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Abstract

As a mini-batch version of the SARAH algorithm, the MB-SARAH algorithm
has received extensive attention due to its simple recursive scheme for updat-
ing stochastic gradient estimates. In this paper, we give a modification of
the MB-SARAH method via cooperating with the BB step-size, shorted to
MB-SARAH-BB. The MB-SARAH-BB combines some advantages of both MB-
SARAH and BB methods, providing robustness in selecting initial step size during
the optimization process. In the framework of MB-SARAH-BB, we propose
a novel implementable method, Ada-MB-SARAH-BB, which utilizes adaptive
probability for sampling in the mini-batch stochastic recursive gradient compu-
tation during the inner loop iteration. We establish the linear convergence of the
MB-SARAH-BB and Ada-MB-SARAH-BB methods under some mild assump-
tions. Numerical experiments on standard machine learning datasets demonstrate

∗This paper is supported by Research Project Foundation of Shanxi Scholarship Council of

China(No.2017-104); Basic Research Program of Shanxi Province (Free exploration) project

(No.202103021224303,20210302124688), and National Natural Science Foundation of China
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that, the MB-SARAH-BB is effective and more competitive than the recent
successful stochastic gradient methods. In addition, numerical experiments also
demonstrate that the performance of Ada-MB-SARAH-BB is generally better
than or comparable to MB-SARAH-BB method.

Keywords: Machine learning, Mini batches, SARAH algorithm, BB step-size

MSC Classification: 90C15 · 90C25 · 90C30

1 Introduction

Many optimization problems arising in statistics and machine learning, such as support

vector machine[1], logistic regression[2], neural networks[3], can be widely expressed

as follows:

min
ω∈Rd

P (ω) =
1

n

n∑

i=1

fi(ω), (1)

where n is the sample size, and each fi, i ∈ {1, . . . , n} is cost function which aims at

estimating how well parameter ω fits the data of the i-th sample. In this paper, we

focus on such problem where each fi is strongly convex and has Lipschitz continu-

ous gradient. For example, given a training set {(xi, yi)}ni=1 with xi ∈ R
d, yi ∈ R,

the cost function of the least squares regression model is fi(ω) =
(
xT
i ω − yi

)2
,

where λ is a regularization parameter and ∥ · ∥ denotes l2-norm; and in the l2-

regularized logistic regression for binary classification problem, the cost function is

fi(ω) = log
(
1 + exp

[
−yix

T
i ω

])
(yi ∈ {−1, 1}).

Since the objective function is smooth, some classical optimization methods, such

as gradient descent and Newton method, are often used for solving problem (1). How-

ever, if the sample size n is extremely large, deduce that the exact full gradient of P (ω)

is computationally expensive, the stochastic gradient descent (SGD) method, which

can be traced back to the seminal work by [4], is probably an efficient approach. At

the t-th iteration, the classical SGD method updates the iterates as follows:

ωt+1 = ωt − ηt∇fit (ωt) , (2)

where ηt > 0 is a step size, and the index it is chosen randomly from {1, 2, . . . , n},

∇fit (ωt) denotes the sample gradient. The expectation of the stochastic gradient

estimator ∇fit (ωt) is usually regarded as an unbiased estimation of ∇P (ωt), i.e.,

E [∇fit (ωt)] = ∇P (ωt). Unfortunately, in practice the randomness may introduce

variance [5, 6]. The performance of the SGD method can be highly sensitive to the

variance of sample gradients ∇fit (ωt). Even in the case of that the objective func-

tion is well-defined (i.e. strongly convex and smooth), the classical SGD method only
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has the sub-linear convergence rate [7]. Recently, a surge of methods to improve the

performance of SGD have been developed, the most popular methods are gradient

aggregation algorithms, e.g., the stochastic average gradient (SAG) method[8] and the

SAGA method[9], they compute a stochastic gradient as an average of stochastic gra-

dients evaluated at previous iterates and then store previous stochastic gradients at

the expense of memory. The other related methods, such as the stochastic variance

reduced gradient (SVRG) method [10], the stochastic dual coordinate ascent(SDCA)

method [11], the accelerated mini-batch Prox-SVRG(Acc-Prox-SVRG) method [12]

and the mini-batch semi-stochastic gradient descent(mS2GD) method[13], have faster

convergence rate than that of SGD. In addition, there are also some biased estimators

that exhibit excellent performance. For instance, the SARAH method [14] utilizes a

simple framework for updating stochastic gradient estimates, and the MB-SARAH [15]

is a mini-batch variant of SARAH that is suitable for non-convex problems. Another

example is the SPIDER [16] method, which is a stochastic Path-Integrated Differential

Estimator that can identify an approximate stationary point for non-convex stochastic

optimization problems and has been shown to outperform other existing algorithms

of the same type. All methods mentioned above are widely used in the machine learn-

ing community for solving problem (1), which can achieve linear convergence rate on

strongly convex optimization problems.

A large number of numerical experiments show that the performance of SGD type

methods are greatly affected by the step size selection. One common approach is using

a constant step size. Although constant step sizes are frequently used, they require

manual tuning and can be time-consuming in practice. Another common approach is

to adopt diminishing step sizes that must satisfy

∞∑

t=1

ηt = ∞ and

∞∑

t=1

η2t < ∞. (3)

However, it often leads to SGD with a severely slow convergence rate [17]. Recently, due

to the BB approach [18] can adaptively update the step size and has good numerical

efficiency, many researchers have turned to incorporating it into SGD type algorithms.

Sopya et al. [19] presented several variants of the BB method for SGD to train the

linear SVM. Tan et al. [20] introduced SGD-BB and SVRG-BB, which use the BB

method to determine step size for SGD and SVRG, respectively. Li et al. [21] applied

the BB method to calculate the step size for SARAH, and other researchers such as,

Liu et al. [22] and Yang et al. [23–25] incorporated the BB method to compute step

size for the variants of SGD type algorithms.

