

r❡q✉✐r❡ ✜rst t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦♥ t❤❡ ❧♦❛❞ s②♠♠❡tr② ❜❡t✇❡❡♥ t✇♦ s✐♥❣❧❡✲s♦✉r❝❡ ❋❖❙✴❈

♣r♦❝❡❞✉r❡s✳

▲❡♠♠❛ ✼✳ ❋♦r ❛♥② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G = (V,E) ❛♥❞ t✇♦ ❛r❜✐tr❛r② ♥♦❞❡s u, v ∈ V ❤♦❧❞s

[w]uv = [w]vu✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛♥ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡ ✇✐t❤ s♦✉r❝❡ ♥♦❞❡ u✳ ❘❡❝❛❧❧ t❤❛t ✐ts ❞r❛✐♥ ✈❡❝t♦r d ✐s

❞❡✜♥❡❞ ❛s d = (−δ, . . . ,−δ, δ(n − 1),−δ, . . . ,−δ)T ✱ ✇❤❡r❡ δ(n − 1) ❛♣♣❡❛rs ✐♥ r♦✇ u✳ ❚❤❡

❋❖❙✴❈ ✐t❡r❛t✐♦♥ s❝❤❡♠❡ ✐♥ t✐♠❡st❡♣ t+ 1 ❢♦r ♥♦❞❡ v ❛♥❞ s♦✉r❝❡ u ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❬✷✹❪✿

[w(t+1)]uv = [Mt+1w(0)]uv + [(I + M
1 + · · · + M

t)d]uv

= [Mt+1w(0)]uv + nδ
∑t

l=0
M

l
v,u − (t+ 1)δ.

❖❜s❡r✈❡ t❤❛t M
t+1w(0) ❝♦♥✈❡r❣❡s t♦✇❛r❞s w = (1, . . . , 1)T ✱ t❤❡ ❜❛❧❛♥❝❡❞ ❧♦❛❞ ❞✐str✐❜✉t✐♦♥

❬✼❪✱ ❡✈❡♥ ✐♥ t❤❡ ❡❞❣❡✲✇❡✐❣❤t❡❞ ❝❛s❡ ❬✶✵❪✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥✿

[w]vu − [w]uv = nδ
(

∑t

l=0
M

l
u,v − M

l
v,u

)

.

❙✐♥❝❡ M ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ ✐ts ♣♦✇❡rs ❛r❡ s②♠♠❡tr✐❝✱ ❛❧❧ s✉♠♠❛♥❞s ✈❛♥✐s❤✳ ⊓⊔

❚❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤✐s ❧♦❛❞ s②♠♠❡tr② ✐s s♦♠❡✇❤❛t s✉r♣r✐s✐♥❣✱ ❜❡❝❛✉s❡ ♦♥❡ ✇♦✉❧❞ ♥♦t ❡①♣❡❝t

s✉❝❤ ❛ ♣r♦♣❡rt② ✐♥ ❣r❛♣❤s ✇✐t❤♦✉t ❛♥② s②♠♠❡tr②✳ ❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ ❛ ❧♦❧❧✐♣♦♣ ❣r❛♣❤ L✱

✶✷



✐✳ ❡✳✱ ❛ ❝❧✐q✉❡ ✇✐t❤ n/2 ✈❡rt✐❝❡s ❛tt❛❝❤❡❞ t♦ ❛ ♣❛t❤ ♦❢ n/2 ✈❡rt✐❝❡s✳ ▲❡t u ❜❡ ❛♥② ✈❡rt❡① ✐♥ t❤❡

❝❧✐q✉❡ ❛♥❞ v ❜❡ t❤❡ ❡♥❞✲♣♦✐♥t ♦❢ t❤✐s ♣❛t❤✳ ❆❧t❤♦✉❣❤ L ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ s②♠♠❡tr✐❝✱ ▲❡♠♠❛ ✼

✐♠♣❧✐❡s t❤❛t t❤❡ ❧♦❛❞ ♦❢ v ♦❢ ❛ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡ ✇✐t❤ s✐♥❣❧❡ s♦✉r❝❡ u ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❧♦❛❞

♦❢ u ❛❢t❡r ❛ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡ ✇✐t❤ s✐♥❣❧❡ s♦✉r❝❡ v✳ ■♥ t❤❛t r❡❣❛r❞ ▲❡♠♠❛ ✼ s❡❡♠s t♦ ❜❡ ♦❢

✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st ❢♦r t❤❡ ❞✐st✉r❜❡❞ ❞✐✛✉s✐♦♥ s❝❤❡♠❡ ❋❖❙✴❈✳ ❍❡r❡ ✐t ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡

t❤❡ ♥❡①t ❝r✉❝✐❛❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✽✳ ❚❤❡ ♦✉t♣✉t ♦❢ ❈♦♠♣✉t❡❈❡♥t❡rs ♠❛①✐♠✐③❡s t❤❡ ✈❛❧✉❡ ♦❢ F ❢♦r ❛ ❣✐✈❡♥ k✲

♣❛rt✐t✐♦♥✐♥❣ Π✳

Pr♦♦❢✳ ▲❡t Π ❜❡ t❤❡ ❝✉rr❡♥t ♣❛rt✐t✐♦♥✐♥❣✳ ❈♦♠♣✉t❡❈❡♥t❡rs s♦❧✈❡s ❢♦r ❡❛❝❤ ♣❛rt✐t✐♦♥ πc, c ∈

{1, . . . , k}✱ ❛ ♠✉❧t✐♣❧❡✲s♦✉r❝❡ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡✱ ✇❤❡r❡ t❤❡ ✇❤♦❧❡ r❡s♣❡❝t✐✈❡ ♣❛rt✐t✐♦♥ ❛❝ts ❛s

s♦✉r❝❡✳ ❈♦♥s✐❞❡r ♦♥❡ ♦❢ t❤❡s❡ ♣❛rt✐t✐♦♥s πc ❛♥❞ ✐ts ♠✉❧t✐♣❧❡✲s♦✉r❝❡ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡✱ ✇❤✐❝❤

❝♦♠♣✉t❡s w ✐♥ Lw = d ✇✐t❤ ✐ts r❡s♣❡❝t✐✈❡ ❞r❛✐♥ ✈❡❝t♦r d✳ ❖✉r ❛✐♠ ✐s t♦ s♣❧✐t t❤✐s ♣r♦❝❡❞✉r❡

✐♥t♦ s✉❜♣r♦❝❡❞✉r❡s t❤❛t s♦❧✈❡ Lwi = di, i ∈ πc✱ ❛♥❞ t❤❛t s❛t✐s❢②
∑

i∈πc
di = d✳ ❙✉❝❤ ❛

s♣❧✐tt✐♥❣ L(w1 + w2 + · · · + w|πc|) = d1 + d2 + · · · + d|πc| ✐♥❞❡❡❞ ❡①✐sts❀ ❡❛❝❤ s✉❜♣r♦❝❡❞✉r❡

Lwi = di ❝♦rr❡s♣♦♥❞s t♦ ❛ s✐♥❣❧❡✲s♦✉r❝❡ ♣r♦❝❡❞✉r❡✱ ✇❤❡r❡ t❤❡ ❞r❛✐♥ ✈❡❝t♦r ✐s s❝❛❧❡❞ ❜② 1
|πc|

✭❝❢✳ ❉❡✜♥✐t✐♦♥ ✶ ✇✐t❤ |S| r❡♣❧❛❝❡❞ ❜② ✶✮✿

[di]v =















δn
|πc|

− δ
|πc|

v ∈ πc, v s♦✉r❝❡ ♦❢ s✉❜♣r♦❝❡❞✉r❡ i

− δ
|πc|

♦t❤❡r✇✐s❡

■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t
∑

i∈πc
di = d ❛♥❞ di ⊥ (1, . . . , 1)T ❤♦❧❞✱ s♦ t❤❛t ❡❛❝❤ s✉❜♣r♦❝❡❞✉r❡

❤❛s ❛ s♦❧✉t✐♦♥✳ ❉✉❡ t♦ t❤✐s ❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ L✱ ✇❡ ❛❧s♦ ❤❛✈❡
∑

i∈πc
wi = w✳ ❘❡❝❛❧❧

t❤❛t t❤❡ ♥❡✇ ❝❡♥t❡r ♦❢ ♣❛rt✐t✐♦♥ πc ✐s t❤❡ ♥♦❞❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st ❧♦❛❞ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞

♠✉❧t✐♣❧❡✲s♦✉r❝❡ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡✳ ❋r♦♠ t❤❡ ❛❜♦✈❡ ✐t ❢♦❧❧♦✇s t❤❛t t❤✐s ✐s t❤❡ ♥♦❞❡ u ❢♦r

✇❤✐❝❤ [w]u =
∑

i∈πc
[w]iu ✐s ♠❛①✐♠❛❧✳ ❉✉❡ t♦ ▲❡♠♠❛ ✼ ✇❡ ❤❛✈❡

∑

i∈πc
[w]iu =

∑

i∈πc
[w]ui ✱ s♦

t❤❛t t❤❡ ♥❡✇ ❝❡♥t❡r zc ✐s t❤❡ ♥♦❞❡ u ❢♦r ✇❤✐❝❤ t❤❡ ♠♦st ❧♦❛❞ r❡♠❛✐♥s ✇✐t❤✐♥ ♣❛rt✐t✐♦♥ πc ✐♥

✶✸



❛ s✐♥❣❧❡✲s♦✉r❝❡ ❋❖❙✴❈ ♣r♦❝❡❞✉r❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
∑

v∈πc
[w]zc

v ♦❢ ❡❛❝❤ πc t♦

F ✐s ♠❛①✐♠✐③❡❞✳ ⊓⊔

Pr♦♣♦s✐t✐♦♥ ✾✳ ❈♦♥s✐❞❡r t❤❡ ❧♦❛❞ ✈❡❝t♦r w ✐♥ t❤❡ st❡❛❞② st❛t❡ ♦❢ ❋❖❙✴❈✳ ❚❤❡ ♠❛①✐♠✉♠

❧♦❛❞ ✈❛❧✉❡ ✐♥ w ❜❡❧♦♥❣s t♦ t❤❡ s❡t ♦❢ s♦✉r❝❡ ♥♦❞❡s S✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛❢t❡r s❡❧❡❝t✐♥❣ k ♣❛✐r✇✐s❡

❞✐s❥♦✐♥t ✐♥✐t✐❛❧ ❝❡♥t❡r ♥♦❞❡s✱ t❤❡r❡ ❛r❡ ❛❧✇❛②s ❡①❛❝t❧② k ❞✐✛❡r❡♥t ❝❡♥t❡r ♥♦❞❡s ❛♥❞ ❡①❛❝t❧② k

♣❛rt✐t✐♦♥s ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❇✉❜❜❧❡✲❋❖❙✴❈✳

Pr♦♦❢✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t❤❡ st❡❛❞② st❛t❡ ♦❢

❋❖❙✴❈ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ‖ · ‖2✲♠✐♥✐♠❛❧✲✢♦✇ ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ s♦✉r❝❡ ♥♦❞❡s s❡♥❞ ❧♦❛❞ t♦

t❤❡ r❡♠❛✐♥✐♥❣ ♥♦❞❡s ✭s❡❡ ❬✷✹✱ ♣✳ ✹✸✶❪✮ ❛♥❞ ♠✉st t❤❡r❡❢♦r❡ ❤❛✈❡ ❛ ❤✐❣❤❡r ❧♦❛❞✳ ❋♦r t❤❡ s❡❝♦♥❞

st❛t❡♠❡♥t ✧≤✧ ✐s ♦❜✈✐♦✉s✱ s♦ t❤❛t ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡r❡ ❛r❡ ❛t ❧❡❛st k ❞✐✛❡r❡♥t ❝❡♥t❡r

♥♦❞❡s ❛♥❞ ♣❛rt✐t✐♦♥s ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✳

❚❤❡ ✐♥✐t✐❛❧ ♣❧❛❝❡♠❡♥t ♦❢ ❝❡♥t❡rs ❝❛♥ ❡♥s✉r❡ ❡❛s✐❧② t❤❛t k ❞✐✛❡r❡♥t ♥♦❞❡s ❛r❡ s❡❧❡❝t❡❞✳ ■♥

❛♥② ❝❛s❡ t❤❡ ❝❡♥t❡rs ❞❡t❡r♠✐♥❡❞ ❜② ❈♦♠♣✉t❡❈❡♥t❡rs ❜❡❧♦♥❣ t♦ t❤❡✐r ♦✇♥ ♣❛rt✐t✐♦♥ ❛♥❞ ♠✉st

t❤❡r❡❢♦r❡ ❜❡ ❞✐✛❡r❡♥t✳ ❆❧s♦✱ ❆ss✐❣♥P❛rt✐t✐♦♥ ❦❡❡♣s ❡❛❝❤ ❝❡♥t❡r ✐♥ ✐ts ❝✉rr❡♥t ♣❛rt✐t✐♦♥✿

❈♦♥s✐❞❡r t✇♦ ❛r❜✐tr❛r②✱ ❜✉t ❞✐st✐♥❝t ❝❡♥t❡rs zi ❛♥❞ zj✳ ❉✉❡ t♦ ▲❡♠♠❛ ✼ ✇❡ ❦♥♦✇ t❤❛t [w]
zj
zi =

[w]zi
zj
✳ ❆s [w]zi

zi
> [w]zi

zj
✱ ✇❡ ♦❜t❛✐♥ [w]zi

zi
> [w]

zj
zi ✳ ❍❡♥❝❡✱ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳ ⊓⊔

❚❤❡ ♠❛✐♥ t❤❡♦r❡♠ ❢♦❧❧♦✇s ♥♦✇ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ r❡s✉❧ts ❛❜♦✈❡✳

❚❤❡♦r❡♠ ✶✵✳ ❇✉❜❜❧❡✲❋❖❙✴❈ ❝♦♥✈❡r❣❡s ❛♥❞ ♣r♦❞✉❝❡s ❛ k✲✇❛② ♣❛rt✐t✐♦♥✐♥❣✳ ❚❤✐s ♣❛rt✐✲

t✐♦♥✐♥❣ ✐s ❛ ❧♦❝❛❧ ♦♣t✐♠✉♠ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥ F ✳

■❢ ❇✉❜❜❧❡✲❋❖❙✴❈ ✐s ✉s❡❞ ❢♦r ♣❛rt✐t✐♦♥✐♥❣ ✇✐t❤✐♥ ❛ ♠✉❧t✐❧❡✈❡❧ ❤✐❡r❛r❝❤②✱ ✐t ❝♦♥✈❡r❣❡s ✈❡r②

q✉✐❝❦❧②✳ ❖✉r ❡①♣❡r✐♠❡♥ts ✐♥❞✐❝❛t❡ t❤❛t ✉s✉❛❧❧② t❤r❡❡ t♦ ✜✈❡ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ♠❛✐♥ ❧♦♦♣ ❛r❡

s✉✣❝✐❡♥t t♦ r❡❛❝❤ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❡❛❝❤ ❧❡✈❡❧✳

▼❛①✐♠✐③✐♥❣ F ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ❡❞❣❡✲❝✉t

♠❡tr✐❝✳ ❘❡❝❛❧❧ ❢r♦♠ ❘❡♠❛r❦ ✺ t❤❛t ❡❛❝❤ ❡♥tr② [w]su ♦❢ t❤❡ ❧♦❛❞ ✈❡❝t♦r [w]s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞

❛s t❤❡ s✉♠ ♦✈❡r t❤❡ l✲st❡♣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❢r♦♠ s♦✉r❝❡ s t♦ ♥♦❞❡ u✱ ✇❤❡r❡ l r❛♥❣❡s ❢r♦♠

0 t♦ ✐♥✜♥✐t②✳ ▼♦r❡♦✈❡r✱ ♦❜s❡r✈❡ ❛❣❛✐♥ t❤❛t r❛♥❞♦♠ ✇❛❧❦s st❛② ✐♥ ❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞ r❡❣✐♦♥s
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❢♦r ❛ ❧♦♥❣ t✐♠❡ ❜❡❢♦r❡ t❤❡② ❧❡❛✈❡ t❤❡♠ ✈✐❛ ♦♥❡ ♦❢ t❤❡ ❢❡✇ ❡①t❡r♥❛❧ ❡❞❣❡s✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥

✐♥❞✐❝❛t❡s ✇❤② ✐♥ ♠♦st ❝❛s❡s ❤✐❣❤❡r ✈❛❧✉❡s ♦❝❝✉r ✐♥ [w]s ❢♦r ♥♦❞❡s ✇✐t❤✐♥ t❤❡ s❛♠❡ ❞❡♥s❡

r❡❣✐♦♥ ❛s s t❤❛♥ ❢♦r ♥♦❞❡s ♦❢ ❞✐✛❡r❡♥t r❡❣✐♦♥s✳ ❚❤❡ ♣r♦❝❡ss ♦❢ ❧♦❝❛❧❧② ♠❛①✐♠✐③✐♥❣ F ❧❡❛❞s t♦

t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ s✉❝❤ ❞❡♥s❡ r❡❣✐♦♥s ❛♥❞ t❤✉s ✐♠♣❧✐❝✐t❧② ②✐❡❧❞s ♣❛rt✐t✐♦♥s ✇✐t❤ ❢❡✇ ❡①t❡r♥❛❧

❡❞❣❡s✱ ✐✳ ❡✳✱ ✇✐t❤ ❛ ❧♦✇ ❡❞❣❡✲❝✉t✳ ❍♦✇❡✈❡r✱ ❛s ♥♦ ❡①♣❧✐❝✐t ❡❞❣❡✲❝✉t ♠✐♥✐♠✐③❛t✐♦♥ t❛❦❡s ♣❧❛❝❡✱

❛❞❞✐t✐♦♥❛❧ ✐t❡r❛t✐♦♥s ♦❢ ❇✉❜❜❧❡✲❋❖❙✴❈ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ✐♠♣r♦✈❡ t❤❡ ❡❞❣❡✲❝✉t ❡✈❡r② t✐♠❡✳

✺ ❆❝❝❡❧❡r❛t✐♥❣ ❇✉❜❜❧❡✲❜❛s❡❞ ❉✐✛✉s✐✈❡ P❛rt✐t✐♦♥✐♥❣

❖✉r ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ s❤❛♣❡✲♦♣t✐♠✐③✐♥❣ ❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ❬✷✸✱✷✺❪ ❤❛s ❛❧r❡❛❞② ✐♥❞✐❝❛t❡❞ t❤❛t

s❤❛♣❡ ♦♣t✐♠✐③❛t✐♦♥ ✐s ❛❜❧❡ t♦ ❝♦♠♣✉t❡ ❤✐❣❤✲q✉❛❧✐t② ♣❛rt✐t✐♦♥✐♥❣s ♠❡❡t✐♥❣ t❤❡ r❡q✉✐r❡♠❡♥ts

♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r ❇✉❜❜❧❡✲❋❖❙✴❈✬s ✈❡r② ❤✐❣❤ r✉♥♥✐♥❣

t✐♠❡ ✐s t❤❡ r❡♣❡❛t❡❞ s♦❧✉t✐♦♥ ♦❢ ❧✐♥❡❛r s②st❡♠s ♦♥ t❤❡ ✇❤♦❧❡ ❣r❛♣❤ ✭♦r ❛t ❧❡❛st ♦♥ ❛♥ ❛♣♣r♦①✲

✐♠❛t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ❣r❛♣❤✱ ❛s ✐♥ ❬✷✻❪✮✳ ❨❡t✱ ♦♥❝❡ ❛ r❡❛s♦♥❛❜❧② ❣♦♦❞ s♦❧✉t✐♦♥ ❤❛s ❜❡❡♥ ❢♦✉♥❞✱

❛❧t❡r❛t✐♦♥s ❞✉r✐♥❣ ❛♥ ✐♠♣r♦✈❡♠❡♥t st❡♣ t❛❦❡ ♣❧❛❝❡ ♠♦st❧② ❛t t❤❡ ♣❛rt✐t✐♦♥ ❜♦✉♥❞❛r✐❡s✳ ❚❤❛t

✐s ✇❤② ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ❧♦❝❛❧ ❛♣♣r♦❛❝❤ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡s❡ ❜♦✉♥❞❛r② r❡✲

❣✐♦♥s✳ ❖✉r ✐❞❡❛ ✐s t♦ ✉s❡ t❤❡ ❤✐❣❤✲q✉❛❧✐t② ❜✉t s❧♦✇ ❛❧❣♦r✐t❤♠ ❇✉❜❜❧❡✲❋❖❙✴❈ ♦♥ t❤❡ ❝♦❛rs❡

❧❡✈❡❧s ♦❢ ❛ ♠✉❧t✐❧❡✈❡❧ ❤✐❡r❛r❝❤② ❛♥❞ ❛ ❢❛st❡r ❧♦❝❛❧ s❝❤❡♠❡ ♦♥ ✐ts ✜♥❡r ❧❡✈❡❧s✳

✺✳✶ ❆ ◆❡✇ ▲♦❝❛❧ ■♠♣r♦✈❡♠❡♥t ▼❡t❤♦❞✿ ❚r✉♥❝❈♦♥s

❆s ❛ ♠✐①t✉r❡ ♦❢ ❆ss✐❣♥P❛rt✐t✐♦♥ ❛♥❞ ❈♦♠♣✉t❡❈❡♥t❡rs✱ t❤❡ ❈♦♥s♦❧✐❞❛t✐♦♥ ♦♣❡r❛t✐♦♥ ✐s

✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ ❛ ♥❡✇ ♣❛rt✐t✐♦♥✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ♦♥❡✳ ❚❤❡ ♦♣❡r❛t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✲

✉r❡ ✸ ✭❛✮ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♣❛t❤ ❣r❛♣❤✱ ✐ts ♣❛rt✐t✐♦♥✐♥❣ ❛♥❞ k = 3 ✭t♦♣♠♦st r♦✇✮✳ ◆♦t❡

t❤❛t ❞✐✛❡r❡♥t ❝♦❧♦rs ✐♥❞✐❝❛t❡ ❞✐✛❡r❡♥t ♣❛rt✐t✐♦♥ ❛ss✐❣♥♠❡♥ts ❛♥❞ t❤❛t ✐♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞

r♦✇ ♦❢ t❤❡ ✜❣✉r❡ t❤❡ ✐♥♣✉t ❣r❛♣❤ ✐s s❤♦✇♥ k t✐♠❡s t♦ ✐❧❧✉str❛t❡ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡r✲

❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ ❡❛❝❤ ♣❛rt✐t✐♦♥ πc✳ ❖♥❡ st❛rts ✇✐t❤ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥

♦❢ t❤❡ s♦✉r❝❡ s❡t S ✇✐t❤ πc✳ ❚❤❡ ♥♦❞❡s ♦❢ πc r❡❝❡✐✈❡ ❛♥ ❡q✉❛❧ ❛♠♦✉♥t ♦❢ ✐♥✐t✐❛❧ ❧♦❛❞ n/|S|✱

✇❤✐❧❡ t❤❡ ♦t❤❡r ♥♦❞❡s✬ ✐♥✐t✐❛❧ ❧♦❛❞ ✐s s❡t t♦ 0 ✭s❡❝♦♥❞ r♦✇✮✳ ❚❤❡♥✱ ❛ ❞✐✛✉s✐✈❡ ♠❡t❤♦❞ ✭❋❖❙✴❈
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✐s ♣♦ss✐❜❧❡✱ ❜✉t s❤♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞ ❢♦r ❧❛r❣❡ ❣r❛♣❤s ❞✉❡ t♦ ✐ts ❤✐❣❤ r✉♥♥✐♥❣ t✐♠❡✮ ✐s ✉s❡❞

t♦ ❞✐str✐❜✉t❡ t❤✐s ❧♦❛❞ ✇✐t❤✐♥ t❤❡ ❣r❛♣❤ ✭t❤✐r❞ r♦✇✮✳ ❚♦ r❡str✐❝t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt t♦

❛r❡❛s ❝❧♦s❡ t♦ t❤❡ ♣❛rt✐t✐♦♥ ❜♦✉♥❞❛r✐❡s✱ ✇❡ ✉s❡ ❛ s♠❛❧❧ ♥✉♠❜❡r ψ ♦❢ ❋❖❙ ❬✼❪ ✐t❡r❛t✐♦♥s✳

❚❤❡ ✜♥❛❧ ❧♦❛❞ ♦❢ ❛ ♥♦❞❡ v ❢♦r πc ✐s t❤❡♥ ❥✉st [w
(ψ)
c ]v = [Mψ · w(0)

c ]v✱ ✇❤❡r❡ M ❛♥❞ w(0)

❛r❡ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳ ❚❤✐s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✐t❡r❛t✐✈❡ ❧♦❛❞ ❡①❝❤❛♥❣❡s✿

[w(t)
c ]v = [w(t−1)

c ]v − α
∑

{u,v}∈E

([w(t−1)
c ]v − [w(t−1)

c ]u) ❢♦r 1 ≤ t ≤ ψ.

❆❢t❡r t❤❡ ❧♦❛❞ ✐s ❞✐str✐❜✉t❡❞ t❤✐s ✇❛② ❢♦r ❛❧❧ k ♣❛rt✐t✐♦♥s✱ ✇❡ ❛ss✐❣♥ ❡❛❝❤ ♥♦❞❡ v t♦ t❤❡

♣❛rt✐t✐♦♥ ❢r♦♠ ✇❤✐❝❤ ✐t ❤❛s ♦❜t❛✐♥❡❞ t❤❡ ❤✐❣❤❡st ❧♦❛❞ ✭❜♦tt♦♠♠♦st r♦✇ ♦❢ ❋✐❣✉r❡ ✸ ✭❛✮✮✳ ❚❤✐s

❝♦♠♣❧❡t❡s ♦♥❡ ❈♦♥s♦❧✐❞❛t✐♦♥ ♦♣❡r❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡♣❡❛t❡❞ s❡✈❡r❛❧ t✐♠❡s t♦ ❢❛❝✐❧✐t❛t❡

s✉✣❝✐❡♥t❧② ❧❛r❣❡ ♠♦✈❡♠❡♥ts ♦❢ t❤❡ ♣❛rt✐t✐♦♥s✳ ❲❡ ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ r❡♣❡t✐t✐♦♥s ❜② Λ

❛♥❞ ❝❛❧❧ t❤❡ ✇❤♦❧❡ ♠❡t❤♦❞ ✇✐t❤ t❤✐s ♣❛rt✐❝✉❧❛r ❞✐✛✉s✐✈❡ ♣r♦❝❡ss ❚r✉♥❝❈♦♥s ✭tr✉♥❝❛t❡❞

❞✐✛✉s✐♦♥ ❝♦♥s♦❧✐❞❛t✐♦♥s✮✱ s❡❡ ❋✐❣✉r❡ ✸ ✭❜✮✳ ❚❤✐s ♥❡✇ ❛♣♣r♦❛❝❤ ♠❛❦❡s ❙❝❤❛♠❜❡r❣❡r✬s ✐❞❡❛ t♦

✉s❡ ❛ ❞✐✛✉s✐✈❡ s❝❤❡♠❡ ✇✐t❤✐♥ ❛ ❇✉❜❜❧❡ r❡❧❛t❡❞ ❢r❛♠❡✇♦r❦ ❬✸✵❪ r♦❜✉st✱ ♣r❛❝t✐❝❛❜❧❡✱ ❛♥❞ ❢❛st✳

▼♦r❡♦✈❡r✱ ❛❧t❤♦✉❣❤ s❤♦✇✐♥❣ s♦♠❡ ❞✐✛❡r❡♥❝❡s✱ ♦✉r ♥❡✇ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ k✲✇❛②

❡①t❡♥s✐♦♥ ♦❢ P❡❧❧❡❣r✐♥✐✬s ✇♦r❦ ❬✷✼❪ ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳

❚♦ ✉♥❞❡rst❛♥❞ ✇❤② ❚r✉♥❝❈♦♥s ✇♦r❦s ✇❡❧❧✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧♦❣②✳ ❘❡❝❛❧❧ t❤❛t

t❤❡ st♦❝❤❛st✐❝ ❞✐✛✉s✐♦♥ ♠❛tr✐① M ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢ ❛ r❛♥❞♦♠ ✇❛❧❦✳

❋♦r ❡❛❝❤ ♥♦❞❡ v ∈ πc ✇❡ ❤❛✈❡ ♦♥❡ r❛♥❞♦♠ ✇❛❧❦ st❛rt✐♥❣ ♦♥ v✳ ❚❤❡♥✱ t❤❡ ✜♥❛❧ ❧♦❛❞ ♦♥ ♥♦❞❡

u ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s✉♠ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r ❡❛❝❤ r❛♥❞♦♠ ✇❛❧❦ t♦ r❡❛❝❤ u ❛❢t❡r ψ

st❡♣s✳ ❙✐♥❝❡ r❛♥❞♦♠ ✇❛❧❦s ♥❡❡❞ r❡❧❛t✐✈❡❧② ❧♦♥❣ t♦ ❧❡❛✈❡ ❞❡♥s❡ r❡❣✐♦♥s✱ ❡❛❝❤ ♥♦❞❡ s❤♦✉❧❞ ❜❡

❛ss✐❣♥❡❞ t♦ t❤❡ ♣❛rt✐t✐♦♥ ✇✐t❤ t❤❡ ❤✐❣❤❡st ❧♦❛❞ ❜❡❝❛✉s❡ ✐t ✐s ♠♦st ❞❡♥s❡❧② ❝♦♥♥❡❝t❡❞ ✇✐t❤ ✐t✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ♥♦❞❡s ♦❢ t❤❡ s❛♠❡ ❞❡♥s❡ r❡❣✐♦♥ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤

♦t❤❡r ❜② ♠❛♥② ♣❛t❤s ♦❢ s♠❛❧❧ ❧❡♥❣t❤✳ ❚❤✐s ♥♦t✐♦♥ ♦❢ ❝♦♥♥❡❝t✐✈✐t② ✐s r❡✢❡❝t❡❞ ❜② tr❛♥s✐t✐♦♥

♣r♦❜❛❜✐❧✐t✐❡s ♦❢ r❛♥❞♦♠ ✇❛❧❦s ✇✐t❤ s♠❛❧❧ ❧❡♥❣t❤s✳

❙✐♥❝❡ ❛♥ ❛❝t✉❛❧ ❧♦❛❞ ❡①❝❤❛♥❣❡ ❤❛♣♣❡♥s ♦♥❧② ❛t t❤❡ ♣❛rt✐t✐♦♥ ❜♦✉♥❞❛r②✱ ♥♦t ❛❧❧ ♥♦❞❡s ❤❛✈❡

t♦ t❛❦❡ ♣❛rt ✐♥ t❤✐s ♣r♦❝❡ss✳ ■♥st❡❛❞✱ ♦♥❡ ❦❡❡♣s tr❛❝❦ ♦❢ ❛❝t✐✈❡ ♥♦❞❡s✳

✶✻



✭❛✮

❆❧❣♦r✐t❤♠ ❚r✉♥❝❈♦♥s✭M✱ k✱ Π✱ Λ✱ ψ✮ → Π

✵✶ ❢♦r τ = 1 t♦ Λ

✵✷ ♣❛r❛❧❧❡❧ ❢♦r ❡❛❝❤ ♣❛rt✐t✐♦♥ πc

✵✸ S = πc❀ wc = (0, . . . , 0)T ✴✯ ✐♥✐t✐❛❧ ❧♦❛❞ ✯✴

✵✹ ❢♦r ❡❛❝❤ v ∈ S ✴✯ ✐♥✐t✐❛❧ ❧♦❛❞ ✯✴

✵✺ [wc]v = n/|S|

✵✻ ❢♦r t = 1 t♦ ψ ✴✯ ❋❖❙ ✐t❡r❛t✐♦♥s ✯✴

✵✼ wc = M · wc

✴✯ ❛❢t❡r s②♥❝❤r♦♥✐③❛t✐♦♥✿ ✉♣❞❛t❡ Π ✯✴

✵✽ ❢♦r ❡❛❝❤ v ∈ πc

✵✾ Π(v) = argmax1≤c′≤k[wc′ ]v

✶✵ r❡t✉r♥ Π

✭❜✮

❋✐❣✳ ✸✳ ✭❛✮ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ ♦♥❡ ❈♦♥s♦❧✐❞❛t✐♦♥ ❛♥❞ ✭❜✮ ❆❧❣♦r✐t❤♠✐❝ s❦❡t❝❤ ♦❢ ❚r✉♥❝✲
❈♦♥s