Sampling strategies play a crucial role in improving the performance of SGD dur-

ing training. Uniform sampling can provide an unbiased estimate of the full gradient,
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but its high variance negatively impacts optimization convergence. The existing meth-

ods like Prox-SVRG [26] and Prox-SDCA [27] use importance sampling to reduce

stochastic variance and can achieve faster convergence rates. By utilizing the adaptive

probability for sampling, AdaSVRG and AdaSAGA [28] can achieve faster convergence

rates than the original SVRG and SAGA.

All methods mentioned above have good numerical performance. Motivated by

these related works, we propose the MB-SARAH-BB method, which uses the mini-

batch version of BB method of Dai [29] to automatically compute step size in the

MB-SARAH. Additionally, we explore the utilization of a non-uniform sampling

strategy, adaptive probability, for sampling in the mini-batch stochastic recursive

gradient computation during the inner loop iteration of MB-SARAH-BB, lead an

implementation, i.e., Ada-MB-SARAH-BB method.

Our main contributions in this paper can be summarized as follows:

1) We incorporate the mini-batch version of BB method into MB-SARAH[15],

which leads to a modified mini-batch stochastic recursive gradient method called MB-

SARAH-BB, and establish the convergence of MB-SARAH-BB method under some

mild assumptions.

2) We propose a mini-batch extension, Ada-MB-SARAH-BB, which incorporate

the adaptive sampling in the inner loop iteration, and establish the convergence.

3) Adopt MB-SARAH-BB method and Ada-MB-SARAH-BB method to logistic

regression problem for binary classification in machine learning, numerical experiments

on different datasets show the effectiveness of our proposed methods.

The rest of this paper is organized as follows. In Section 2, we briefly introduce

some backgrounds of the BB step size, MB-SARAH method and then propose the MB-

SARAH-BB method. In addition, we present the Ada-MB-SARAH-BB. In Section

3, we provide an analysis of the convergence of the MB-SARAH-BB and Ada-MB-

SARAH-BB methods under strongly convex and non strongly convex conditions. In

Section 4, we demonstrate the numerical experiments to illustrate the efficiency of

the proposed methods for both strongly convex and non-strongly convex optimization

problem. Finally, we conclude this paper in Section 5.

2 The Algorithms

In this section, we will introduce two cutting-edge methods: the MB-SARAH-BB

method [15] and the BB method [29] in Section 2.1 and 2.2, respectively. Follow-

ing that, we propose our MB-SARAH-BB method in Section 2.3, which builds upon

the MB-SARAH method by incorporating the mini-batch version of BB step size

to further enhance its performance. To improve the computational efficiency of the

MB-SARAH-BB, we propose the Ada-MB-SARAH-BB method by combining a non-

uniform sampling technique in section 2.4. These methods will be developed with the
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aim of achieving better performance than previous approaches. We use the following

notations hereafter: v0 = ∇P (ω0) = 1
n

n∑
i=1

∇fi(ω0) and ∇PS(ωt) = 1
|S|

∑
i∈S

∇fi(ωt),

where S is the sample-set.

2.1 The MB-SARAH Method

The MB-SARAH method, proposed by Nguyen et al.[15], uses a new kind of stochastic

estimate of ∇P (ωt), i.e., vt = ∇PS (ωt) − ∇PS (ωt−1) + vt−1, which is a mini-batch

version of SARAH, the framework can be described in Algorithm 1. It is worth noting

that, the MB-SARAH method accepts the k-th iterate ω̃k = ωt which is a uniformly

randomly picked iterate from inner loop.

Algorithm 1 MB-SARAH

Input: initial point ω̃0, learning rate η > 0, update frequency m, samples sizes b.

Output: ω̃k

1: for k = 1, 2, . . . do

2: ω0 = ω̃k−1

3: v0 = ∇P (ω0)

4: ω1 = ω0 − ηv0
5: for t = 1, 2, . . . ,m− 1 do

6: Randomly choose a subset S ⊂ {1, . . . , n} of size b

7: Update the stochastic recursive gradient:

8:

vt = ∇PS (ωt) −∇PS (ωt−1) + vt−1

9: Update the iterate:

10:

ωt+1 = ωt − ηvt

11: end for

12: ω̃k = ωt with t chosen uniformly randomly from {0, 1, . . . ,m− 1}
13: end for

2.2 Barzilai-Borwein step zize

The well-known Barzilai-Borwein (BB) method, originally proposed by Barzilai and

Borwein in [18], which tries to fit the objective by a quadratic model at each iteration

and find the optimal step size. It is widely used to solve unconstrained optimization

problem:

min
ω∈Rd

f(ω). (4)
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For minimizing a first-order continuously differentiable function f(ω), the standard

BB method updates the iterates through

ωk+1 = ωk − η−1
k ∇f(ωk), (5)

where ∇f(ωk) denotes the gradient of f(ω) at ωk. Here ηk is introduced such that η−1
k I

is an approximation to the Hessian matrix of f(ω) at ωk, so it usually follows some

properties of quasi-Newton method, and it is get by solving the following problem:

min
η

∥η−1sk − yk∥2 or min
η

∥sk − ηyk∥2, (6)

where sk = ωk − ωk−1, yk = ∇f (ωk) −∇f (ωk−1). It yields

ηBB1
k =

sTk sk
sTk yk

or ηBB2
k =

sTk yk
yTk yk

. (7)

When sTk yk > 0, it is easy to obtain that ηBB1
k ≥ ηBB2

k which means ηBB1
k is a more

advantageous step size to decrease the objective function. Fletcher [30] showed that

ηBB1
k is superior to ηBB2

k . Recently, Dai et al. [29] studied some numerical instances,

and showed that ηBB1
k may not be the best choice. They proposed a family of spectral

gradient methods whose step size is determined by a convex combination of ηBB1
k and

ηBB2
k , that is,

ηk = τηBB1
k + (1 − τ) ηBB2

k , (8)

where τ ∈ [0, 1]. It is worth mentioning that there has been the alternative use of the

BB step size formula [31], which is given by

ηABB
k =

{
ηBB2
k , if ηBB2

k /ηBB1
k ≤ κ

ηBB1
k , otherwise

(9)

where κ > 0 is a constant. For the other related works using the BB method to

calculate the step size, the readers are referred to [32, 33]. In this paper, we incorporate

the mini-batch version of above step size (8) to the MB-SARAH, which leads to the

proposed MB-SARAH-BB method.

2.3 The MB-SARAH-BB Method

In this section, we propose the MB-SARAH-BB method, which uses the mini-batch

version of BB method (8) to compute the step size ηk instead of using a prefixed η in

MB-SARAH. The pseudocode of MB-SARAH-BB method is described in Algorithm

2.
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2.3.1 Basic Assumption

Assumption 1. Each fi, i = 1, 2, . . . , n, is convex and first-order continuously dif-

ferentiable, and the gradient of each component function fi is Li-Lipschitz continuous,

i.e., there exists Li > 0 such that for any ω, ω′ ∈ R
d,

∥∇fi (ω) −∇fi (ω′) ∥2 ≤ Li∥ω − ω′∥2. (10)

Assumption 1 implies that ∇P (ω) is also L-Lipschitz continuous, i.e., there exists a

constant L > 0 such that for any ω, ω′ ∈ R
d,

∥∇P (ω) −∇P (ω′) ∥2 ≤ L∥ω − ω′∥2. (11)

Moreover, by the property of L-Lipschitz continuous function in [34],

P (ω) ≤ P (ω′) + ∇P (ω′)
T

(ω − ω′) +
L∥ω − ω′∥2

2
. (12)

2.3.2 Strongly convex optimization

In the case of that the objective function is strongly convex, we calculate ηk via

ηk =
b

m

(
τηBB1

k + (1 − τ) ηBB2
k

)
(13)

where

ηBB1
k =

∥ω̃k−1 − ω̃k−2∥22
(ω̃k−1 − ω̃k−2)

T (
vk0 − vk−1

0

) , ηBB2
k =

(ω̃k−1 − ω̃k−2)
T (

vk0 − vk−1
0

)

∥vk0 − vk−1
0 ∥22

2.3.3 Non-strongly convex optimization

If the objective function is non-strongly convex, we calculate ηk via

ηk =
b

m
min{τηBB1

k + (1 − τ) ηBB2
k ,

1

ρ
} (14)

where ρ < L.

Remark 1. For the first epoch, MB-SARAH-BB uses initial step size η0, the

update frequency m is required to be given and the step size ηk should be updated by

using the mini-batch version of the convex combination of ηBB1
k and ηBB2

k .

Remark 2. If we always set ηk = η instead of using the BB step size in Algorithm

2, the MB-SARAH-BB is reducing to the original MB-SARAH method, other than

one difference stated in Remark 3.

Remark 3. In step 15 of the MB-SARAH-BB, accept the k-th iterate to be ω̃k =

ωm, the last iterate of the inner loop. This is one difference between MB-SARAH-BB
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Algorithm 2 MB-SARAH-BB

Input: initial point ω̃0 ∈ R
d and step size η1 > 0, update frequency m and min-batch

size b, parameter τ ∈ (0, 1].

Output: ω̃k

1: for k = 1, 2, . . . do

2: ω0 = ω̃k−1

3: v0 = ∇P (ω0)

4: if k > 1

5: calculate ηk using the mini-batch version of BB method

6: end if

7: ω1 = ω0 − ηkv0
8: for t = 1, 2, . . . ,m− 1 do

9: Randomly choose a subset S ⊂ {1, . . . , n} of size b

10: Update the stochastic recursive gradient:

11:

vkt = ∇PS (ωt) −∇PS (ωt−1) + vkt−1 (15)

12: Update the iterate:

13:

ωt+1 = ωt − ηkv
k
t

14: end for

15: ω̃k = ωm

16: end for

(Algorithm 2) and MB-SARAH (Algorithm 1), and it seems a more reasonable choice

since the latest information in each inner loop is used.

2.4 The MB-SARAH-BB Method with Non-Uniform Sampling

The original MB-SARAH-BB method recursively updates the stochastic gradient step

vt by adding component gradients and subtracting from the previous vt−1 in the inner

loop. Here, we employ a sampling scheme that explicitly compute adaptive probability

at each iteration of MB-SARAH-BB. The pseudo code for the Ada-MB-SARAH-BB

is shown below as Algorithm 3.

At the kth iteration, we denote the stochastic gradient vk
t of Ada-MB-SARAH-BB

in a uniform way:

vk
t := βk

i /np
k
i + vkt−1, (16)
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where βk
i := 1

|S|

∑
i∈S

[∇fi(ωt) −∇fi(ωt−1)]. We define the adaptive probability as

pki =

∥∥βk
i

∥∥
∑n

i=1

∥∥βk
i

∥∥ , i = 1, . . . , n, (17)

i.e. fi is sampled with probability proportional to
∥∥βk

i

∥∥.

Algorithm 3 Ada-MB-SARAH-BB

Input: initial point ω̃0 ∈ R
d and step size η1 > 0, update frequency m and min-batch

size b, parameter τ ∈ (0, 1].