❉❡✜♥✐t✐♦♥ ✶✶✳ ❆ ♥♦❞❡ v ∈ V ✐s ❝❛❧❧❡❞ ❛❝t✐✈❡ ✐♥ ❋❖❙ ✐t❡r❛t✐♦♥ t > 0 ✐❢ ✐t ❤❛s ❛ ♥❡✐❣❤❜♦r

u ∈ V ✇✐t❤ t❤❡ ♣r♦♣❡rt②✿ [w(t−1)]u 6= [w(t−1)]v✳ ◆♦❞❡s t❤❛t ❛r❡ ♥♦t ❛❝t✐✈❡ ❛r❡ ❝❛❧❧❡❞ ✐♥❛❝t✐✈❡✳

❆❧❧ ❧♦❛❞ ❡①❝❤❛♥❣❡s ♦❢ ❛♥ ✐♥❛❝t✐✈❡ ♥♦❞❡ r❡s✉❧t ✐♥ ❛ ✢♦✇ ♦❢ 0 ♦♥ ✐ts ✐♥❝✐❞❡♥t ❡❞❣❡s✳ ❍❡♥❝❡✱ t❤❡②

❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ ❧♦❛❞ s✐t✉❛t✐♦♥ ❛t ❛❧❧ ❛♥❞ ❝❛♥ ❜❡ ✐❣♥♦r❡❞✳ ❈❧❡❛r❧②✱ ✐♥ ✐t❡r❛t✐♦♥ t ❛❧❧ ♥♦❞❡s ✇✐t❤

❞✐st❛♥❝❡ ♠♦r❡ t❤❛♥ t t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝✉rr❡♥t ♣❛rt✐t✐♦♥ ❛r❡ ✐♥❛❝t✐✈❡✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥

♠✐❣❤t ♥♦t ❣✐✈❡ ❛✇❛② ❛❧❧ ✐♥❛❝t✐✈❡ ♥♦❞❡s✱ ❜✉t ♦♥❡ ❝❛♥ ❡①♣❡❝t t❤❛t ❡①❝❡♣t✐♦♥s t♦ t❤✐s r✉❧❡ ❛r❡

r❛r❡✳ ❙♦✱ ❜② ❦❡❡♣✐♥❣ tr❛❝❦ ♦❢ ❛❝t✐✈❡ ❛♥❞ ✐♥❛❝t✐✈❡ ♥♦❞❡s ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ♦❜s❡r✈❛t✐♦♥✱ ✇❡ ❛r❡

❛❜❧❡ t♦ ✐❣♥♦r❡ ♥❡❛r❧② ❛❧❧ ❧♦❛❞ ❡①❝❤❛♥❣❡ ❝♦♠♣✉t❛t✐♦♥s t❤❛t ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ r❡s♣❡❝t✐✈❡ ❧♦❛❞s

♦♥ t❤❡ ✐♥❝✐❞❡♥t ♥♦❞❡s✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❞✐✛✉s✐✈❡ ♣r♦❝❡ss ♦❢ ♣❛rt✐t✐♦♥ ✐♠♣r♦✈❡♠❡♥t ✐s r❡str✐❝t❡❞

t♦ ❧♦❝❛❧ ❛r❡❛s ❝❧♦s❡ t♦ t❤❡ s✉❜❞♦♠❛✐♥ ❜♦✉♥❞❛r✐❡s ❛♥❞ ✐ts ❝♦♠♣❧❡①✐t② ✐s ❣r❡❛t❧② r❡❞✉❝❡❞ ✐♥

♣r❛❝t✐❝❡✳ ❚❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ s❡✈❡r❛❧ ❢❛❝t♦rs s✉❝❤ ❛s t❤❡ ✐t❡r❛t✐♦♥

♥✉♠❜❡r t✱ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❞♦♠❛✐♥s k✱ ❛♥❞ ❣r❛♣❤ ♣r♦♣❡rt✐❡s s✉❝❤ ❛s s✐③❡✱ s♣❛rs❡♥❡ss✱ ❛♥❞

❣❡♥❡r❛❧ str✉❝t✉r❡✳

✶✼



✺✳✷ ❚❤❡ ◆❡✇ ❆❧❣♦r✐t❤♠ ❉✐❜❛P✿ ❈♦♠❜✐♥✐♥❣ ❇✉❜❜❧❡✲❋❖❙✴❈ ❛♥❞ ❚r✉♥❝❈♦♥s

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ❛ s❧♦✇✱ ❜✉t ❤✐❣❤✲q✉❛❧✐t② ♣❛r✲

❋✐❣✳ ✹✳ ❙❦❡t❝❤ ♦❢ t❤❡ ❝♦♠❜✐♥❡❞ ♠✉❧t✐✲

❧❡✈❡❧ ❤✐❡r❛r❝❤② ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❛❧❣♦r✐t❤♠s ✉s❡❞ ✇✐t❤✐♥ ❉✐❜❛P✳

t✐t✐♦♥❡r ❛♥❞ ❛ ❢❛st❡r ❧♦❝❛❧ ✐♠♣r♦✈❡♠❡♥t ❛❧❣♦r✐t❤♠✱

✇❡ ❝♦♠❜✐♥❡ t❤❡♠ t♦ ♦❜t❛✐♥ ❛♥ ❡✣❝✐❡♥t ♠✉❧t✐❧❡✈❡❧

❣r❛♣❤ ♣❛rt✐t✐♦♥✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ✇❡ ❝❛❧❧ ❉✐❜❛P

✭❉✐✛✉s✐♦♥✲❜❛s❡❞ P❛rt✐t✐♦♥✐♥❣✮✱ s❡❡ ❋✐❣✉r❡ ✹✳ ❚❤❡ ✜♥❡

❧❡✈❡❧s ♦❢ ✐ts ♠✉❧t✐❧❡✈❡❧ ❤✐❡r❛r❝❤② ❛r❡ ❝♦♥str✉❝t❡❞ ❜②

❛♣♣r♦①✐♠❛t❡ ♠❛①✐♠✉♠ ✇❡✐❣❤t ♠❛t❝❤✐♥❣s ❬✷✽❪✳ ❖♥❝❡

t❤❡ ❣r❛♣❤s ❛r❡ s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ s✇✐t❝❤ t❤❡ ❝♦♥✲

str✉❝t✐♦♥ ♠❡❝❤❛♥✐s♠ t♦ t❤❡ ♠♦r❡ ❡①♣❡♥s✐✈❡ ❆▼●

❝♦❛rs❡♥✐♥❣✳ ❚❤✐s ✐s ❛❞✈❛♥t❛❣❡♦✉s ❜❡❝❛✉s❡ ✇❡ ✉s❡

❇✉❜❜❧❡✲❋❖❙✴❈ ❛s t❤❡ ✐♠♣r♦✈❡♠❡♥t str❛t❡❣② ♦♥ t❤❡

❝♦❛rs❡ ❧❡✈❡❧s ❛♥❞ ❡♠♣❧♦② ❆▼● t♦ s♦❧✈❡ t❤❡ ♦❝❝✉rr✐♥❣

❧✐♥❡❛r s②st❡♠s✳ ❚❤❛t ✐s ✇❤② s✉❝❤ ❛ ❤✐❡r❛r❝❤② ♥❡❡❞s t♦

❜❡ ❜✉✐❧t ❛♥②✇❛②✳ ❖♥ t❤❡ ✜♥❡r ♣❛rts ♦❢ t❤❡ ❤✐❡r❛r❝❤②✱

t❤❡ ❢❛st❡r ❚r✉♥❝❈♦♥s ✐s ✉s❡❞ ❛s t❤❡ ❧♦❝❛❧ ✐♠♣r♦✈❡✲

♠❡♥t ❛❧❣♦r✐t❤♠✳ ❙✐♥❝❡ t❤✐s ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❧✐♥❡❛r s②st❡♠s✱ ❆▼● ✐s ♥♦t

r❡q✉✐r❡❞✱ s♦ t❤❛t ✐t ✐s ♠✉❝❤ ❝❤❡❛♣❡r t♦ ✉s❡ ❛ ♠❛t❝❤✐♥❣ ❤✐❡r❛r❝❤② ✐♥st❡❛❞✳

■t ✐s ❤✐❣❤❧② ❞♦✉❜t❢✉❧ t❤❛t ❛ ♠✉❧t✐❧❡✈❡❧ ❛♣♣r♦❛❝❤ s♦❧❡❧② ❜❛s❡❞ ♦♥ ❚r✉♥❝❈♦♥s ❝❛♥ ❜❡

❛❞❛♣t❡❞ t♦ ♣❛rt✐t✐♦♥ ❣r❛♣❤s ❢r♦♠ s❝r❛t❝❤ ✇✐t❤ ❛♥ ❡q✉❛❧❧② ❤✐❣❤ q✉❛❧✐t② ❛s ❇✉❜❜❧❡✲❋❖❙✴❈

❛♥❞ ❉✐❜❛P✳ ❖✉r ❡①♣❡r✐♠❡♥ts ❝❧❡❛r❧② ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♣❛rt✐t✐♦♥ s❤❛♣❡s ❛♥❞ ♦t❤❡r ✐♠♣♦r✲

t❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s ✭s✉❝❤ ❛s ❡❞❣❡✲❝✉t ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r② ✈❡rt✐❝❡s✮

s✉✛❡r ✐♥ q✉❛❧✐t② ✐❢ ❚r✉♥❝❈♦♥s ✐s ✉s❡❞ ♦♥ t♦♦ ❝♦❛rs❡ ❧❡✈❡❧s ♦r ❡✈❡♥ ❡①❝❧✉s✐✈❡❧②✳ ❚❤❡ q✉❛❧✐t②

❛❧s♦ ❞❡❝❧✐♥❡s ✐❢ ❇✉❜❜❧❡✲❋❖❙✴❈ ✐s r❡♣❧❛❝❡❞ ❜② ❦▼❊❚■❙ ❢♦r ♣r♦✈✐❞✐♥❣ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥s ❢♦r

❚r✉♥❝❈♦♥s✳ ❖♥❡ r❡❛s♦♥ ✐s t❤❛t ❚r✉♥❝❈♦♥s✬s st❛rt✐♥❣ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❤❛✈❡ ❝♦♠♣❛❝t ❛♥❞

❝♦♥♥❡❝t❡❞ ♣❛rt✐t✐♦♥s ✇✐t❤ ❧♦✇ ❞✐❛♠❡t❡r✳ ■❢ t❤❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥ ❞♦❡s ♥♦t ❢✉❧✜❧❧ t❤❡s❡ r❡q✉✐r❡✲

♠❡♥ts✱ ❡❧♦♥❣❛t❡❞ ♦r ❞✐s❝♦♥♥❡❝t❡❞ ♣❛rt✐t✐♦♥s ✇✐t❤ ❛♥ ✐♥❢❡r✐♦r s♦❧✉t✐♦♥ q✉❛❧✐t② ♦❝❝✉r ♠✉❝❤

✶✽



♠♦r❡ ♦❢t❡♥✳ ❋✉rt❤❡r♠♦r❡✱ r❡♣❧❛❝✐♥❣ ❇✉❜❜❧❡✲❋❖❙✴❈ ♦♥ t❤❡ ❝♦❛rs❡ ❧❡✈❡❧s ❜② s♦♠❡ ❢❛st❡r

♠❡t❤♦❞ ②✐❡❧❞s ♦♥❧② ✈❡r② s♠❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ✐♥❝r❡❛s❡s✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐s s✐♠♣❧② t❤❛t ♦♥

❧❛r❣❡ ❡♥♦✉❣❤ ❣r❛♣❤s ✭s✉❝❤ ❛s t❤❡ ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s ✐♥ ❙❡❝t✐♦♥ ✻✮ ♠♦st ♦❢ ❉✐❜❛P✬s r✉♥♥✐♥❣

t✐♠❡ ✐s s♣❡♥t ♦♥ t❤❡ ✜♥❡ ❧❡✈❡❧s✳

■♥✐t✐❛❧ ❈❡♥t❡rs ❛♥❞ ■♥✐t✐❛❧ ❇✉❜❜❧❡✲❋❖❙✴❈ ❙♦❧✉t✐♦♥s✳ ■♥st❡❛❞ ♦❢ s❡❧❡❝t✐♥❣ ❛❧❧ ✐♥✐✲

t✐❛❧ ❝❡♥t❡r ✈❡rt✐❝❡s r❛♥❞♦♠❧② ♦r t♦ ❝♦❛rs❡♥ t❤❡ ❣r❛♣❤ ✉♥t✐❧ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ✐s k✱ ✇❡

❡♠♣❧♦② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ t♦ ❞✐str✐❜✉t❡ t❤❡ ❝❡♥t❡rs ✇❤✐❧❡ t❛❦✐♥❣ t❤❡ ❣r❛♣❤ str✉❝t✉r❡

✐♥t♦ ❛❝❝♦✉♥t✳ ❆❢t❡r ❝❤♦♦s✐♥❣ ♦♥❧② ♦♥❡ ❝❡♥t❡r r❛♥❞♦♠❧②✱ ✇❡ s❡❧❡❝t ♥❡✇ ❝❡♥t❡rs ♦♥❡ ❛❢t❡r ❛♥✲

♦t❤❡r✱ ✇❤❡r❡ t❤❡ ♥❡✇❡st ♦♥❡ ✐s ❝❤♦s❡♥ ❢❛rt❤❡st ❛✇❛② ✭✐✳ ❡✳✱ ✇✐t❤ ♠✐♥✐♠✉♠ ❋❖❙✴❈ ❧♦❛❞s✿

argminv{
∑

z∈Z [w]zv}✮ ❢r♦♠ ❛❧❧ ❛❧r❡❛❞② ❝❤♦s❡♥ ❝❡♥t❡rs ✐♥ t❤❡ s❡t Z✳ ❖♥ ❛ ✈❡r② ❝♦❛rs❡ ❣r❛♣❤ ♦❢

❛ ♠✉❧t✐❧❡✈❡❧ ❤✐❡r❛r❝❤②✱ t❤✐s ✐s ✐♥❡①♣❡♥s✐✈❡ ❛♥❞ ❝❛♥ ❡✈❡♥ ❜❡ r❡♣❡❛t❡❞ t♦ ❝❤♦♦s❡ t❤❡ ❜❡st s❡t ♦❢

❝❡♥t❡rs ❢r♦♠ ❛ s❛♠♣❧❡✳ ❇② t❤✐s r❡♣❡t✐t✐♦♥✱ ♦✉t❧✐❡rs ✇✐t❤ ❛ r❛t❤❡r ♣♦♦r s♦❧✉t✐♦♥ q✉❛❧✐t② ❤❛r❞❧②

♦❝❝✉r ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts✳

❚❤❡ s❛♠❡ ✐❞❡❛ ♦❢ ♠✉❧t✐♣❧❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥s ✐s ♣✉rs✉❡❞ ♦♥ ❛ ✜♥❡r ❧❡✈❡❧ ❛s ✇❡❧❧✳ ❇❡❢♦r❡ st❛rt✲

✐♥❣ ♠✉❧t✐❧❡✈❡❧ ♣❛rt✐t✐♦♥✐♥❣ ✇✐t❤ ❚r✉♥❝❈♦♥s✱ ✇❡ ❝❛❧❧ ❇✉❜❜❧❡✲❋❖❙✴❈ ❛ ♥✉♠❜❡r ♦❢ t✐♠❡s

❛♥❞ ❦❡❡♣ ♦♥❧② t❤❡ ❜❡st ♦❢ t❤❡ s♦❧✉t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ❣r❛♣❤ ♦♥ t❤❡ ❝♦❛rs❡st ❚r✉♥❝❈♦♥s ❧❡✈❡❧

✭t❤❡ ✜♥❡st ❇✉❜❜❧❡✲❋❖❙✴❈ ❧❡✈❡❧✮ ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✱ ❇✉❜❜❧❡✲❋❖❙✴❈ r❡t✉r♥s ❛ s♦❧✉t✐♦♥

q✉✐t❡ ❢❛st✳ ❇❡s✐❞❡s ❛ ❤✐❣❤❡r ❛✈❡r❛❣❡ q✉❛❧✐t② ♦✉r ❡①♣❡r✐♠❡♥ts r❡✈❡❛❧ ❛❧s♦ ❛ ❧♦✇❡r ✈❛r✐❛♥❝❡ ✭❛♥❞

❤❡♥❝❡ ❛ ❤✐❣❤❡r r❡❧✐❛❜✐❧✐t②✮ ✐♥ t❤❡ s♦❧✉t✐♦♥ q✉❛❧✐t②✳

❘❡♣❛rt✐t✐♦♥✐♥❣✳ ❋♦r ❝❛s❡s ✇❤❡r❡ ❛ ♣❛rt✐t✐♦♥✐♥❣ ✐s ♣❛rt ♦❢ t❤❡ ✐♥♣✉t ❛♥❞ ♥❡❡❞s t♦ ❜❡ r❡♣❛r✲

t✐t✐♦♥❡❞ ✭❡✳ ❣✳✱ t♦ r❡st♦r❡ ✐ts ❜❛❧❛♥❝❡✮✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡✳ ❚❤❡ ✐♥✐t✐❛❧ ♣❛rt✐✲

t✐♦♥✐♥❣ ✐s s❡♥t ❞♦✇♥ t❤❡ ♠✉❧t✐❧❡✈❡❧ ❤✐❡r❛r❝❤②✱ ✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ❤✐❡r❛r❝❤② ❞❡♣t❤ ❞❡♣❡♥❞s

♦♥ t❤❡ ✐♥♣✉t q✉❛❧✐t②✳ ■❢ t❤❡ ✐♥♣✉t ✐s ♥♦t t♦♦ ❜❛❞✱ ❇✉❜❜❧❡✲❋❖❙✴❈ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ ✉s❡❞

❛♥❞ ✇❡ ❝❛♥ s♦❧❡❧② ❡♠♣❧♦② t❤❡ ❢❛st❡r ❚r✉♥❝❈♦♥s ✇✐t❤ ❛ ♠❛t❝❤✐♥❣ ❤✐❡r❛r❝❤②✳ ❊①♣❡r✐♠❡♥ts

s❤♦✇ t❤❛t r❡♣❛rt✐t✐♦♥✐♥❣ t❤✐s ✇❛② ✐s ❛❜♦✉t t❤r❡❡ t✐♠❡s ❢❛st❡r t❤❛♥ ♣❛rt✐t✐♦♥✐♥❣ ❢r♦♠ s❝r❛t❝❤✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ✐♥♣✉t r❡q✉✐r❡s ❧❛r❣❡r ♠♦✈❡♠❡♥ts ♦❢ t❤❡ ♣❛rt✐t✐♦♥s✱

❇✉❜❜❧❡✲❋❖❙✴❈ ✐s ♥❡❝❡ss❛r② s✐♥❝❡ ❚r✉♥❝❈♦♥s ❞♦❡s ♥♦t ❣❡♥❡r❛t❡ s✉❝❤ ❧❛r❣❡ ♠♦✈❡♠❡♥ts✳

✶✾



■♠♣❧❡♠❡♥t❛t✐♦♥ ❉❡t❛✐❧s✳ ❚❤❡ ❈♦♥s♦❧✐❞❛t✐♦♥ ♦♣❡r❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ✇✐t❤ ❋❖❙✴❈ ✐♥

❧✐♥❡s ✻ ❛♥❞ ✼ ✐♥st❡❛❞ ♦❢ ❛ ❢❡✇ ❋❖❙ ✐t❡r❛t✐♦♥s✳ ❚❤✐s ❛❣❛✐♥ ❣❧♦❜❛❧ ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ♦♣t✐♦♥❛❧❧②

✐♥t❡❣r❛t❡❞ ✐♥t♦ ❇✉❜❜❧❡✲❋❖❙✴❈ ❛❢t❡r ❛♥ ❆ss✐❣♥P❛rt✐t✐♦♥ ♦♣❡r❛t✐♦♥✳

❚♦ ❡♥s✉r❡ t❤❛t t❤❡ ❜❛❧❛♥❝❡ ❝♦♥str❛✐♥ts ❛r❡ ❞❡✜♥✐t❡❧② ♠❡t ❜② ❉✐❜❛P✱ ❡①♣❧✐❝✐t ❜❛❧❛♥❝✐♥❣

♣r♦❝❡❞✉r❡s ❛r❡ ✐♥t❡❣r❛t❡❞ ✐♥t♦ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♣r♦❝❡ss✳ ❚❤❡② ❛r❡ ♠♦st❧② ❜❛s❡❞ ♦♥ ♦✉r

♣r❡✈✐♦✉s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❬✷✺❪✱ ❜✉t ❛r❡ s❧✐❣❤t❧② ❛❞❛♣t❡❞ t♦ ❚r✉♥❝❈♦♥s✳ ❚❤✐s ❛❧s♦ ❤♦❧❞s ❢♦r

t❤❡ s♠♦♦t❤✐♥❣ ♦♣❡r❛t✐♦♥✱ ✇❤✐❝❤ ✐♠♣r♦✈❡s ♣❛rt✐t✐♦♥s ❜② ♠♦✈✐♥❣ ❝✉rr❡♥t ❜♦✉♥❞❛r② ✈❡rt✐❝❡s

♦♥❝❡ ✐❢ t❤✐s r❡s✉❧ts ✐♥ ❢❡✇❡r ❝✉t✲❡❞❣❡s✳ ❑❡❡♣✐♥❣ tr❛❝❦ ♦❢ ❛❝t✐✈❡ ♥♦❞❡s ✐s ❝✉rr❡♥t❧② ❞♦♥❡ ✇✐t❤

❛♥ ❛rr❛② ✐♥ ✇❤✐❝❤ ✇❡ st♦r❡ ❢♦r ❡❛❝❤ ♥♦❞❡ ✐ts st❛t✉s✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ✐♠♣r♦✈❡❞ ❜② ❛ ❢❛st❡r ❞❛t❛

str✉❝t✉r❡ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡ ❛❝t✐✈❡ ♥♦❞❡s✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡rs ❝♦♥tr♦❧❧✐♥❣ t❤❡ q✉❛❧✐t② ❛♥❞ r✉♥♥✐♥❣ t✐♠❡ ♦❢

❉✐❜❛P❀ t❤❡✐r ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ▼✉❧t✐❧❡✈❡❧ ❤✐❡r❛r❝❤② ❧❡✈❡❧s ✇✐t❤

❣r❛♣❤s ♦❢ ♠♦r❡ t❤❛♥ s✇✐t❝❤ ♥♦❞❡s ❛r❡ ❝♦❛rs❡♥❡❞ ❜② ♠❛t❝❤✐♥❣s ❛♥❞ ✐♠♣r♦✈❡❞ ✇✐t❤ ❚r✉♥❝✲

❈♦♥s ✭s✇✐t❝❤ ✐s ❛ ✉s❡r✲❞❡✜♥❛❜❧❡ ♣❛r❛♠❡t❡r✮✳ ❖♥❝❡ t❤❡② ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤✐s t❤r❡s❤♦❧❞✱

✇❡ s✇✐t❝❤ t♦ ❇✉❜❜❧❡✲❋❖❙✴❈ ✇✐t❤ ❆▼● ❝♦❛rs❡♥✐♥❣✳ ❉❡t❛✐❧s ❛❜♦✉t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢

❇✉❜❜❧❡✲❋❖❙✴❈ ❛♥❞ t❤❡ ❆▼● ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✭✇❤✐❝❤ ❞♦❡s ♥♦t ✉s❡ ❛♥② ❡①t❡r♥❛❧ ❧✐❜r❛r✐❡s✮

❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬✷✸❪✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞✱ ❤♦✇❡✈❡r✱ t❤❛t ✇❡ ❤❛✈❡ ♠❛❞❡

s♦♠❡ ❝❤❛♥❣❡s t♦ ♦✉r ❆▼● ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s ✐s

♦✉ts✐❞❡ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳ ❖♥❡ ❝❤❛♥❣❡ t♦ ♠❡♥t✐♦♥ ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥

s❝❤❡♠❡✱ ✇❤✐❝❤ ✐s ♥♦✇ ❝❧❛ss✐❝❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ❛s ✐♥ ❙❛❢r♦ ❡t ❛❧✳ ❬✷✾❪✳

■♥ t❤❡ ❡①♣❡r✐♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✱❇✉❜❜❧❡✲❋❖❙✴❈ ❤❛s ♣❡r❢♦r♠❡❞ t✇♦ ✐t❡r❛t✐♦♥s

♦❢ ❈♦♠♣✉t❡❈❡♥t❡rs ❛♥❞ ❆ss✐❣♥P❛rt✐t✐♦♥✱ ❢♦❧❧♦✇❡❞ ❜② t✇♦ ❈♦♥s♦❧✐❞❛t✐♦♥s ✇✐t❤ ❋❖❙✴❈

❛s s✐♠✐❧❛r✐t② ♠❡❛s✉r❡✳ ❚❤❡ ❆▼● ❝♦❛rs❡♥✐♥❣ ✐s st♦♣♣❡❞ ✇❤❡♥ t❤❡ ❣r❛♣❤ ❤❛s ❛t ♠♦st 24k

♥♦❞❡s t♦ ❝♦♠♣✉t❡ ❛♥ ✐♥✐t✐❛❧ s❡t ♦❢ ❝❡♥t❡rs✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ✜♥❡r

♣❛rts ♦❢ t❤❡ ♠✉❧t✐❧❡✈❡❧ ❤✐❡r❛r❝❤② ❛r❡ Λ ✭t❤❡ ♥✉♠❜❡r ♦❢ ❈♦♥s♦❧✐❞❛t✐♦♥s✮ ❛♥❞ ψ ✭t❤❡ ♥✉♠❜❡r

♦❢ ❋❖❙ ✐t❡r❛t✐♦♥s✮✳ ❆s ♠♦st ♦t❤❡r ♣❛r❛♠❡t❡rs✱ t❤❡② ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❜② t❤❡ ✉s❡r✱ ✇❤♦s❡

❝❤♦✐❝❡ s❤♦✉❧❞ ❝♦♥s✐❞❡r t❤❡ t✐♠❡✲q✉❛❧✐t② tr❛❞❡✲♦✛✳ ❚✇♦ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ✭✻✴✾ ❛♥❞ ✶✵✴✶✹✮ ❛r❡
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✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ♣r❡s❡♥t❡❞ ♥❡①t✳ ❊①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s s✉❣❣❡st t❤❛t ✈❛❧✉❡s ❧❛r❣❡r

t❤❛♥ 20 ❢♦r Λ ❛♥❞ ψ ❤❛r❞❧② ②✐❡❧❞ ❛♥② ❢✉rt❤❡r ✐♠♣r♦✈❡♠❡♥ts✳ ❲❤❡t❤❡r ❛♥ ❛✉t♦♠❛t✐❝ ❝❤♦✐❝❡

❞❡♣❡♥❞✐♥❣ ♦♥ ❣r❛♣❤ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ♠❛❞❡✱ r❡♠❛✐♥s ❛♥ ♦❜❥❡❝t ♦❢ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥✳

❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t②✳ ❋♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❣r❛♣❤s ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ r✉♥♥✐♥❣ t✐♠❡

♦❢ ❉✐❜❛P ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❛t ♦❢ ❚r✉♥❝❈♦♥s✳ ❚❤❡ r❡❛s♦♥ ✐s s✐♠♣❧② t❤❛t t❤❡ s✐③❡ ♦❢ t❤❡

❤✐❡r❛r❝❤② ❧❡✈❡❧ ♦♥ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ s✇✐t❝❤ t❛❦❡s ♣❧❛❝❡ ❝❛♥ ❜❡ ✜①❡❞ ✇✐t❤ ❛ ❝♦♥st❛♥t✳ ❚❤❛t

✐s ✇❤② t❤❡ ❇✉❜❜❧❡✲❋❖❙✴❈ ♣❛rt ♦❢ ❉✐❜❛P r❡q✉✐r❡s ♥❡❛r❧② ❛❧✇❛②s ❛ ✈❡r② s✐♠✐❧❛r ❛♠♦✉♥t ♦❢

t✐♠❡ ❢♦r t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ s✉❜❞♦♠❛✐♥s✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤ s✐③❡✳

❲✐t❤✐♥ ❚r✉♥❝❈♦♥s ♦♥❡ ♣❡r❢♦r♠s ❢♦r ❡❛❝❤ s✉❜❞♦♠❛✐♥ Λ t✐♠❡s ψ ❋❖❙ ✐t❡r❛t✐♦♥s✳ ■♥ t❤❡

✭✉♥r❡❛❧✐st✐❝✮ ✇♦rst ❝❛s❡✱ ❢♦r ❡❛❝❤ ❡❞❣❡ ♦❢ t❤❡ ❣r❛♣❤ ❛ ❧♦❛❞ ❡①❝❤❛♥❣❡ t❛❦❡s ♣❧❛❝❡ ✐♥ ❡✈❡r②

✐t❡r❛t✐♦♥✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ k ·Λ ·ψ · |E|✳ ❚❤❡ ❛✣❧✐❛t✐♦♥

♦❢ ♥♦❞❡s t♦ s✉❜❞♦♠❛✐♥s r❡q✉✐r❡s O(n · k) ♦♣❡r❛t✐♦♥s✳ ■❢ Λ ❛♥❞ ψ ❛r❡ s❡❡♥ ❛s ❝♦♥st❛♥ts✱ t❤❡

❛s②♠♣t♦t✐❝ r✉♥♥✐♥❣ t✐♠❡ ✐s ❜♦✉♥❞❡❞ ❜② O(k · |E|)✳ ❚❤❡ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❢❛❝t♦r k

✕ ✐♥st❡❛❞ ♦❢ ❛♥ ❛❞❞✐t✐✈❡ ♣❡♥❛❧t② ❢♦r ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❞♦♠❛✐♥s ✕ ❝❛♥ ❜❡ s❡❡♥ ❛s

t❤❡ ♠❛❥♦r ❞r❛✇❜❛❝❦ ✐♥ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❚r✉♥❝❈♦♥s ❝♦♠♣❛r❡❞ t♦ ♦♣t✐♠✐③❡❞ ❑▲✴❋▼

♣❛rt✐t✐♦♥❡rs✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦❞✉❝t Λ · ψ ♠✐❣❤t ❜❡ q✉✐t❡ ❧❛r❣❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✉s❡r ❝❤♦✐❝❡✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ❞✉❡ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ✭✐♥✮❛❝t✐✈❡ ♥♦❞❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ❛❝t✉❛❧❧②

♣❡r❢♦r♠❡❞ ✇✐❧❧ ❜❡ ♠✉❝❤ s♠❛❧❧❡r ✐♥ ♣r❛❝t✐❝❡✳ ❙✐♥❝❡ t❤❡ s❛✈✐♥❣s ❞❡♣❡♥❞ ♦♥ ♠❛♥② ❢❛❝t♦rs t❤❛t

❞✐✛❡r ❢r♦♠ ✐♥♣✉t t♦ ✐♥♣✉t✱ ❛ t❤❡♦r❡t✐❝❛❧ ✇♦rst✲❝❛s❡ ❛♥❛❧②s✐s ✐s ♥♦t ❧✐❦❡❧② t♦ ♣r❡❞✐❝t t❤❡ ✜♥❛❧

r✉♥♥✐♥❣ t✐♠❡ ❛❝❝✉r❛t❡❧②✳

✻ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t s♦♠❡ ♦❢ ♦✉r ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ ♥❡✇ ❉✐❜❛P ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