Output: ω̃k

1: for k = 1, 2, . . . do

2: ω0 = ω̃k−1

3: v0 = ∇P (ω0)

4: if k > 1

5: calculate ηk using the mini-batch version of BB method through (13) and (14)

6: end if

7: ω1 = ω0 − ηkv0
8: Probability Q = {p1, p2, ..., pn} on {1, . . . , n} according to (17)

9: for t = 1, 2, . . . ,m− 1 do

10: Choose a subset S ⊂ {1, . . . , n} with size b, where each i ∈ S is chosen from

{1, . . . , n} randomly according to Q

11: Update the stochastic recursive gradient:

12:

vkt =
1

|S|
∑

i∈S

[
1

npi
∇fi(ωt) −∇fi(ωt−1)

]
+ vkt−1 (18)

13: Update the iterate:

14:

ωt+1 = ωt − ηkv
k
t

15: end for

16: ω̃k = ωm

17: end for

3 Convergence Analysis

In this section, we analyze the linear convergence of MB-SARAH-BB. Then, we show

that Ada-MB-SARAH-BB also converges linearly for both strongly and non-strongly

convex objective functions.
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3.1 Convergence Results of Strongly Convex Functions

In this subsection, we establish the linear convergence of our proposed methods when

objective function is strongly convex. We assume that each fi is convex and the objec-

tive function P (ω) is µ-strongly convex, i.e., there exists µ > 0 such that for all ω,

ω′ ∈ R
d

P (ω) ≥ P (ω′) + ∇P (ω′)T (ω − ω′) +
µ∥ω − ω′∥2

2
. (19)

When setting ω∗ = arg min
ω

P (ω), [24] implies the strong convexity of P (ω) as below

2µ [P (ω) − P (ω∗)] ≤ ∥∇P (ω)∥2, ∀ ω ∈ R
d. (20)

Under Assumption 1, we have L ≤ 1
n

n∑
i=1

Li . For simplicity, we denote LΩ as

LΩ = max
i∈{1,2,...,n}

Li

npi
. (21)

Then, LΩ ≥ 1
n

n∑
i=1

Li ≥ L.

Lemma 1. Suppose that Assumption 1 holds and P (ω) is µ-strongly convex. Then

for all m > 0 and b > 1, we have

b

mL
≤ ηk ≤ b

mµ
. (22)

Proof. By Lipschitz continuity of ∇P (ω), it is easy to obtain that

ηBB1
k ≥ ∥ω̃k−1 − ω̃k−2∥2

L∥ω̃k−1 − ω̃k−2∥2
=

1

L
, ηBB2

k ≥ ∥vk0 − vk−1
0 ∥2

L∥vk0 − vk−1
0 ∥2

=
1

L
. (23)

Thus the lower bound of ηk is that

ηk =
b

m

(
τηBB1

k + (1 − τ) ηBB2
k

)
≥ b

mL
. (24)

Meanwhile, the strong convexity of P (ω) indicates that

ηBB1
k =

∥ω̃k−1 − ω̃k−2∥2

(ω̃k−1 − ω̃k−2)
T (

vk0 − vk−1
0

) ≤ ∥ω̃k−1 − ω̃k−2∥2
µ∥ω̃k−1 − ω̃k−2∥2

=
1

µ
. (25)

The upper bound of ηk is given by

ηk =
b

m

(
τηBB1

k + (1 − τ) ηBB2
k

)
≤ b

mµ
.
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Lemma 2. Suppose that Assumption 1 holds and P (ω) is µ-strongly convex. If vkt is

denoted by (15) in MB-SARAH-BB, then for all m > 0 and b > 1, we have

m∑

t=0

E
[
∥∇P (ωt)∥2

]
≤ 2mµ

b
E [P (ω0) − P (ω∗)] +

m∑

t=0

E
[
∥∇P (ωt) − vkt ∥2

]

−
(

1 − Lb

mµ

) m∑

t=0

E
[
∥vkt ∥2

]
,

(26)

where w∗ is a global minimizer of P .

Proof. By (12) and wt+1 = wt − ηkv
k
t , we have

E[P (wt+1)] ≤ E[P (wt)] − ηkE[∇P (wt)
T vkt ] +

Lη2k
2

E[∥vkt ∥2].

The upper bound of the BB step size is ηk ≤ b
mµ

, which can be given by Lemma 1.

Then, we obtain that

E[P (wt+1)] ≤ E[P (wt)] −
b

mµ
E
[
∇P (wt)

T vkt
]

+
Lb2

2m2µ2
E[∥vkt ∥2]

= E[P (wt)] −
b

2mµ
E
[
∥∇P (wt)∥2

]
+

b

2mµ
E[∥∇P (wt)

− vkt ∥2] −
(

b

2mµ
− Lb2

2m2µ2

)
E
[
∥vkt ∥2

]
.

The last equality follows that aT b = 1
2

[
∥a∥2 + ∥b∥2 − ∥a− b∥2

]
. By summing over

t = 0, . . . ,m, we have

E[P (wm+1)] ≤ E[P (w0)] − b

2mµ

m∑

t=0

E
[
∥∇P (wt)∥2

]
+

b

2mµ
·

m∑

t=0

E[∥∇P (wt) − vkt ∥2]

−
(

b

2mµ
− Lb2

2m2µ2

) m∑

t=0

E
[
∥vkt ∥2

]
.

Further, we have

m∑

t=0

E
[
∥∇P (wt)∥2

]
≤ 2mµ

b
E[P (w0) − P (wm+1)] +

m∑

t=0

E
[
∥∇P (wt) − vkt ∥2

]

−
(

1 − Lb

mµ

) m∑

t=0

E
[
∥vkt ∥2

]

11



≤ 2mµ

b
E[P (w0) − P (w∗)] +

m∑

t=0

E
[
∥∇P (wt) − vkt ∥2

]

−
(

1 − Lb

mµ

) m∑

t=0

E
[
∥vkt ∥2

]
,

where the last inequality follows ω∗ = arg min
ω

P (ω).