❆❢t❡r ❝♦♠♣❛r✐♥❣ ✐t t♦▼❊❚■❙ ❛♥❞ ❏❖❙❚▲❊✱ t✇♦ st❛t❡✲♦❢✲t❤❡✲❛rt ♣❛rt✐t✐♦♥✐♥❣ t♦♦❧s✱ ✇❡ s❤♦✇

t❤❛t ❉✐❜❛P ♣❡r❢♦r♠s ❡①tr❡♠❡❧② ✇❡❧❧ ♦♥ s✐① ♣♦♣✉❧❛r ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s✳ ❋♦r t❤❡s❡ ❣r❛♣❤s✱
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❉✐❜❛P ❤❛s ❝♦♠♣✉t❡❞ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐t✐♦♥✐♥❣s ✇✐t❤ t❤❡ ❜❡st ❦♥♦✇♥ ❡❞❣❡✲❝✉t ✈❛❧✉❡s✱

✐♠♣r♦✈✐♥❣ r❡❝♦r❞s ❞❡r✐✈❡❞ ❢r♦♠ ♥✉♠❡r♦✉s ❛❧❣♦r✐t❤♠s✳

❙❡tt✐♥❣s✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ♦♥ ❛ ❞❡s❦t♦♣ ❝♦♠♣✉t❡r ❡q✉✐♣♣❡❞ ✇✐t❤

❛♥ ■♥t❡❧ ❈♦r❡ ✷ ❉✉♦ ✻✻✵✵ ❈P❯ ❛♥❞ ✶ ●❇ ❘❆▼✳ ❚❤❡ ♦♣❡r❛t✐♥❣ s②st❡♠ ✐s ▲✐♥✉① ✭♦♣❡♥❙❯❙❊

✶✵✳✷✱ ❑❡r♥❡❧ ✷✳✻✳✶✽✮ ❛♥❞ t❤❡ ♠❛✐♥ ❝♦❞❡ ❤❛s ❜❡❡♥ ❝♦♠♣✐❧❡❞ ✇✐t❤ ■♥t❡❧ ❈✴❈✰✰ ❝♦♠♣✐❧❡r ✶✵✳✵

✉s✐♥❣ ❧❡✈❡❧ ✷ ♦♣t✐♠✐③❛t✐♦♥✳ ❲❡ ❞✐st✐♥❣✉✐s❤ ❉✐❜❛P✲s❤♦rt ✭Λ = 6✱ ψ = 9✮ ❛♥❞ ❉✐❜❛P✲❧♦♥❣

✭Λ = 10✱ ψ = 14✮ t♦ ❞❡t❡r♠✐♥❡ ❤♦✇ t❤❡ q✉❛❧✐t② ✐s ❛✛❡❝t❡❞ ❜② ❞✐✛❡r❡♥t s❡tt✐♥❣s ✐♥ t❤❡ ♥❡✇

♠❡t❤♦❞✳ ❇✉❜❜❧❡✲❋❖❙✴❈ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤r❡❡ ❝♦❛rs❡ s♦❧✉t✐♦♥s ♦♥ t❤❡ ✜rst ❧❡✈❡❧ ✇✐t❤

❧❡ss t❤❛♥ s✇✐t❝❤❂✺✱✵✵✵ ♥♦❞❡s✳ ❚❤❡ ❜❡st s♦❧✉t✐♦♥ ✇✳ r✳ t✳ t❤❡ ❡❞❣❡✲❝✉t ✐s ✉s❡❞ ❛s ✐♥♣✉t ❢♦r t❤❡

♠✉❧t✐❧❡✈❡❧ ✐♠♣r♦✈❡♠❡♥t ♣r♦❝❡ss ✇✐t❤ ❚r✉♥❝❈♦♥s✳

✻✳✶ ❈♦♠♣❛r✐s♦♥ ♦❢ P❛rt✐t✐♦♥✐♥❣ ◗✉❛❧✐t②

❋♦r t❤❡ ❢✉rt❤❡r ♣r❡s❡♥t❛t✐♦♥ ✇❡ ✉t✐❧✐③❡
❙✐③❡ ❉❡❣r❡❡

●r❛♣❤ |V | |E| ♠✐♥ ♠❛① ❛✈❣ ❖r✐❣✐♥

t♦♦t❤ ✼✽✱✶✸✻ ✹✺✷✱✺✾✶ ✸ ✸✾ ✶✶✳✺✾ ❋❊▼ ✸❉

r♦t♦r ✾✾✱✻✶✼ ✻✻✷✱✹✸✶ ✺ ✶✷✺ ✶✸✳✸✵ ❋❊▼ ✸❉

✺✾✽❛ ✶✶✵✱✾✼✶ ✼✹✶✱✾✸✹ ✺ ✷✻ ✶✸✳✸✼ ❋❊▼ ✸❉

♦❝❡❛♥ ✶✹✸✱✹✸✼ ✹✵✾✱✺✾✸ ✶ ✻ ✺✳✼✶ ❋❊▼ ✸❉

✶✹✹ ✶✹✹✱✻✹✾ ✶✱✵✼✹✱✸✾✸ ✹ ✷✻ ✶✹✳✽✻ ❋❊▼ ✸❉

✇❛✈❡ ✶✺✻✱✸✶✼ ✶✱✵✺✾✱✸✸✶ ✸ ✹✹ ✶✸✳✺✺ ❋❊▼ ✸❉

♠✶✹❜ ✷✶✹✱✼✻✺ ✶✱✻✼✾✱✵✶✽ ✹ ✹✵ ✶✺✳✻✹ ❋❊▼ ✸❉

❛✉t♦ ✹✹✽✱✻✾✺ ✸✱✸✶✹✱✻✶✶ ✹ ✸✼ ✶✹✳✼✼ ❋❊▼ ✸❉

❋✐❣✳ ✺✳ ❇❡♥❝❤♠❛r❦ ❣r❛♣❤s✳

t❤❡ ❡✐❣❤t ✇✐❞❡❧② ✉s❡❞ ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s

s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡♠

❜❡❝❛✉s❡ t❤❡② ❛r❡ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ ❢r♦♠

❈❤r✐s ❲❛❧s❤❛✇✬s ✇❡❧❧✲❦♥♦✇♥ ❣r❛♣❤ ♣❛rt✐✲

t✐♦♥✐♥❣ ❛r❝❤✐✈❡ ❬✸✼✱✹✷❪ ❛♥❞ ❛r❡ t❤❡ ❡✐❣❤t

❧❛r❣❡st t❤❡r❡✐♥ ✇✳ r✳ t✳ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s✳

▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ t❤❡② r❡♣r❡s❡♥t t❤❡ ❣❡♥✲

❡r❛❧ tr❡♥❞s ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts ❢♦r ❣r❛♣❤s

✇✐t❤ ❧♦✇ ❛✈❡r❛❣❡ ❞❡❣r❡❡ ✭❁ ✷✵✮ ❛♥❞ ❝♦♥st✐✲

t✉t❡ ❛ ❣♦♦❞ s❛♠♣❧❡ s✐♥❝❡ t❤❡② ♠♦❞❡❧ ❧❛r❣❡ ❡♥♦✉❣❤ ♣r♦❜❧❡♠s ❢r♦♠ ✸✲❞✐♠❡♥s✐♦♥❛❧ ♥✉♠❡r✐❝❛❧

s✐♠✉❧❛t✐♦♥s ✭❡✳ ❣✳✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✶✻❪✱ ✺✾✽❛ ❛♥❞ ♠✶✹❜ ❛r❡ ♠❡s❤❡s ♦❢ s✉❜♠❛r✐♥❡s ❛♥❞ ❛✉t♦ ♦❢ ❛

●▼ ❙❛t✉r♥✮✳ ●r❛♣❤s ✇✐t❤ ❧❛r❣❡r ❛✈❡r❛❣❡ ❞❡❣r❡❡s s✉❝❤ ❛s ❜❝sst❦✸✷ ✭❛✈❣✳ ❞❡❣r❡❡ ✹✹✳✶✻✮ ✭❛❧s♦

❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ s❛♠❡ ❛r❝❤✐✈❡✮ ❛r❡ ❡①❝❧✉❞❡❞ s✐♥❝❡ ❉✐❜❛P✬s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♥❡❡❞s ♠♦r❡

t✉♥✐♥❣ t♦ ❤❛♥❞❧❡ ❣r❛♣❤s ✇✐t❤ ❧❛r❣❡r ❛✈❡r❛❣❡ ❞❡❣r❡❡s ❡q✉❛❧❧② ✇❡❧❧✳

✷✷



❲❡ ❝♦♠♣❛r❡ ♦✉r ❛❧❣♦r✐t❤♠ ❉✐❜❛P t♦ ❏❖❙❚▲❊ ❬✹✸❪ ❛♥❞ ▼❊❚■❙ ✭♠♦r❡ ♣r❡❝✐s❡❧②

❦▼❊❚■❙✻ ❬✶✽❪✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts ❞✐r❡❝t ❦✲✇❛② ❑▲✴❋▼ ✐♠♣r♦✈❡♠❡♥t✮ ❜❡❝❛✉s❡ t❤❡s❡ t✇♦

❛r❡ t❤❡ ♠♦st ♣♦♣✉❧❛r s❡q✉❡♥t✐❛❧ ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❣r❛♣❤ ♣❛rt✐t✐♦♥❡rs ❞✉❡ t♦ t❤❡✐r s♣❡❡❞ ❛♥❞

❛❞❡q✉❛t❡ q✉❛❧✐t②✳ ❉❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥s t♦ t❤❡ ❧✐❜r❛r② ❙❝♦t❝❤ ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ s✐♥❝❡ ❜♦t❤

t❤❡ ❛✈❡r❛❣❡ q✉❛❧✐t② ❛♥❞ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❙❝♦t❝❤ ❛r❡ ❝♦♥s✐st❡♥t❧② ✇♦rs❡ t❤❛♥ ❦▼❊❚■❙✬s✳

❏❖❙❚▲❊ ❛♥❞ ❦▼❊❚■❙ ❛r❡ ✉s❡❞ ✇✐t❤ ❞❡❢❛✉❧t s❡tt✐♥❣s s♦ t❤❛t t❤❡✐r ♦♣t✐♠✐③❛t✐♦♥ ♦❜❥❡❝t✐✈❡

✐s t❤❡ ❡❞❣❡✲❝✉t✳ ❲❡ ❛❧❧♦✇ ❛❧❧ ❢♦✉r ♣r♦❣r❛♠s t♦ ❣❡♥❡r❛t❡ ♣❛rt✐t✐♦♥✐♥❣s ✇✐t❤ ❛t ♠♦st 3% ✐♠✲

❜❛❧❛♥❝❡✱ ✐✳ ❡✳✱ ✇❤♦s❡ ❧❛r❣❡st ♣❛rt✐t✐♦♥ ✐s ❛t ♠♦st 3% ❧❛r❣❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ♣❛rt✐t✐♦♥ s✐③❡✳ ❚♦

s♣❡❝✐❢② t❤✐s ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ❛ ❤✐❣❤❡r ✐♠❜❛❧❛♥❝❡ ❝❛♥ r❡s✉❧t ✐♥ ❜❡tt❡r ♣❛rt✐t✐♦♥✐♥❣s✳

❚❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤ ❛r❡ st♦r❡❞ ❤❛s ❛ ❣r❡❛t ✐♠♣❛❝t ♦♥ t❤❡ ♣❛r✲

t✐t✐♦♥✐♥❣ q✉❛❧✐t② ♦❢ ❑▲✴❋▼ ♣❛rt✐t✐♦♥❡rs ❜❡❝❛✉s❡ ✐t ❛✛❡❝ts t❤❡ ♦r❞❡r ♦❢ t❤❡ ♥♦❞❡ ❡①❝❤❛♥❣❡s✳

❍❡♥❝❡✱ ▼❊❚■❙ ❛♥❞ ❏❖❙❚▲❊ ❛r❡ r✉♥ t❡♥ t✐♠❡s ♦♥ t❤❡ s❛♠❡ ❣r❛♣❤✱ ❜✉t ✇✐t❤ ❛ r❛♥❞♦♠❧②

♣❡r♠✉t❡❞ ✈❡rt❡① s❡t✳ ❋♦r ❉✐❜❛P t❤❡ ♦r❞❡r ♦❢ t❤❡ ✈❡rt✐❝❡s ✐s ✐♥s✐❣♥✐✜❝❛♥t✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡

❞✐✛✉s✐✈❡ ♣❛rt✐t✐♦♥✐♥❣ ♦♣❡r❛t✐♦♥s ❛r❡ ♦♥❧② ❛✛❡❝t❡❞ ❜② ✐t ✐♥ t❤❡ r❛r❡ ❝❛s❡ ♦❢ t✐❡s ✐♥ t❤❡ ❧♦❛❞

✈❛❧✉❡s✳ ❚❤❛t ✐s ✇❤② ✇❡ ♣❡r❢♦r♠ t❡♥ r✉♥s ♦♥ t❤❡ s❛♠❡ ❣r❛♣❤ ✇✐t❤ ❞✐✛❡r❡♥t r❛♥❞♦♠ s❡❡❞s✱

r❡s✉❧t✐♥❣ ✐♥ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ❢♦r t❤❡ ✜rst ❝❡♥t❡r ✈❡rt❡①✳

❊✈❛❧✉❛t✐♦♥ ▼❡t❤♦❞♦❧♦❣②✳ ❍♦✇ t♦ ♠❡❛s✉r❡ t❤❡ q✉❛❧✐t② ♦❢ ❛ ♣❛rt✐t✐♦♥✐♥❣✱ ❞❡♣❡♥❞s

♠♦st❧② ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✳ ❇❡s✐❞❡s t❤❡ ❡❞❣❡✲❝✉t✱ ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r②

♥♦❞❡s s✐♥❝❡ t❤✐s ♠❡❛s✉r❡s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ✐♥ ♣❛r❛❧❧❡❧ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♠♦r❡ ❛❝❝✉✲

r❛t❡❧② ❬✶✸❪✳ ❚♦ ❛ss❡ss t❤❡ ♣❛rt✐t✐♦♥ s❤❛♣❡s✱ ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ r❡s✉❧ts ♦♥ t❤❡ ♣❛rt✐t✐♦♥ ❞✐❛♠❡t❡r✳

❚❤❡ ♠❡❛s✉r❡s ❢♦r ❛ ♣❛rt✐t✐♦♥ p ❛r❡ ❞❡✜♥❡❞ ❛s✿

ext(p) := |{e = {u, v} ∈ E : Π(u) = p ∧Π(v) 6= p}| ✭❡①t❡r♥❛❧ ❡❞❣❡s ♦r ❝✉t✲❡❞❣❡s✮✱

bnd(p) := |{v ∈ V : Π(v) = p ∧ ∃{u, v} ∈ E : Π(u) 6= p}| ✭❜♦✉♥❞❛r② ♥♦❞❡s✮,

diam(p) := max {dist(u, v) : Π(u) = Π(v) = p} ✭❞✐❛♠❡t❡r✮.