With modification of Lemma 3 in [15], we obtain the following lemma showing the

upper bound for E[∥∇P (wt) − vkt ∥2].

Lemma 3. Suppose that Assumption 1 holds and vkt is denoted by (15) in MB-

SARAH-BB, then for all t ≥ 1, m > 0 and b > 1,

E[∥∇P (wt) − vkt ∥2] ≤ L2b

µ2m2

(
n− b

n− 1

) t∑

j=1

E[∥vkj−1∥2].

Lemma 4. Suppose that Assumptions 1 holds, P (ω) is µ-strongly convex and wm

is generated by MB-SARAH-BB within one outer loop. Assume that the parameters,

m > 0 and b > 1, are chosen such that

L2b

µ2m

(
n− b

n− 1

)
−
(

1 − Lb

mµ

)
≤ 0, (27)

then we have.

E[∥∇P (wm)∥2] ≤ 2mµ

b(m + 1)
[P (w0) − P (w∗)]

Proof. By Lemma 3, we have

E

[
∥∇P (wk) − vk∥2

]
≤ L2b

µ2m2

(
n− b

n− 1

) k∑

j=1

E

[
∥vj−1∥2

]
.

Since ∥∇P (w0) − v0∥2 = 0, hence by summing over k = 0, . . . ,m, we obtain

m∑
k=0

E

[
∥∇P (wk) − vk∥2

]
≤ L2b

µ2m2

(
n−b
n−1

) [
mE

[
∥v0∥2

]

+(m− 1)E
[
∥v1∥2

]
+ . . . + E

[
∥vm−1∥2

]]
.

12



Further, we have

m∑
k=0

E

[
∥∇P (wk) − vk∥2

]
−
(

1 − Lb
mµ

) m∑
k=0

E

[
∥vk∥2

]

≤ L2b
µ2m2

(
n−b
n−1

) [
mE

[
∥v0∥2

]
+ (m− 1)E

[
∥v1∥2

]

+ . . . + E

[
∥vm−1∥2

]]
−
(

1 − Lb
mµ

) m∑
k=0

E

[
∥vk∥2

]

≤ L2b
µ2m

(
n−b
n−1

)
−
(

1 − Lb
mµ

)
E

[
∥vk−1∥2

]
≤ 0

Therefore, by Lemma 1, we have

m∑

t=0

E
[
∥∇P (ωt)∥2

]
≤ 2mµ

b
E [P (ω0) − P (ω∗)] +

m∑

t=0

E
[
∥∇P (ωt) − vkt ∥2

]

−
(

1 − Lb

mµ

) m∑

t=0

E
[
∥vkt ∥2

]

≤ 2mµ

b
E [P (ω0) − P (ω∗)] ,

By the definition of w̃k in Algorithm 2 and w̃k = wm , we have that

E

[
∥∇P (wm)∥2

]
=

1

m + 1

m∑

k=0

E

[
∥∇P (wk)∥2

]

⩽
2mµ

b(m + 1)
E [P (w0) − P (w∗)]

We now establish the linear convergence in expectation of the MB-SARAH-BB

method with multiple outer loops in Theorem 1.

Theorem 1. Suppose that Assumption 1 holds, P (ω) is µ-strongly convex and {w̃k}
is generated by MB-SARAH-BB. Assume that the parameters, m > 0 and b > 1, are

chosen such that

L2b

µ2m

(
n− b

n− 1

)
−
(

1 − Lb

mµ

)
≤ 0, (28)

then we have

E[∥∇P (w̃k)∥2] ≤ γk∥∇P (w̃0)∥2,

where γ = 1
b
. Note that mini-batch size, b, is always greater than 1. Hence, we easily

derive γ < 1, which means that the MB-SARAH-BB has linear convergence rate in

expectation.
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Proof. Note that w0 = w̃k−1 and w̃k = wm, k ≥ 1. We obtain

E[∥∇P (w̃k)|w̃k−1∥2] = E[∥∇P (w̃k)|w0∥2]

≤ 2mµ

b(m + 1)
E[P (w0) − P (w∗)]

≤ m

b(m + 1)
∥∇P (w0)∥2

=
m

b(m + 1)
∥∇P (w̃k−1)∥2.

Hence, taking expectation,

E[∥∇P (w̃k)∥2] ≤ m

b(m + 1)
E[∥∇P (w̃k−1)∥2]

≤
[

1

b

]k
∥∇P (w̃0)∥2.

Theorem 2. Suppose that Assumption 1 holds, P (ω) is µ-strongly convex and {w̃k}
are generated by Ada-MB-SARAH-BB. If vkt is denoted by (18) in Ada-MB-SARAH-

BB. Assume that the parameters, m > 0 and b > 1, are chosen such that

L2
Ωb

µ2m

(
n− b

n− 1

)
−
(

1 − LΩb

mµ

)
≤ 0, (29)

then we have

E[∥∇P (w̃k)∥2] ≤ γk∥∇P (w̃0)∥2,

where γ = 1
b

∈ (0, 1), which means that the Ada-MB-SARAH-BB has linear

convergence rate in expectation.

Proof. By Lemma 3 and (21), we have

E[∥∇P (wt) − vkt ∥2] ≤ L2b

µ2m2

(
n− b

n− 1

) t∑

j=1

E[∥vkj−1∥2] ≤ L2
Ωb

µ2m2

(
n− b

n− 1

) t∑

j=1

E[∥vkj−1∥2].

From Lemma 4, if we choose the parameters such that

L2
Ωb

µ2m

(
n− b

n− 1

)
−
(

1 − LΩb

mµ

)
≤ 0.
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Then,

E

[
∥∇P (wm)∥2

]
=

1

m + 1

m∑

k=0

E

[
∥∇P (wk)∥2

]

⩽
2mµ

b(m + 1)
E [P (w0) − P (w∗)]

Note that w0 = w̃k−1 and w̃k = wm, k ≥ 1. Hence,

E[∥∇P (w̃k)∥2] ≤ m

b(m + 1)
E[∥∇P (w̃k−1)∥2]

≤
[

1

b

]k
∥∇P (w̃0)∥2.

3.2 Convergence Results of Non-strongly Convex Functions

In this part, we establish linear convergence of our MB-SARAH-BB method for non-

strongly convex functions satisfying the Polyak- Lojasiewicz inequality [36]. That is

1

2
∥∇P (w)∥2 ⩾ ν (P (w) − P ∗) , (30)

where ν > 0, P is the optimal value.

Lemma 5. Suppose that Assumption 1 hold, P (ω) satisfies the Polyak- Lojasiewicz

inequality and ∇P (ω) is L-Lipschitz continuous. Then for all k,m > 0 we have

b

mL
≤ ηk ≤ b

mρ
. (31)

Proof. By Lipschitz continuity of ∇P (ω), it is easy to obtain that

ηBB1
k ≥ ∥ω̃k−1 − ω̃k−2∥2

L∥ω̃k−1 − ω̃k−2∥2
=

1

L
, ηBB2

k ≥ ∥vk0 − vk−1
0 ∥2

L∥vk0 − vk−1
0 ∥2

=
1

L
. (32)

By definition of (14),

ηk =
b

m
min{τηBB1

k + (1 − τ) ηBB2
k ,

1

ρ
}

Thus we obtain that

b

mL
≤ ηk ≤ b

mρ
.
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Lemma 6. Suppose that Assumption 1 holds, P (ω) satisfies the Polyak- Lojasiewicz

inequality and wm is generated by MB-SARAH-BB within one outer loop. If vkt is

denoted by (15) in MB-SARAH-BB, then for all m > 0 and b > 1, we have

m∑

t=0

E
[
∥∇P (ωt)∥2

]
≤ 2mρ

b
E [P (ω0) − P (ω∗)] +

m∑

t=0

E
[
∥∇P (ωt) − vkt ∥2

]

−
(

1 − Lb

mρ

) m∑

t=0

E
[
∥vkt ∥2

]
,

(33)

where w∗ is a global minimizer of P .

Proof. By (12) and wt+1 = wt − ηkv
k
t , we have

E[P (wt+1)] ≤ E[P (wt)] − ηkE[∇P (wt)
T vkt ] +

Lη2k
2

E[∥vkt ∥2].

The upper bound of the BB step size is given by Lemma 5, which is ηk ≤ b
mρ

. So, we

get

E[P (wt+1)] ≤ E[P (wt)] −
b

mρ
E
[
∇P (wt)

T vkt
]

+
Lb2

2m2ρ2
E[∥vkt ∥2]

= E[P (wt)] −
b

2mρ
E
[
∥∇P (wt)∥2

]
+

b

2mρ
E[∥∇P (wt)

− vkt ∥2] −
(

b

2mρ
− Lb2

2m2ρ2

)
E
[
∥vkt ∥2

]
.

The last equality follows that aT b = 1
2

[
∥a∥2 + ∥b∥2 − ∥a− b∥2

]
. By summing over

t = 0, . . . ,m, we have

E[P (wm+1)] ≤ E[P (w0)] − b

2mρ

m∑

t=0

E
[
∥∇P (wt)∥2

]
+

b

2mρ
·

m∑

t=0

E[∥∇P (wt) − vkt ∥2]

−
(

b

2mρ
− Lb2

2m2ρ2

) m∑

t=0

E
[
∥vkt ∥2

]
.

Further, we have

m∑

t=0

E
[
∥∇P (wt)∥2

]
≤ 2mρ

b
E[P (w0) − P (wm+1)] +

m∑

t=0

E
[
∥∇P (wt) − vkt ∥2

]

−
(

1 − Lb

mρ

) m∑

t=0

E
[
∥vkt ∥2

]
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≤ 2mρ

b
E[P (w0) − P (w∗)] +

m∑

t=0

E
[
∥∇P (wt) − vkt ∥2

]

−
(

1 − Lb

mρ

) m∑

t=0

E
[
∥vkt ∥2

]
,

where the last inequality follows ω∗ = arg min
ω

P (ω).

With modification of Lemma 3 in [15], we obtain the following lemma showing the

upper bound for E[∥∇P (wt) − vkt ∥2].

Lemma 7. Suppose that Assumption 1 holds, P (ω) satisfies the Polyak- Lojasiewicz

inequality and vkt is denoted by (15) in MB-SARAH-BB, then for all t ≥ 1, m > 0

and b > 1,

E[∥∇P (wt) − vkt ∥2] ≤ L2b

ρ2m2

(
n− b

n− 1

) t∑

j=1

E[∥vkj−1∥2].

We now establish the linear convergence in expectation of the MB-SARAH-BB

method with multiple outer loops in Theorem 3.

Theorem 3. Suppose that Assumption 1 holds,P (ω) satisfies Polyak- Lojasiewicz

inequality (30) and {w̃k} are generated by MB-SARAH-BB. If vkt is denoted by (15) in

MB-SARAH-BB. Assume that the parameters, m > 0 and b > 1, are chosen such that

L2b

ρ2m

(
n− b

n− 1

)
−
(

1 − Lb

mρ

)
≤ 0, (34)

then we have

E[∥∇P (w̃k)∥2] ≤ γk∥∇P (w̃0)∥2,

where γ = ρ
bν

, if we choose that b > ρ
ν

, then the MB-SARAH-BB has linear

convergence rate in expectation.