✻ ❚❤❡ ✈❛r✐❛♥t ♦❢ ▼❊❚■❙ ✇❤✐❝❤ ②✐❡❧❞s s❤♦rt❡r ❜♦✉♥❞❛r✐❡s t❤❛♥ ❦▼❊❚■❙ ✐s ♥♦t ❝❤♦s❡♥ ❜❡❝❛✉s❡ ✐ts r❡s✉❧ts ❛r❡ st✐❧❧
✇♦rs❡ t❤❛♥ t❤♦s❡ ♦❢ ❉✐❜❛P r❡❣❛r❞✐♥❣ ❜♦✉♥❞❛r② ❧❡♥❣t❤ ❛♥❞ t❤❡② s❤♦✇ ♠✉❝❤ ❤✐❣❤❡r ❡❞❣❡✲❝✉t ✈❛❧✉❡s t❤❛♥ ❦▼❊❚■❙✳
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❚❛❜❧❡ ✶✳ ❆✈❡r❛❣❡ ❡❞❣❡✲❝✉t ✭❊❈✮ ❛♥❞ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r② ♥♦❞❡s ✭❇◆✮ ❢♦r t❡♥ r❛♥❞♦♠✐③❡❞
r✉♥s ♦♥ t❤❡ ❡✐❣❤t ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s ✐♥ t❤❡ s✉♠♠❛t✐♦♥ ♥♦r♠ ✭❊❈✱ t❤❡ ❡❞❣❡✲❝✉t✱ ❞❡♥♦t❡s ❤❛❧❢
t❤❡ ℓ1✲♥♦r♠ ✈❛❧✉❡✮❀ t❤❡ ✈❛❧✉❡s ❢♦r ❏❖❙❚▲❊✱ ❉✐❜❛P✲s❤♦rt✱ ❛♥❞ ❉✐❜❛P✲❧♦♥❣ ❛r❡ r❡❧❛t✐✈❡ t♦
t❤❡ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❜② ❦▼❊❚■❙✳

❦▼❊❚■❙ ❏❖❙❚▲❊ ❉✐❜❛P✲s❤♦rt ❉✐❜❛P✲❧♦♥❣

❦ ❊❈ ❇◆ ❊❈ ✭r❡❧✳✮ ❇◆ ✭r❡❧✳✮ ❊❈ ✭r❡❧✳✮ ❇◆ ✭r❡❧✳✮ ❊❈ ✭r❡❧✳✮ ❇◆ ✭r❡❧✳✮

✹ ✶✸✽✸✻✳✾ ✼✹✽✻✳✾ ✶✳✵✶✹ ✶✳✵✷✺ ✵✳✾✼✶ ✵✳✾✸✼ ✵✳✾✷✻ ✵✳✾✷✽
✽ ✷✹✵✼✾✳✵ ✶✸✵✸✷✳✽ ✶✳✵✷✶ ✶✳✵✸✵ ✵✳✾✹✺ ✵✳✾✻✵ ✵✳✾✺✷ ✵✳✾✸✽
✶✷ ✸✷✻✵✺✳✷ ✶✼✹✽✻✳✾ ✵✳✾✽✼ ✵✳✾✾✻ ✵✳✾✶✵ ✵✳✾✸✼ ✵✳✾✸✶ ✵✳✾✶✾
✶✻ ✸✾✵✶✸✳✼ ✷✵✽✾✺✳✶ ✵✳✾✼✼ ✵✳✾✽✽ ✵✳✾✷✼ ✵✳✾✸✹ ✵✳✾✷✹ ✵✳✾✶✹
✷✵ ✹✹✾✺✷✳✻ ✷✸✾✺✸✳✽ ✵✳✾✽✵ ✵✳✾✾✶ ✵✳✾✷✸ ✵✳✾✸✽ ✵✳✾✸✶ ✵✳✾✶✼
✸✷ ✺✽✷✼✺✳✼ ✸✵✽✺✽✳✵ ✵✳✾✼✶ ✵✳✾✽✶ ✵✳✾✵✾ ✵✳✾✸✾ ✵✳✾✸✾ ✵✳✾✶✽
✻✹ ✽✷✷✾✷✳✽ ✹✷✼✻✻✳✼ ✵✳✾✼✶ ✵✳✾✼✽ ✵✳✾✽✵ ✵✳✾✹✵ ✵✳✾✹✽ ✵✳✾✶✾

❛✈❣ ✭r❡❧✮ ✶✳✵ ✶✳✵ ✵✳✾✽✾ ✵✳✾✾✽ ✵✳✾✸✽ ✵✳✾✹✶ ✵✳✾✸✻ ✵✳✾✷✷

◆♦t❡ t❤❛t t❤❡ ❡❞❣❡✲❝✉t ✐s t❤❡ s✉♠♠❛t✐♦♥ ♥♦r♠ ♦❢ t❤❡ ❡①t❡r♥❛❧ ❡❞❣❡s ❞✐✈✐❞❡❞ ❜② 2 t♦

❛❝❝♦✉♥t ❢♦r ❝♦✉♥t✐♥❣ ❡❛❝❤ ❡❞❣❡ t✇✐❝❡✳ ❋♦r s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♥♦t ♦♥❧② t❤❡ s✉♠♠❛t✐♦♥ ♥♦r♠

ℓ1 ♦❢ ext ❛♥❞ bnd ♦✈❡r ❛❧❧ k ♣❛rt✐t✐♦♥s ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ❜✉t ❛❧s♦ t❤❡ ♠❛①✐♠✉♠ ♥♦r♠

ℓ∞✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② t❤❡ ❝❛s❡ ❢♦r ♣❛r❛❧❧❡❧ s✐♠✉❧❛t✐♦♥s✱ ✇❤❡r❡ ❛❧❧ ♣r♦❝❡ss♦rs ❤❛✈❡ t♦ ✇❛✐t

❢♦r t❤❡ ♦♥❡ ❝♦♠♣✉t✐♥❣ ❧♦♥❣❡st✳ ❚❤❛t ✐s ✇❤② ✇❡ r❡❝♦r❞ ext ❛♥❞ bnd ✐♥ ❜♦t❤ ♥♦r♠s✳

❋♦r ❛ s✉❝❝✐♥❝t ♣r❡s❡♥t❛t✐♦♥ ❚❛❜❧❡s ✶ ✭ℓ1✲♥♦r♠✮ ❛♥❞ ✷ ✭ℓ∞✲♥♦r♠✮ s❤♦✇ t❤❡ r❡s✉❧ts ✐♥ ❛

✈❡r② ❝♦♥❞❡♥s❡❞ ❢♦r♠✳ ❋♦r ❛❧❧ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢♦r ❛ ❣r❛♣❤ ✭❡①t❡r♥❛❧ ❡❞❣❡s ❛♥❞ ❜♦✉♥❞❛r②

♥♦❞❡s ✐♥ ❜♦t❤ ♥♦r♠s✮ ✇❡ ✉s❡ t❤❡ r❡s✉❧ts ♦❢ ❦▼❊❚■❙ ❛s st❛♥❞❛r❞ ♦❢ r❡❢❡r❡♥❝❡ t♦ s✐♠♣❧✐❢② t❤❡

❡✈❛❧✉❛t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡❛❝❤ ✈❛❧✉❡ ♦❢ t❤❡ ♦t❤❡r ♣❛rt✐t✐♦♥❡rs ✐s ❞✐✈✐❞❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡

✈❛❧✉❡ ♦❢ ❦▼❊❚■❙✳ ❚❤❡♥✱ ❛♥ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ t❤❡s❡ r❛t✐♦s ♦✈❡r ❛❧❧ t❡♥ r✉♥s ❛♥❞ ❛❧❧ ❣r❛♣❤s

✐s ❝♦♠♣✉t❡❞ ❛♥❞ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ t✇♦ t❛❜❧❡s✳ ▲❛r❣❡r ✈❛❧✉❡s ♦❢ k ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ s✐♥❝❡ s✉❝❤

❧❛r❣❡ ♣❛rt✐t✐♦♥✐♥❣s ❛r❡ t②♣✐❝❛❧❧② ❝♦♠♣✉t❡❞ ❜② ♣❛r❛❧❧❡❧ ♣❛rt✐t✐♦♥❡rs✳ ■❢ t❤❡ ❧❛tt❡r ❛r❡ ❜❛s❡❞ ♦♥

❑▲ t❡❝❤♥✐q✉❡s ✭❛s P❛r▼❊❚■❙ ❛♥❞ ♣❛r❛❧❧❡❧ ❏❖❙❚▲❊✮✱ t❤❡② t❡♥❞ t♦ ❤❛✈❡ ❛ ✇♦rs❡ s♦❧✉t✐♦♥

q✉❛❧✐t② t❤❛♥ t❤❡✐r s❡q✉❡♥t✐❛❧ ❝♦✉♥t❡r♣❛rts✱ ✇❤✐❧❡ ❉✐❜❛P✬s s♦❧✉t✐♦♥ q✉❛❧✐t② ✐s ♥♦t ❛✛❡❝t❡❞ ❜②

♣❛r❛❧❧❡❧ ❡①❡❝✉t✐♦♥✳

❘❡s✉❧ts✳ ❚❛❜❧❡ ✶ s❤♦✇s t❤❛t✱ ✐♥ t❤❡ s✉♠♠❛t✐♦♥ ♥♦r♠✱ ❉✐❜❛P✲s❤♦rt ✐♠♣r♦✈❡s ♦♥

❦▼❊❚■❙ ✐♥ ❛❧❧ ❝❛s❡s ❛♥❞ ♦♥ ❏❖❙❚▲❊ ✐♥ ❛❧❧ ❝❛s❡s ❜✉t ♦♥❡ ✭❊❈ ❢♦r k = 64✮✳ ■t ✐s r❡✲

✷✹



❚❛❜❧❡ ✷✳ ❆✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❡①t❡r♥❛❧ ❡❞❣❡s ✭❊❊✮ ❛♥❞ ♦❢ ❜♦✉♥❞❛r② ♥♦❞❡s ✭❇◆✮ ❢♦r t❡♥
r❛♥❞♦♠✐③❡❞ r✉♥s ♦♥ t❤❡ ❡✐❣❤t ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s ✐♥ t❤❡ ♠❛①✐♠✉♠ ♥♦r♠❀ t❤❡ ✈❛❧✉❡s ❢♦r
❏❖❙❚▲❊✱ ❉✐❜❛P✲s❤♦rt✱ ❛♥❞ ❉✐❜❛P✲❧♦♥❣ ❛r❡ r❡❧❛t✐✈❡ t♦ t❤❡ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❜②
❦▼❊❚■❙✳

❦▼❊❚■❙ ❏❖❙❚▲❊ ❉✐❜❛P✲s❤♦rt ❉✐❜❛P✲❧♦♥❣

❦ ❊❊ ❇◆ ❊❊ ✭r❡❧✳✮ ❇◆ ✭r❡❧✳✮ ❊❊ ✭r❡❧✳✮ ❇◆ ✭r❡❧✳✮ ❊❊ ✭r❡❧✳✮ ❇◆ ✭r❡❧✳✮

✹ ✽✼✾✸✳✹ ✷✸✽✶✳✵ ✶✳✵✷✼ ✶✳✵✸✹ ✵✳✾✻✽ ✵✳✾✸✼ ✵✳✾✹✾ ✵✳✾✹✽
✽ ✽✷✷✵✳✵ ✷✷✸✽✳✶ ✶✳✵✾✻ ✶✳✵✾✼ ✵✳✾✺✵ ✵✳✾✼✶ ✵✳✾✸✹ ✵✳✾✷✷
✶✷ ✼✻✻✷✳✻ ✷✵✼✵✳✷ ✶✳✵✵✻ ✶✳✵✵✽ ✵✳✾✶✵ ✵✳✾✹✸ ✵✳✾✵✾ ✵✳✾✵✷
✶✻ ✻✽✷✻✳✷ ✶✽✷✹✳✹ ✶✳✵✸✼ ✶✳✵✹✵ ✵✳✾✸✶ ✵✳✾✹✵ ✵✳✾✵✼ ✵✳✽✾✺
✷✵ ✻✹✺✼✳✵ ✶✼✶✽✳✶ ✶✳✵✺✻ ✶✳✵✺✶ ✵✳✾✷✾ ✵✳✾✹✾ ✵✳✾✶✽ ✵✳✾✵✸
✸✷ ✺✹✸✻✳✸ ✶✹✷✺✳✾ ✶✳✵✽✺ ✶✳✵✼✺ ✵✳✾✷✹ ✵✳✾✺✹ ✵✳✾✺✸ ✵✳✾✷✻
✻✹ ✸✽✸✺✳✹ ✾✻✽✳✶ ✶✳✵✾✻ ✶✳✵✼✾ ✶✳✵✵✷ ✵✳✾✺✼ ✶✳✵✶✽ ✵✳✾✾✵

❛✈❣ ✭r❡❧✮ ✶✳✵ ✶✳✵ ✶✳✵✺✽ ✶✳✵✺✺ ✵✳✾✹✺ ✵✳✾✺✵ ✵✳✾✹✶ ✵✳✾✷✼

♠❛r❦❛❜❧❡ t❤❛t ❉✐❜❛P✲s❤♦rt ❡✈❡♥ ❝♦♠♣✉t❡s ❜❡tt❡r ❡❞❣❡✲❝✉t ✈❛❧✉❡s t❤❛♥ ❉✐❜❛P✲❧♦♥❣ ✐♥ ❢♦✉r

❝❛s❡s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ♠♦r❡ ❡①♣❡♥s✐✈❡ ❉✐❜❛P✲❧♦♥❣ ✐s ❛❧✇❛②s ❜❡tt❡r t❤❛♥ ❦▼❊❚■❙ ❛♥❞

❏❖❙❚▲❊ ✐♥ t❤❡ ℓ1✲♥♦r♠ ❛♥❞ t❤✉s ❛❝❤✐❡✈❡s t❤❡ r❡♠❛✐♥✐♥❣ ❜❡st ✈❛❧✉❡s ❢♦r ❛❧❧ k ❛♥❞ ❜♦t❤

♠❡❛s✉r❡s✳ ❆ ❝♦♠♣❛r❛❜❧❡ ✐♠♣r♦✈❡♠❡♥t ♦❜t❛✐♥❡❞ ❜② ❉✐❜❛P ♦✈❡r ❦▼❊❚■❙ ❛♥❞ ❏❖❙❚▲❊ ❝❛♥

❜❡ ♦❜s❡r✈❡❞ ❢♦r t❤❡ ♠❛①✐♠✉♠ ♥♦r♠ ✐♥ ❚❛❜❧❡ ✷✳ ■♥ t❤✐s ♥♦r♠ ❉✐❜❛P✲s❤♦rt ❛♥❞ ❉✐❜❛P✲❧♦♥❣

❛r❡ ❛❣❛✐♥ s✉♣❡r✐♦r t♦ t❤❡ ♦t❤❡r t✇♦ ♣❛rt✐t✐♦♥❡rs ✇✐t❤ ♦♥❡ ❡①❝❡♣t✐♦♥ ♦♥❧② ✭❊❊ ❢♦r k = 64✮✳

◆♦t❡ t❤❛t ❛❞❞✐t✐♦♥❛❧ ✐t❡r❛t✐♦♥s ♦❢ ❚r✉♥❝❈♦♥s ❞♦ ♥♦t ❛❧✇❛②s ❧❡❛❞ t♦ ❜❡tt❡r s♦❧✉t✐♦♥s ❛s

❉✐❜❛P✲s❤♦rt ❝♦♠♣✉t❡s t❤❡ ❜❡st s♦❧✉t✐♦♥s ✐♥ s❡✈❡r❛❧ ❝❛s❡s✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ✐s t❤❛t t❤❡ ✐♠✲

♣❧✐❝✐t ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss ♦❢ ❚r✉♥❝❈♦♥s ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ ❞✐r❡❝t❧② t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥

♦❢ t❤❡ ♠❡tr✐❝s ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡❜❛❧❛♥❝✐♥❣ ♣r♦❝❡ss ❛♥❞ t❤❡ ❢❛❝t t❤❛t

❚r✉♥❝❈♦♥s ♠✐❣❤t ❤❛✈❡ ❜❡❡♥ st♦♣♣❡❞ ❞✉r✐♥❣ ❤✐❧❧✲❝❧✐♠❜✐♥❣ ❜❡❢♦r❡ ❛ ❜❡tt❡r ❧♦❝❛❧ ♦♣t✐♠✉♠ ✐s

r❡❛❝❤❡❞ ♣❧❛② ❛❧s♦ ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✳

❚❤❡ ❛✈❡r❛❣❡ ✐♠♣r♦✈❡♠❡♥t t♦ ❦▼❊❚■❙ ✇✳ r✳ t✳ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦✉♥❞❛r② ♥♦❞❡s ✐♥ t❤❡

♠❛①✐♠✉♠ ♥♦r♠ ✕ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ ♠❡❛s✉r❡ ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥

✐♥ ♣❛r❛❧❧❡❧ ♥✉♠❡r✐❝❛❧ s♦❧✈❡rs t❤❛♥ t❤❡ ❡❞❣❡✲❝✉t ✕ ✐s 5.5% ❢♦r ❉✐❜❛P✲s❤♦rt ❛♥❞ 7.3% ❢♦r