Proof. Note that w0 = w̃k−1 and w̃k = wm, k ≥ 1. We obtain

E[∥∇P (w̃k)|w̃k−1∥2] = E[∥∇P (w̃k)|w0∥2]

≤ 2mρ

b(m + 1)
E[P (w0) − P (w∗)]

≤ ρm

bν(m + 1)
∥∇P (w0)∥2

<
ρ

bν
∥∇P (w̃k−1)∥2.
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Hence, taking expectation, we obtain

E[∥∇P (w̃k)∥2] ≤ ρ

bν
E[∥∇P (w̃k−1)∥2]

≤
[
ρ

bν

]k
∥∇P (w̃0)∥2.

Theorem 4. Suppose that Assumption 1 holds, P (ω) satisfies Polyak- Lojasiewicz

inequality (30) and {w̃k} are generated by Ada-MB-SARAH-BB. If vkt is denoted by

(18) in Ada-MB-SARAH-BB. Assume that the parameters, m > 0 and b > 1, are

chosen such that

L2
Ωb

µ2m

(
n− b

n− 1

)
−
(

1 − LΩb

mµ

)
≤ 0, (35)

then we have

E[∥∇P (w̃k)∥2] ≤ γk∥∇P (w̃0)∥2,

where γ = ρ
bν

, if we choose that b > ρ
ν

, then the Ada-MB-SARAH-BB has linear

convergence rate in expectation.

Proof. By Lemma 7 and (21), we have

E[∥∇P (wt) − vkt ∥2] ≤ L2b

ρ2m2

(
n− b

n− 1

) t∑

j=1

E[∥vkj−1∥2] ≤ L2
Ωb

ρ2m2

(
n− b

n− 1

) t∑

j=1

E[∥vkj−1∥2].

From Lemma 7, if we choose the parameters such that

L2
Ωb

ρ2m

(
n− b

n− 1

)
−
(

1 − LΩb

mρ

)
≤ 0.

Note that w0 = w̃k−1 and w̃k = wm, k ≥ 1. Hence,

E[∥∇P (w̃k)∥2] ≤ ρ

bν
E[∥∇P (w̃k−1)∥2]

≤
[
ρ

bν

]k
∥∇P (w̃0)∥2.

18



4 Experiments

In this section, we present numerical results to demonstrate the efficiency of our MB-

SARAH-BB and Ada-MB-SARAH-BB methods.

4.1 Experimental Settings

We apply MB-SARAH-BB method to solve the following l2-regularized logistic

regression problem for binary classification in machine learning:

min
w∈Rd

P (w) :=
1

n

n∑

i=1

log(1 + exp(−yix
T
i w)) +

λ

2
∥w∥2, (36)

where {(xi, yi)}ni=1 ⊂ R
d × {+1,−1}n is a collection of training examples. Table 1

shows the basic data including the size n, dimension d, and regularization parameter

λ, which can be downloaded from the LIBSVM website 1.

Table 1 DATA INFORMATION OF EXPERIMENTS

Datasets Instances (n) Features (d) λ

splice 1000 60 10−2

mushrooms 8124 112 10−2

ijcnn1 49,990 22 10−2

phishing 11,055 68 10−2

covtype 581,012 54 10−2

w8a 49,749 300 10−2

For fair comparison, all the tests have been performed on an Intel Core i7 processor

with 10GB RAM under the Python computing environment. In following figures, we

use the horizontal axis represents the number of effective passes over the data, where

each effective passes evaluates n component gradients. The vertical axis denotes the

||∇P (w)||2 in Fig.1 to Fig.8. Here, ω∗ is obtained by running MB-SARAH with the

best-tuned step size until it converges. In addition, all the compared methods use the

same initial point ω0 = (0, 0, ..., 0). For our methods, the parameter τ is used for all

the six datasets. Best-tuned parameters are used for other methods.

4.2 Empirical Study on Logistic Regression Problem

In Fig.1 to Fig.3, we first analyze the influence of batch size b, initial step size η0 and

the parameter τ for MB-SARAH-BB method. In Fig.4 to Fig.6, we compare the MB-

SARAH-BB with other related methods for solving binary classification problem with

1https://www.csie.ntu.edu.tw/∼cjlin/libsvmtools/datasets/.
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objective function defined in (36). In the Ada-MB-SARAH-BB, an adaptive version

of the MB-SARAH-BB, two choices of sampling density pi will be tested. In the case

of that fi(ω) = log
(
1 + exp

[
−yix

T
i ω

])
, we have ∥∇φi(w)∥2 ⩽ ∥xi∥2 ⩽

√
d ∥xi∥∞ due

to yi ∈ {−1, 1}, we choose

pki =

∥∥xk
i

∥∥
∞∑n

j=1

∥∥xk
j

∥∥
∞

.

The second choice is (17), i.e.,

pki =

∥∥βk
i

∥∥
∑n

i=1

∥∥βk
i

∥∥ , i = 1, . . . , n.

The choice of pki =
∥xk

i ∥
∞∑

n
j=1∥xk

j∥
∞

is corresponding to Ada-MB-SARAH-BB-I, and the

choice of pki =
∥βk

i ∥
∑

n
i=1∥βk

i ∥ , i = 1, . . . , n is corresponding to Ada-MB-SARAH-BB-

II. In Fig.7 to Fig.8, we make comparison of Ada-MB-SARAH-BB methods with

MB-SARAH-BB and MB-SARAH for solving both strongly and non-strongly con-

vex optimization problems. Here we set λ = 0 in logistic regression problem (36) for

non-strongly convex optimization problem.

4.2.1 Mini-batch Sizes and Initial Stepsizes

Firstly, we investigate the effect of mini-batch sizes of MB-SARAH-BB on the ijcnn1,

phishing, w8a and covtype. One can find in Fig.1 that, by increasing the mini-batch

size to b = 2, 4, 8, 16 and 32, the performance of MB-SARAH-BB is better than or

comparable to that with b = 1. In addition, for phishing and covtype, the performance

of MB-SARAH-BB improves as the mini-batch size increases to 8. However, a large

mini-batch size, say 32, may deteriorate the performance.