❉✐❜❛P✲❧♦♥❣✳ ❚❤❡ ❣❛✐♥ ♦♥ ❏❖❙❚▲❊ ✐s ❡✈❡♥ ♠♦r❡ t❤❛♥ 10%✳ ●✐✈❡♥ t❤❛t ❉✐❜❛P✬s r✉♥♥✐♥❣

t✐♠❡ ✐s r❡❛s♦♥❛❜❧❡ ✭s❡❡ ❙❡❝t✐♦♥ ✻✳✷✮ ❛♥❞ t❤❛t ❏❖❙❚▲❊ ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ❦▼❊❚■❙ ❛r❡ ✇❡❧❧✲
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✭❛✮ ❦▼❊❚■❙ ✭❜✮ ❏❖❙❚▲❊ ✭❝✮ ❉✐❜❛P✲❧♦♥❣

❋✐❣✳ ✻✳ P❛rt✐t✐♦♥✐♥❣s ♦❢ t❤❡ ❣r❛♣❤ t✻✵❦ ✭|V | = 60005, |E| = 89440✮ ✐♥t♦ k = 12 s✉❜❞♦♠❛✐♥s
✇✐t❤ t❤❡ t❤r❡❡ ♣❛rt✐t✐♦♥❡rs✳

❡st❛❜❧✐s❤❡❞ ♣❛rt✐t✐♦♥✐♥❣ t♦♦❧s✱ t❤❡s❡ ✐♠♣r♦✈❡♠❡♥ts ❛r❡ q✉✐t❡ r❡♠❛r❦❛❜❧❡✳ ◆♦t❡ t❤❛t ✐❢ ✇❡ ❛r❡

✇✐❧❧✐♥❣ t♦ ✐♥✈❡st ♠♦r❡ r✉♥♥✐♥❣ t✐♠❡✱ ✇❡ ❝❛♥ ♦❢t❡♥ ✐♠♣r♦✈❡ ❉✐❜❛P✬s ❛✈❡r❛❣❡ s♦❧✉t✐♦♥ q✉❛❧✐t②

❜② ❝♦♠♣✉t✐♥❣ ♠♦r❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥s ✇✐t❤ ❇✉❜❜❧❡✲❋❖❙✴❈ ♦r ❜② ✉s✐♥❣ ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ ψ

❛♥❞ Λ t♦ ❝✐r❝✉♠✈❡♥t t❤❡ ♣r❡♠❛t✉r❡ st♦♣ ♦❢ t❤❡ ❤✐❧❧✲❝❧✐♠❜✐♥❣ ♣r♦❝❡ss ❬✷✷✱ ❈❤✳ ✺✳✹✳✶❪✳

❆ ❞❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐❛♠❡t❡r ✈❛❧✉❡s r❡✈❡❛❧s s✐♠✐❧❛r r❡s✉❧ts ♦♥ ♦✉r ❜❡♥❝❤♠❛r❦

❣r❛♣❤s ❢♦r k = 16✳ ❉✐❜❛P✲❧♦♥❣ ✐s ♦♥ ❛✈❡r❛❣❡ 4.4% ✭ℓ1✲♥♦r♠✮ ❛♥❞ 5.9% ✭ℓ∞✲♥♦r♠✮ ❜❡tt❡r

t❤❛♥ ❏❖❙❚▲❊✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥ ❦▼❊❚■❙ t❤❡ ✐♠♣r♦✈❡♠❡♥ts ❛r❡ s❧✐❣❤t❧② ❧❛r❣❡r✳ ❙✐♥❝❡ ❞✐s✲

❝♦♥♥❡❝t❡❞ s✉❜❞♦♠❛✐♥s ✭✇❤♦s❡ ❞✐❛♠❡t❡r ✐s s❡t t♦ ∞✮ ❞♦ ♥♦t ❡♥t❡r ✐♥t♦ t❤❡s❡ ❝♦♠♣❛r✐s♦♥s✱

t❤❡ r❡❛❧ ✈❛❧✉❡s ♦❢ ❦▼❊❚■❙ ❛♥❞ ❏❖❙❚▲❊ t❡♥❞ t♦ ❜❡ ✇♦rs❡ t❤❛♥ t❤♦s❡ ❝♦♠♣✉t❡❞ ❛♥❞ ✉s❡❞

❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ❛❜♦✈❡✳ ▼♦r❡♦✈❡r✱ ♦✉r ❛❧❣♦r✐t❤♠ ②✐❡❧❞s ❞✐s❝♦♥♥❡❝t❡❞ s✉❜❞♦♠❛✐♥s ✐♥ ♦♥❧②

2.1% ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❤✐❧❡ ❦▼❊❚■❙ ❡①❤✐❜✐ts ❛ ♠♦r❡ t❤❛♥ ❞♦✉❜❧❡❞ r❛t✐♦ ♦❢ 4.4%✳ ▼✉❝❤

✇♦rs❡ ✐s ❏❖❙❚▲❊✱ ✇❤✐❝❤ ♣r♦❞✉❝❡s ❞✐s❝♦♥♥❡❝t❡❞ s✉❜❞♦♠❛✐♥s ✐♥ 22.3% ♦❢ t❤❡ r✉♥s✳

❱✐s✉❛❧ ❈♦♠♣❛r✐s♦♥✳ ❚♦ ♣r♦✈✐❞❡ t❤❡ r❡❛❞❡r ✇✐t❤ ❛ ✈✐s✉❛❧ ✐♠♣r❡ss✐♦♥ ♦♥ ❤♦✇ ❉✐❜❛P✬s r❡✲

s✉❧ts ❞✐✛❡r ❢r♦♠ t❤♦s❡ ♦❢ ▼❊❚■❙ ❛♥❞ ❏❖❙❚▲❊✱ ✇❡ ✐♥❝❧✉❞❡ ❛ 12✲♣❛rt✐t✐♦♥✐♥❣ ♦❢ t❤❡ ✷❉ ❣r❛♣❤

t✻✵❦ ✭❛❧s♦ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ ❲❛❧s❤❛✇✬s ❛r❝❤✐✈❡❀ ♦✉r ❜❡♥❝❤♠❛r❦ s❡t ❝♦♥t❛✐♥s ♦♥❧② ✸❉ ❣r❛♣❤s✮ ❛s

❋✐❣✉r❡ ✻✳ ❚❤❡ ♣❛rt✐t✐♦♥✐♥❣ ❝♦♠♣✉t❡❞ ❜② ❉✐❜❛P ✭Λ = 12✱ ψ = 18✮ ❤❛s ♥♦t ♦♥❧② ❢❡✇❡r ❝✉t✲

❡❞❣❡s ❛♥❞ ❜♦✉♥❞❛r② ♥♦❞❡s ✐♥ ❜♦t❤ ♥♦r♠s t❤❛♥ t❤❡ ♦t❤❡r ❧✐❜r❛r✐❡s✳ ■ts ♣❛rt✐t✐♦♥ ❜♦✉♥❞❛r✐❡s
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❛❧s♦ ❛♣♣❡❛r t♦ ❜❡ s♠♦♦t❤❡r ❛♥❞ t❤❡ s✉❜❞♦♠❛✐♥s ❤❛✈❡ ❛ s♠❛❧❧❡r ♠❛①✐♠✉♠ ❞✐❛♠❡t❡r ✭✶✻✺✱

❝♦♠♣❛r❡❞ t♦ ✷✺✸ ✭❦▼❊❚■❙✮ ❛♥❞ ✶✼✾ ✭❏❖❙❚▲❊✮✮✳

✭❛✮ ❦▼❊❚■❙ ✭❜✮ ❏❖❙❚▲❊ ✭❝✮ ❉✐❜❛P✲❧♦♥❣

❋✐❣✳ ✼✳ P❛rt✐t✐♦♥✐♥❣s ♦❢ ❜✐♣❧❛♥❡✾ ✭|V | = 21701, |E| = 42038✮ ✐♥t♦ k = 8 s✉❜❞♦♠❛✐♥s ✇✐t❤
t❤❡ t❤r❡❡ ♣❛rt✐t✐♦♥❡rs✳

❋✐❣✉r❡ ✼ ✕ ❛♥ 8✲♣❛rt✐t✐♦♥✐♥❣ ♦❢ t❤❡ s♠❛❧❧❡r ❣r❛♣❤ ❜✐♣❧❛♥❡✾ ✕ ❝♦♥✜r♠s t❤❡ ❛❜♦✈❡ ♦❜s❡r✲

✈❛t✐♦♥ ♦♥ t❤❡ ❞✐❛♠❡t❡r✱ r❡s✉❧t✐♥❣ ❢r♦♠ ❛ ❞✐✛❡r❡♥t ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥ s❤❛♣❡s✳ ❲❤✐❧❡

t❤❡ ♠❛①✐♠✉♠ ❞✐❛♠❡t❡r ✈❛❧✉❡s ♦❢ ❉✐❜❛P✲❧♦♥❣ ❛♥❞ ♦❢ ❏❖❙❚▲❊ ❛r❡ ❝❧♦s❡ t♦❣❡t❤❡r✱ t❤❡ ✈❛❧✉❡

♦❢ ❦▼❊❚■❙ ✐s ✇♦rs❡✳ ❆❧s♦ ♥♦t❡ t❤❡ ❛❣❛✐♥ s♠♦♦t❤❡r ❜♦✉♥❞❛r✐❡s ♣r♦❞✉❝❡❞ ✇✐t❤ ❉✐❜❛P✲❧♦♥❣

❛♥❞ t❤❛t ❜♦t❤ ♦t❤❡r ❧✐❜r❛r✐❡s ❣❡♥❡r❛t❡ ❛ ♣❛rt✐t✐♦♥ ✇✐t❤ t✇♦ ❧❛r❣❡ ❞✐s❝♦♥♥❡❝t❡❞ ♥♦❞❡ s❡ts✳

✻✳✷ ❘✉♥♥✐♥❣ ❚✐♠❡s

❚❤❡ ❛✈❡r❛❣❡ r✉♥♥✐♥❣ t✐♠❡s r❡q✉✐r❡❞ ❜② t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s t♦ ♣❛rt✐t✐♦♥ t❤❡ ✏❛✈❡r❛❣❡

❣r❛♣❤✑ ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦ s❡t ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✽✳ ❈❧❡❛r❧②✱ ❦▼❊❚■❙ ✐s t❤❡ ❢❛st❡st ❛♥❞

❏❖❙❚▲❊ ❛ ❢❛❝t♦r ♦❢ r♦✉❣❤❧② ✷✳✺ s❧♦✇❡r✳ ❈♦♠♣❛r❡❞ t♦ t❤✐s✱ t❤❡ r✉♥♥✐♥❣ t✐♠❡s ♦❢ ❉✐❜❛P✲

s❤♦rt ❛♥❞ ❉✐❜❛P✲❧♦♥❣ ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r✳ ❚❤✐s ✐s ✐♥ ♣❛rt✐❝✉❧❛r tr✉❡ ❢♦r ❧❛r❣❡r k✱ ✇❤✐❝❤

✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t k ❡♥t❡rs ✐♥t♦ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❉✐❜❛P✕ ✐♥ ❝♦♥tr❛st t♦

❦▼❊❚■❙ ❛♥❞ ❏❖❙❚▲❊✱ ✇❤❡r❡ t❤❡ ❡✛❡❝t ♦❢ k ♦♥ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ✐s r❛t❤❡r s♠❛❧❧✳ ❚❤❡

r✉♥♥✐♥❣ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❉✐❜❛P ♦♥ k ✐s ♥❡❛r❧② ❧✐♥❡❛r s✐♥❝❡ ❞♦✉❜❧✐♥❣ k ❛❧s♦ ♠❡❛♥s ❞♦✉❜❧✐♥❣

t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛✉s✐♦♥ s②st❡♠s t♦ s♦❧✈❡✳ ❙✐❣♥✐✜❝❛♥t❧② s✉❜❧✐♥❡❛r t✐♠❡ ✐♥❝r❡❛s❡s ❛r❡ ❞✉❡ t♦

❛♥ ♦✈❡r♣r♦♣♦rt✐♦♥❛❧❧② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥❛❝t✐✈❡ ♥♦❞❡s✳ ❆ r❡♠❡❞② ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ k
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✐s ♣❛rt ♦❢ ❢✉t✉r❡ ✇♦r❦✳ ◆♦♥❡t❤❡❧❡ss✱ ❉✐❜❛P ❝♦♥st✐t✉t❡s ❛ ✈❛st ✐♠♣r♦✈❡♠❡♥t ♦✈❡r ♣r❡✈✐♦✉s

✐♠♣❧❡♠❡♥t❛t✐♦♥s t❤❛t ✉s❡ ♦♥❧② ❇✉❜❜❧❡✲❋❖❙✴❈ ❢♦r ♣❛rt✐t✐♦♥✐♥❣ ✭❬✷✸❪✱ ❬✸✷✱ ♣✳ ✶✶✷❪✮✳ ❚❤❡

❛❝❝❡❧❡r❛t✐♦♥ ❢❛❝t♦r ❧✐❡s ❛r♦✉♥❞ t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r t❤❡ ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s ✉s❡❞ ❤❡r❡✳

P❛r❛❧❧❡❧ ❉✐❜❛P✳ ❚❤❡ ✉s❡ ♦❢ P❖❙■❳
k ❦▼❊❚■❙ ❏❖❙❚▲❊ ❉✐❜❛P✲s❤♦rt ❉✐❜❛P✲❧♦♥❣

✹ ✵✳✸✸ ✵✳✻✷ ✹✳✸✶ ✾✳✽✵

✽ ✵✳✸✹ ✵✳✼✵ ✼✳✹✷ ✶✼✳✻✻

✶✷ ✵✳✸✺ ✵✳✼✼ ✶✵✳✶✽ ✷✹✳✽✻

✶✻ ✵✳✸✻ ✵✳✽✸ ✶✷✳✾✶ ✸✶✳✻✼

✷✵ ✵✳✸✼ ✵✳✽✾ ✶✺✳✺✺ ✸✽✳✸✷

✸✷ ✵✳✸✾ ✶✳✵✹ ✷✵✳✷✽ ✺✸✳✻✹

✻✹ ✵✳✹✸ ✶✳✸✺ ✸✹✳✶✺ ✾✷✳✼✻

❛✈❣ ✵✳✸✼ ✵✳✽✾ ✶✹✳✾✼ ✸✽✳✸✾

❋✐❣✳ ✽✳ ❆✈❡r❛❣❡ ♥♦♥✲t❤r❡❛❞❡❞ r✉♥♥✐♥❣ t✐♠❡s

✭✐♥ s❡❝♦♥❞s✮ ♦♥ ■♥t❡❧ ❈♦r❡ ✷ ❉✉♦ ✻✻✵✵

t❤r❡❛❞s ❢♦r t❤❡ t❤r❡❡ ♠♦st t✐♠❡✲❝♦♥s✉♠✐♥❣

t❛s❦s ✭❆▼● ❤✐❡r❛r❝❤② ❝♦♥str✉❝t✐♦♥✱ s♦❧✈✐♥❣

❧✐♥❡❛r s②st❡♠s ❢♦r ❇✉❜❜❧❡✲❋❖❙✴❈✱ ❛♥❞ t❤❡

❋❖❙ ❞✐✛✉s✐♦♥ ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤✐♥ ❚r✉♥❝✲

❈♦♥s✮ ✐♥ ♦✉r ❉✐❜❛P ✐♠♣❧❡♠❡♥t❛t✐♦♥ ②✐❡❧❞s

♦♥ ❛✈❡r❛❣❡ ❛ s♣❡❡❞✉♣ ♦❢ ✶✳✺✺ ♦♥ t❤❡ ❡♠✲

♣❧♦②❡❞ ❞✉❛❧✲❝♦r❡ ♣r♦❝❡ss♦r✳ ❚❤✐s ♠❡❛♥s t❤❛t

✉s✐♥❣ ❜♦t❤ ❝♦r❡s ♠❛❦❡s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡

♣r♦❣r❛♠ 55% ❢❛st❡r ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥♦♥✲

t❤r❡❛❞❡❞ ✈❡rs✐♦♥✳ ✭❍❡♥❝❡✱ t❤❡ r✉♥♥✐♥❣ t✐♠❡s ♦❢ ❉✐❜❛P ✐♥ ❋✐❣✉r❡ ✽ ❤❛✈❡ t♦ ❜❡ ❞✐✈✐❞❡❞ ❜②

✶✳✺✺ t♦ ♦❜t❛✐♥ t❤❡✐r ❛♣♣r♦①✐♠❛t❡ ♣❛r❛❧❧❡❧ ❝♦✉♥t❡r♣❛rts✳✮ ❊①♣❡r✐♠❡♥ts ♦♥ ❛❞✈❛♥❝❡❞ ❙▼P ♠❛✲

❝❤✐♥❡s ✇✐t❤ ♠♦r❡ ❝♦r❡s ❛r❡ ♣❧❛♥♥❡❞ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢ t❤❡ t❤r❡❛❞ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✳

❆s t❤❡ ❋❖❙ ❞✐✛✉s✐♦♥ ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤✐♥ ❚r✉♥❝❈♦♥s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢♦r ❡❛❝❤ ♣❛rt✐t✐♦♥✱

✇❡ ❡①♣❡❝t ❛ r❡❛s♦♥❛❜❧❡ s❝❛❧❛❜✐❧✐t②✳

❲❤✐❧❡ t❤❡ s♣❡❡❞ ❣❛♣ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡st❛❜❧✐s❤❡❞ ♣❛rt✐t✐♦♥❡rs ✐s st✐❧❧ q✉✐t❡ ❤✐❣❤✱ t❤❡

❛❜s♦❧✉t❡ r✉♥♥✐♥❣ t✐♠❡s ♦❢ ❉✐❜❛P ❛r❡ ❛❧r❡❛❞② q✉✐t❡ s❛t✐s❢❛❝t♦r② ✭❛ ❢❡✇ s❡❝♦♥❞s t♦ ❛ ❢❡✇

♠✐♥✉t❡s ❢♦r t❤❡ ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s✮✳ ❆♠♦♥❣ ♦t❤❡r ✐♠♣r♦✈❡♠❡♥ts✱ ✇❡ ♣❧❛♥ ❢♦r ❛♥ ❡✈❡♥ ❤✐❣❤❡r

❡①♣❧♦✐t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✬s ♥❛t✉r❛❧ ♣❛r❛❧❧❡❧✐s♠✳ ❚❤✐s ✐♥❝❧✉❞❡s ❛ ❞✐str✐❜✉t❡❞✲♠❡♠♦r②

♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ t❤❡ ✉s❡ ♦❢ ❛❝❝❡❧❡r❛t♦rs s✉❝❤ ❛s ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❣r❛♣❤✐❝s ❤❛r❞✇❛r❡ ❢♦r t❤❡

s✐♠♣❧❡ ❞✐✛✉s✐✈❡ ♦♣❡r❛t✐♦♥s ✇✐t❤✐♥ ❚r✉♥❝❈♦♥s✳ ■❢ ♦♥❡ ❛ss✉♠❡s ❛ ♣❛r❛❧❧❡❧ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣

s❝❡♥❛r✐♦ ✇✐t❤ k ♣r♦❝❡ss♦rs ❢♦r k ♣❛rt✐t✐♦♥s✱ ♦♥❡ ♠❛② ❞✐✈✐❞❡ t❤❡ s❡q✉❡♥t✐❛❧ r✉♥♥✐♥❣ t✐♠❡s ♦❢

❉✐❜❛P ❜② k · e ✭✇❤❡r❡ 0 < e ≤ 1 ❞❡♥♦t❡s t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠✮✳ ❍❡♥❝❡✱

✐ts ♣❛r❛❧❧❡❧ r✉♥♥✐♥❣ t✐♠❡ ♦♥ k ♣r♦❝❡ss♦rs ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ ✭❛♥❞ ✐s ♦❜s❡r✈❡❞ ✐♥ ♣r❡❧✐♠✐♥❛r②
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❡①♣❡r✐♠❡♥ts✮ t♦ ❜❡ ✐♥ t❤❡ ♦r❞❡r ♦❢ s❡❝♦♥❞s✱ ✇❤✐❝❤ ✐s ❝❡rt❛✐♥❧② ❛❝❝❡♣t❛❜❧❡✳

✻✳✸ ❇❡st ❑♥♦✇♥ ❊❞❣❡✲❈✉t ❘❡s✉❧ts

❲❛❧s❤❛✇✬s ❜❡♥❝❤♠❛r❦ ❛r❝❤✐✈❡ ❛❧s♦ ❝♦❧❧❡❝ts t❤❡ ❜❡st ❦♥♦✇♥ ♣❛rt✐t✐♦♥✐♥❣s ❢♦r ❡❛❝❤ ♦❢ t❤❡ ✸✹

❣r❛♣❤s ❝♦♥t❛✐♥❡❞ t❤❡r❡✐♥✱ ✐✳ ❡✳✱ ♣❛rt✐t✐♦♥✐♥❣s ✇✐t❤ t❤❡ ❧♦✇❡st ❡❞❣❡✲❝✉t✳ ❈✉rr❡♥t❧②✱ r❡s✉❧ts ♦❢

♠♦r❡ t❤❛♥ ✷✵ ❛❧❣♦r✐t❤♠s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ▼❛♥② ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡

t✐♠❡✲❝♦♥s✉♠✐♥❣ t❤❛♥ ▼❊❚■❙ ❛♥❞ ❏❖❙❚▲❊ ✉s❡❞ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts ❛❜♦✈❡✳

❲✐t❤ ❡❛❝❤ ♦❢ t❤❡ ✸✹ ❣r❛♣❤s ✷✹ ♣❛rt✐t✐♦♥✐♥❣s ❛r❡ r❡❝♦r❞❡❞✱ ♦♥❡ ❢♦r s✐① ❞✐✛❡r❡♥t ♥✉♠❜❡rs ♦❢

s✉❜❞♦♠❛✐♥s ✭k ∈ {2, 4, 8, 16, 32, 64}✮ ✐♥ ❢♦✉r ❞✐✛❡r❡♥t ✐♠❜❛❧❛♥❝❡ s❡tt✐♥❣s ✭0%, 1%, 3%, 5%✮✳

❯s✐♥❣ ❉✐❜❛P ✐♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡r s❡tt✐♥❣s ✭Λ ≤ 15✱ ψ ≤ 20✮✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ✐♠♣r♦✈❡

♠♦r❡ t❤❛♥ ✽✵ ♦❢ t❤❡s❡ ❝✉rr❡♥t❧② ❜❡st ❦♥♦✇♥ ❡❞❣❡✲❝✉t ✈❛❧✉❡s ❢♦r s✐① ♦❢ t❤❡ ❡✐❣❤t ❧❛r❣❡st ❣r❛♣❤s

✐♥ t❤❡ ❛r❝❤✐✈❡✳ ❚❤❡ ❝♦♠♣❧❡t❡ ❧✐st ♦❢ ✐♠♣r♦✈❡♠❡♥ts ✇✐t❤ t❤❡ ❛❝t✉❛❧ ❡❞❣❡✲❝✉t ✈❛❧✉❡s ❛♥❞ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt✐t✐♦♥ ✜❧❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ ❲❛❧s❤❛✇✬s ❛r❝❤✐✈❡ ❬✹✷❪✳

◆♦t❡ t❤❛t ♥♦♥❡ ♦❢ ♦✉r r❡❝♦r❞s ✐s ❢♦r k = 2✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡ ❜❡❝❛✉s❡

t❤❡ st❛rt✐♥❣ s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞ ❜② ❇✉❜❜❧❡✲❋❖❙✴❈ ❛r❡ ♦❢t❡♥ ♥♦t r❡❛❧❧② ❣♦♦❞ ❢♦r k = 2✳

▼♦r❡♦✈❡r✱ t❤❡s❡ r❡❝♦r❞s ❛r❡ ♠♦st❧② ❤❡❧❞ ❜② ✈❡r② t✐♠❡✲❝♦♥s✉♠✐♥❣ t❛✐❧♦r✲♠❛❞❡ ❜✐♣❛rt✐t✐♦♥✐♥❣

❛❧❣♦r✐t❤♠s✳ ❯♥❧❡ss t❤❡② ❛r❡ ❡①t❡♥❞❡❞ t♦ k > 2✱ t❤❡✐r ❤✐❣❤ q✉❛❧✐t② ✐s ♥♦t ❧✐❦❡❧② t♦ s✉st❛✐♥ ❢♦r

❧❛r❣❡r k ❜❡❝❛✉s❡ r❡❝✉rs✐✈❡ ❜✐♣❛rt✐t✐♦♥✐♥❣ t②♣✐❝❛❧❧② ②✐❡❧❞s ✐♥❢❡r✐♦r r❡s✉❧ts ❝♦♠♣❛r❡❞ t♦ ❞✐r❡❝t

k✲✇❛② ♠❡t❤♦❞s ❢♦r ❧❛r❣❡ k ❬✸✻❪✳

✼ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ t❤❡ ♥❡✇ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠ ❉✐❜❛P ❢♦r ♠✉❧t✐❧❡✈❡❧ ❣r❛♣❤ ♣❛r✲

t✐t✐♦♥✐♥❣✳ ❇❛s❡❞ ♦♥ ❛♥ ❛❝❝❡❧❡r❛t❡❞ ❞✐✛✉s✐♦♥✲❜❛s❡❞ ❧♦❝❛❧ ✐♠♣r♦✈❡♠❡♥t ♣r♦❝❡❞✉r❡✱ ✐t ❛tt❛✐♥s

❛ ✈❡r② ❤✐❣❤ q✉❛❧✐t② ♦♥ ✇✐❞❡❧② ✉s❡❞ ❜❡♥❝❤♠❛r❦ ❣r❛♣❤s✿ ❋♦r s✐① ♦❢ t❤❡ ❡✐❣❤t ❧❛r❣❡st ❣r❛♣❤s

♦❢ ❛ ✇❡❧❧✲❦♥♦✇♥ ❜❡♥❝❤♠❛r❦ s❡t✱ ❉✐❜❛P ✐♠♣r♦✈❡s t❤❡ ❜❡st ❦♥♦✇♥ ❡❞❣❡✲❝✉t ✈❛❧✉❡s ✐♥ ♠♦r❡

t❤❛♥ ✽✵ ✭♦✉t ♦❢ ✶✹✹✮ s❡tt✐♥❣s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ✈❡r② ❤✐❣❤ q✉❛❧✐t② ♦❢ ♦✉r ♥❡✇ ❛❧❣♦r✐t❤♠ ❤❛s

❜❡❡♥ ✈❡r✐✜❡❞ ✐♥ ❡①t❡♥s✐✈❡ ❡①♣❡r✐♠❡♥ts✱ ✇❤✐❝❤ ❞❡♠♦♥str❛t❡ t❤❛t ❉✐❜❛P ❞❡❧✐✈❡rs ❜❡tt❡r ♣❛rt✐✲
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t✐♦♥✐♥❣s t❤❛♥ ▼❊❚■❙ ❛♥❞ ❏❖❙❚▲❊ ✕ t✇♦ st❛t❡✲♦❢✲t❤❡✲❛rt s❡q✉❡♥t✐❛❧ ♣❛rt✐t✐♦♥✐♥❣ ❧✐❜r❛r✐❡s

✉s✐♥❣ t❤❡ ❑▲ ❤❡✉r✐st✐❝✳ ❚❤❡s❡ r❡s✉❧ts s❤♦✇ t❤❛t ❞✐✛✉s✐✈❡ s❤❛♣❡ ♦♣t✐♠✐③❛t✐♦♥ ✐s ❛ s✉❝❝❡ss❢✉❧

❛♣♣r♦❛❝❤ ❢♦r ♣r♦✈✐❞✐♥❣ ♣❛rt✐t✐♦♥✐♥❣s ♦❢ s✉♣❡r✐♦r q✉❛❧✐t② ❛♥❞ ✈❡r② ♣r♦♠✐s✐♥❣ t♦ ♦✈❡r❝♦♠❡ t❤❡

❞r❛✇❜❛❝❦s ♦❢ tr❛❞✐t✐♦♥❛❧ ❑▲✲❜❛s❡❞ ❛❧❣♦r✐t❤♠s✳ ■t s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ ❡①♣❧♦r❡❞ ❢✉rt❤❡r✱ ❜♦t❤

✐♥ t❤❡♦r② ❛♥❞ ✐♥ ♣r❛❝t✐❝❡✳

❋✉t✉r❡ ❲♦r❦✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ s♣❡❡❞ ♦❢ ❉✐❜❛P✱ ❛ r❡♠❡❞② ❢♦r t❤❡ ♥❡❛r❧② ❧✐♥❡❛r ❞❡♣❡♥✲

❞❡♥❝❡ ♦❢ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦♥ k ✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡✳ ❆ ❢✉t✉r❡ ▼P■ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞

❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❚r✉♥❝❈♦♥s ♦♥ ✈❡r② ❢❛st ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❣r❛♣❤✐❝s ❤❛r❞✇❛r❡ ❝❛♥ ❜❡

❡①♣❡❝t❡❞ t♦ ❡①♣❧♦✐t ♦✉r ❛❧❣♦r✐t❤♠✬s ✐♥❤❡r❡♥t ♣❛r❛❧❧❡❧✐s♠ ❜❡tt❡r ❛♥❞ t❤❡r❡❜② ❛❝❝❡❧❡r❛t❡ ✐t

s✐❣♥✐✜❝❛♥t❧② ✐♥ ♣r❛❝t✐❝❡✳ ▼♦r❡♦✈❡r✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❡①❛♠✐♥❡ ❤♦✇ ❉✐❜❛P ❛❝ts ❛s

❛ ❧♦❛❞ ❜❛❧❛♥❝❡r ❝♦♠♣❛r❡❞ t♦ r❡❧❛t❡❞ ❧✐❜r❛r✐❡s✳ ❚❤❡♦r❡t✐❝❛❧❧②✱ st❛rt✐♥❣ ❢r♦♠ ♦✉r ❝♦♥✈❡r❣❡♥❝❡

r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ♦❜t❛✐♥ ♠♦r❡ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ r❡❧❛t✐♦♥ ♦❢ t❤❡

❇✉❜❜❧❡ ❢r❛♠❡✇♦r❦ ❛♥❞ ❞✐st✉r❜❡❞ ❞✐✛✉s✐♦♥ s❝❤❡♠❡s✳ ❖❢ ♣❛rt✐❝✉❧❛r ❝♦♥❝❡r♥ ✐s ❤♦✇ t♦ ❡♥❢♦r❝❡

❝♦♥♥❡❝t❡❞ ♣❛rt✐t✐♦♥s ✇✐t❤ ❚r✉♥❝❈♦♥s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ❚❤✐s ✇♦r❦ ✐s ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② ●❡r♠❛♥ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥ ✭❉❋●✮ ❘❡s❡❛r❝❤ ❚r❛✐♥✐♥❣
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❜❛❧❛♥❝✐♥❣ ❢♦r ❛❞❛♣t✐✈❡ s❝✐❡♥t✐✜❝ ❝♦♠♣✉t❛t✐♦♥s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✶st ■♥t❡r♥❛t✐♦♥❛❧ P❛r❛❧❧❡❧ ❛♥❞ ❉✐str✐❜✉t❡❞

Pr♦❝❡ss✐♥❣ ❙②♠♣♦s✐✉♠ ✭■P❉P❙✬✵✼✮✳ ■❊❊❊ ❈♦♠♣✉t❡r ❙♦❝✐❡t②✱ ✷✵✵✼✳ ❇❡st ❆❧❣♦r✐t❤♠s P❛♣❡r ❆✇❛r❞✳

✻✳ ❈✳ ❈❤❡✈❛❧✐❡r ❛♥❞ ❋✳ P❡❧❧❡❣r✐♥✐✳ ■♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠s ❢♦r s❝❛❧❛❜❧❡ ♣❛r❛❧❧❡❧ ❣r❛♣❤

♣❛rt✐t✐♦♥✐♥❣ ✐♥ ❛ ♠✉❧t✐✲❧❡✈❡❧ ❢r❛♠❡✇♦r❦✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✷t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❊✉r♦✲P❛r ❈♦♥❢❡r❡♥❝❡✱ ✈♦❧✉♠❡
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