Secondly, we investigate the effect of initial stepsize η0 of MB-SARAH-BB on the

ijcnn1, phishing, w8a and covtype. Three different values are tested for MB-SARAH-

BB with b = 4. As shown in Fig.2, the MB-SARAH-BB is not sensitive to the initial

stepsizes, which is favorable in practice.

At the last, we test the effect of parameter τ , the parameter for hybrid BB step-

size. To this end, MB-SARAH-BB with b = 4 is tested on the ijcnn1, phishing, w8a

and covtype with τ chosen from 0.1 to 0.9. Fig.3 shows that, the MB-SARAH-BB is

also not sensitive on τ .
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Fig. 1 The performance of MB-SARAH-BB with respect to different batch sizes b.

4.2.2 Comparison of the MB-SARAH-BB and MB-SARAH

In this part, we compare MB-SARAH-BB with MB-SARAH for solving strongly con-

vex problem and non-strongly convex problemwith respect to ijcnn1, phishing, w8a

and covtype, respectively. The results shows that, as displayed in Fig.4, the perfor-

mance of MB-SARAH is closely related to stepsize (fixed), whereas MB-SARAH-BB

is not sensitive to the initial stepsize. One can also conclude from Fig.4 and Fig.5 that,

the MB-SARAH-BB method is better than MB-SARAH for strongly convex problem,

and more competitive and effective for non-strongly convex problem.

4.2.3 Comparison with other related methods

To further demonstrate the efficiency of our proposed method, we compare the MB-

SARAH-BB method on four datasets, ijcnn1, phishing, w8a and covtype with the

following methods:

1) MB-SARAH-ABB: The MB-SARAH using the adaptive BB step size ηABB
k

in (9).

2) MB-SARAH-BB1: The MB-SARAH with mini-batch version ηBB1
k in (7).
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Fig. 2 The performance of MB-SARAH-BB with different initial step sizes.

3) SARAH-I-BB: A linearly convergent stochastic recursive gradient method

with BB step size for convex optimization proposed in Liu, et al [22], using the same

settings on parameters.

4) SARAH-BB: Stochastic recursive gradient method with the BB step size ηBB1
k

in (7).

5) mS2GD-BB: A batch version of SVRG-BB proposed in [23], with the same

settings on parameters.

6) SVRG-BB: Stochastic variance reduced gradient method with BB step size

[20].

7) STSG: Stochastic variance reduced gradient method with ABB step size [35].

8) SVRG: Stochastic variance reduced gradient method [10].

9) SARAH: Stochastic recursive gradient method [14].

Fig.6 illustrates that the performance of MB-SARAH-BB is significantly superior

to some modern stochastic gradient methods that use the fixed step size, such as SVRG

and SARAH. Additionally, it also can be seen that, the MB-SARAH-BB is generally

better or slightly better than the other successful stochastic gradient methods which

calculate step size using BB or its variants.
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Fig. 3 The performance of MB-SARAH-BB with different τ .

4.2.4 Comparison of Ada-MB-SARAH method with

MB-SARAH-BB and MB-SARAH

Firstly, we make comparison of Ada-MB-SARAH-BB with MB-SARAH-BB and MB-

SARAH for solving strongly convex optimization problem (36) on splice, mushrooms,

ijcnn1, phishing, w8a and covtype. Three different methods are tested with b = 4 and

initial stepsize η0 = 0.5. As can be seen from Fig.7, the performance of Ada-MB-

SARAH-BB method significantly outperforms MB-SARAH, while performs slightly

better than MB-SARAH-BB.

Secondly, we present the comparison results of Ada-MB-SARAH-BB and MB-

SARAH for solving non-strongly convex optimization problem. From the results in

Fig.8, we see that Ada-MB-SARAH-BB method outperforms MB-SARAH for solving

the non-strongly convex problem.
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Fig. 4 Comparison of MB-SARAH-BB and MB-SARAH w.r.t different step sizes. (strongly convex)

5 Conclusions

We first proposed a modified MB-SARAH-BB algorithm, which can automatically

update the step size by taking the better advantages of MB-SARAH and the

mini-batch version of BB method. Furthermore, we proposed a mini-batch exten-

sion, Ada-MB-SARAH-BB, which utilizes adaptive probability for sampling in the

mini-batch stochastic recursive gradient computation during the inner loop itera-

tion of MB-SARAH-BB, which is more flexible than the uniform sampling choice in

MB-SARAH-BB.

We established the linear convergence in expectation for the MB-SARAH-BB and

Ada-MB-SARAH-BB under the strongly and non-strongly convex conditions. Com-

pared with existing algorithms, the MB-SARAH-BB and Ada-MB-SARAH-BB is

simple and with good theoretical properties.

Numerical results indicate that the MB-SARAH-BB is robust to the selection

of the initial step sizes, and are more effective and competitive than the modern

stochastic gradient methods. We also discussed the effect of different mini-batch sizes

b on the performances of MB-SARAH-BB and then give a suggestion on how to

choose the better parameter b in practice. Additional numerical results indicate that
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Fig. 5 Comparison of MB-SARAH-BB and MB-SARAH on non-strongly convex problem.
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Fig. 6 Comparison of MB-SARAH-BB with different methods.
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Fig. 7 Comparison of Ada-MB-SARAH-BB, MB-SARAH-BB and MB-SARAH.

the performance of Ada-MB-SARAH-BB is better than and sometimes comparable to

MB-SARAH-BB method.
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Fig. 8 Comparison of Ada-MB-SARAH-BB and MB-SARAH on non-strongly convex optimization prob-

lem.
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